Fibonacci numbers
A case study in the use of generating functions to find
a direct formula for a recursively defined sequence

Recursive definition:

Jo=0
fi=1
fo=fo1+ fno for all n > 2



Step 1: derive an expression for f(x) in terms of
zf(x), *f(z) and possibly other functions like -,
using the recurrence relation.

f(z) = fo+ fir+ fox® + fsx® + faz* + ...

=0+a+ (fo+ )22+ (fi+ )22+ (fo+ f3)zt + ...

=+ f0332 + f1£U2 + f1(133 + f2333 + f2$4 + f3334 + ...
=z +af(z) — for +2°f(x)
=z +xf(z)+ 2% f(x)



Step 2: derive a formula for f(x). (Usually this for-
mula will be a quotient of two polynomials.)

We derived that (1 — x — 2°) f(z) = z, so




Step 3: 'Try to write the formula for f(x) in terms of
functions for which you know the series. Often, you
can use partial fractions to split the formulat in terms

of the form A .
1 —bx

The roots of 1 — x — 2

abc-formula. Here:

can be found using the

l—2—2°=—(x—7r)(z — 1),

—1++5 —1—+/5
5 .

where r; = and ry = 5



Partial fractions:

SO

(x —1r9)A+ (x — 1) B = —u.

Plug in z = r; and z = ry in this equation to
obtain expressions for A and B:

—T1 (A —T9 ()

———L and B= =

A= :
rE— T2 V5 ra—r1 /5

So

r1 T9 1
V5 V5 V5
r—ry x—19y 1—2L 1-—




Step 4: use the series expansion of the parts that
make up the formula for f(x) to derive a direct for-
mula for f, for alln > 0.

flz)= L0+ (—)+(—)2+ (f—1)3+...)
~L+(2)+ (%)2+ (%)3+.. )
= —=(1+ (%) T+ (%)2332—% (2%)333%.. )
S (B) et () e (R) e )

So for all n >0
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