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Main Result 1.1. Consider a (dy,ds) RSRB graph. In the limit n — oo, its spectrum density asymptotes to

dydy, V(@2=r2)(r] —=?)

(x) . %d1+d2 Id(d_ldd2|_z2)|x| 9 |:I:| S (T—7T+) (1 3)
p\T) = T 0 (), |z|<r- :
07 ‘.’E| > Ty
where § is the Dirac-delta function and
1/2
ry = <d1 +dy—2+ \/(d1 +dy —2)° = (dy — d1)2> : (1.4)

In other words, the number of eigenvalues inside any interval (a,b) asymptotes to f: p(x)dx as n — oo.
Moreover, its algebraic connectivity asymptotes to

di +d dy —dy \? 2
[~ 12 2—(( 22 1) +ri) . on>1 (1.5)
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06+ Spectrum distribution of (2,3) RSRB graph 180 1920 vertices, 2880 edges, 1000 simulations
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FIG. 2. (a) Full spectrum of random semi-regular bipartite graph with (d1,dz2) = (2,3). Numerics correspond to the histograph
of eigenvalues of a single such graph with 1000 vertices, computed numerically using Matlab. Asymptotics corresponds to the
formula (1.3). The height of the lollypop corresponds to the weight delta function at the origin. (b) Comparison of algebraic
connectivity between (3,3) regular bipartite, (2, 6) semi-regiular bipartite graphs, and the asymptotic theory. The two classes
have the same number of vertices and edges, and (2, 6) is 15% better than (3,3) (both for asymptotics and numerics).
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All RSRB graphs with integer average degree d = 3,...,8

d 3 4 5 6 7 8
dq 3 2 4 3 ) 3 6 4 7 1 8 6 )
do 3 6 4 6 ) 15 6 12 7 28 8 12 20

Hasympt [0.1715]0.19570.5358({0.5535| 1 |1.0890(1.5278]1.5587|2.1010|2.1435|2.7084|2.6837|2.6671

Mnumerics | 0.178 | 0.205 | 0.553 | 0.572 |1.027| 1.122 | 1.565 | 1.596 | 2.150 | 2.205 | 2.766 | 2.745 | 2.729

std 0.006 | 0.006 | 0.011 | 0.010 |{0.015| 0.017 | 0.018 | 0.018 | 0.021 | 0.020 | 0.026 | 0.022 | 0.022

diff % | 3.8% | 4.7% | 3.1% | 3.2% |2.7%| 3.0% | 2.4% | 2.4% | 2.3% | 2.87% | 2.1% | 2.1% | 2.2%
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d1=2; d2=3; n1=30; n2=20; p=0'4; d1=2; d2=3; n=50;
bagl=mod([0:nl1*d1-1], nl)+1; ni=(1-p)*n; n2=p#*n;
bag2=mod ([0:n2*xd2-1], n2)+1+nl; vi=mod([0:nl1*d1-1], nl1)+1;

bag2=bag?2 (randperm (numel (bag2))) ; v2=mod([0:n2*d2-1], n2)+1tni;

_ . bag=[v1l, v2];
G=graph(bagl, bag2); bag=bag (randperm (numel (bag))) ;
p]JIt(G); G=graph(bag(1:end/2), bag(end/2+1:end));

plot(G);



Main Result 1.2. Consider a (p, di,ds) random semi-regular graph. Let
F(R,z) =z (dy —d1) (1 — Rx)p+ (Ra*(dy — 1) — 1) (R*2® (dy — 1) + Ra (dy — d1) — R+1). (1.7)
Let x be the smallest root of the system F' =0 = 0F/OR.Then in the limit n — oo, the AC is given by p = d2 —1/x.

In general, eliminating R from the system F' = 0 = 0F/0R is a straightforward computer algebra computation
using a resultant, and yields in a 6th degree polynomial for x. It is too ugly to write down here for general d;,ds —
see Appendix A for Maple code. In the case d; = 2,ds = 3, RSR graph has average degree 2+ p, and p is the smallest
root of

0=p(p—4)(p* —4p—1) +2u (3p® — 33p> + 89 — 19) p+ (—154% — 30p + 1) p* + 8p®. (1.8)

Figure 3 compares p given by (1.8) with numerical computations of p for randomly chosen (p,2,3) RSR graphs.
Note that the numerical result approaches the asymptotic value of u as the number of edges n is increased.
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R=(1—-p)A+pB

The corresponding generating function ¢(z) = Y ¢sx® solves the equations

A=142z(dy—dy) A+ (dy —1)2%AR
B=1+(dy—1)BR
R=(1-p)A+pB
ba=1+x(dy—dy) s+ dizr’paR (2.17)
¢p =1+ dx’¢pR
¢=(1—p)doa+pop.
Eliminating A and B yields a cubic F/(R;z) = 0 given by (1.7). The AC is then given by p = d2 — 1/x, where x

is the singularity of R(x) that is closest to the origin. By implicit function theorem, this happens when Fr = 0. In
other words, z satisfies F =0 = 0F/0R.A



RSR model with d = 4
dy 4 3 3 2 2 2
do 4 5) 6 5) 6 7
P 0.5 1/3 2/3 0.5 04
Masympt |0-53590.4426110.39162{0.3333]0.25352|0.20748
Pnumerics| 0.051 | 0.488 | 0.451 | 0.286 | 0.217 | 0.174
std 0.010 | 0.020 | 0.022 | 0.062 | 0.051 | 0.045
diff % | 2.8% 10% 15% | -14% | -14% | -19%
0.2r . DD*
@ n=500 RSR numerics
°  n=2000 RSR numerics
RSR (p, 2,3) asymptotics
0.15-| A RSBR (2,3) asymptotics
B RSRB (2,4) asymptotics
% RSRB (2,5) asymptotics
X RSRB (2,6) asymptotics
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Challenge 1. Describe the full distribution of AC, particularly for RSR graphs. Ezplain why it can be multi-peaked
when dy # ds.

Challenge 2. Find a family of random graphs which has a higher algebraic connectivity than d-regular random
graphs when average degree d > 10. Explore if more complex degree distribution (e.g. tri-reqular) can be better than
semi-reqular for say, d = 3.

Challenge 3. For fixed average degree d and fixred number of vertices n, find graphs (not necessarily d-regular)
with highest possible girth.

< (4
P(w W‘/Vi , It is better to be semi-regular when you have a low degree

T. Kolokolnikov
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