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Z Tests and Confidence Intervals for a
Difference Between Two Population Means

» Basic Assumptions:

1) X, X,, ..., X, 1S a random sample from a distribution
with mean p, and variance o?.

2) Y., Y, .., Y, Is arandom sample from a distribution
with mean u, and variance o#.

3) The X and Y samples are independent of one
another
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Case 1:Test Procedures for Normal
Populations with Known Variances
Null hypothesis: Hy: u; — u, = Ag

Test statistic value: Zipgr = %

o o
91,92
m n

Make the decision

« P-value approach (If P-value < a — reject Hy)
Hyipg — gy > A P —value = P(Z = Z;pst)
Hyipy — iy <Dy P —value = P(Z < Ziest)
Hy:pg —uy #Ay P —value =2 X P(Z = |Ziest])

» Critical value approach
Hy:ipg —py > A If Zpost = Z,y, then reject H.

Hy:ipg — py <Ay If Zpost < —Z,, then reject H,,.
Hy:py =y #FAy W Zipge = +Za0r Zipsy < — Za , then reject Hy.
2 2
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Example 9.1

Analysis of a random sample consisting of m =

20 specimens of cold-rolled steel to determine yield
strengths results in a sample average strength of x =
29.8 ksi. A second random sample of n = 25 two-sided
galvanized steel specimens gave a sample average
strength of y = 34.7 ksi. Assuming that the two yield-
strength distributions are normal with o; = 4.0 and o, =
5.0, does the data indicate that the corresponding true
average yield strengths y;and u,are different? Let's
carry out a test at significance level a = 0.01
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Solution:

Horpy —p2 =0
Hoipy —p2 #0
XxX—y)—A 29.8 —-34.7—-0
Ztest= ( ) 2 = = —3.66
7.2 [#_5
mt 20 72

» P-value approach
P —value =2 X P(Z 2 |Ztpst]) =2 X P(Z =23.66) = 2(0) =0

Since P-value= 0 < 0.01(a), reject H,,.
» Critical value approach

If Ztest 2 +Z£ or Ztest S - ZE y then I’ejeCt Ho.
2 2
Z% = Zo.01/2 = Zy.00s = 2.576

Since Z;,gs = —3.66 < — Za (—2.576),reject H,,.
2
The sample data strongly suggests that the true average yield strength for

cold-rolled steel differs from that for galvanized steel.
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B, B(A") = P(type Il error when u; — u, = A"

*Hg:py — Uz > 4y ;

. A=A
B(A") = D (zq4 —)

* Ho: g — pp < 4y A — A,

BA) =1~ B(~2q ——

)

* Hg: g — Uy # 4y

A — A, A — A,
B(A,) =& (Za/z - ) - <_Za/2 - )

0] 0]

Where ¢ = o5_y = /(62/m) + (62 /n)
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Example 9.2 (9.1 continued)

Suppose that when p;and u, (the true average yield strengths for the two
types of steel) differ by as much as 5, the probability of detecting such a
departure from H,(the power of the test) should be 0.90. Does a level
0.01 test with sample size m = 20 and n = 25 satisfy this condition?

Solution: 0 = og_y = /(¢2/m) + (62 /n) = 1.34

BA) = o (Za/z AN - Ao) o (_Zg A= A0>

0] 2 0)

B(5) =& (2.576 — 1—34) - O (—2.576 — 1—34) = ®(—-1.15) — ¢(—6.31)
= 0.1251

Thus the power is 1-0.1251=0.8749. Because this is somewhat less than
0.9, slightly larger sample size should be used.
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Confidence Intervals for u; — u,
100(1 — @)% confidence Interval for u; — u,

of of
¥—9)+z +
(X=y= “/ZVm n

Example 9.3 (9.1 continued)
Find the 99% CI for the true difference between u;and u,.

Solution:
(29.8 — 34.7) + 2.576(1.34) = —4.9 + 3.45

= (—8.35,—1.45)
We are 99% confident that the true difference Is between
-8.35 and -1.45.
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Case Il: Large-Sample Tests and CI

The assumption of normal population distributions and
known values of g;and o, are fortunately unnecessary
when both sample sizes are sufficiently large (m >

40 and n > 40).

Test statistic value: Z,,o; = (’E_?_ZAO

S S
51,52
m n

100(1 — @)% confidence Interval for u; — u,

¢ —y) + —+ =
(x y)—Za/ZVm n
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The Two-Samplet Test and Confidence
Interval

« Assumptions:

Both population distributions are normal, so that X;, X,, ... X;,, IS a random
sample from a normal distribution and so is Y3, Y5, ... ¥, (with the X’s and Y’s
independent of one another.

* Theorem: -
T — X_Y_(H'l_H'Z)
s%,5%
_+_
m n

has approximately a t distribution with df v estimated from the data by

(512 + 522)2
. <s1 /m)> _ (s3/n)’
-1 n—1

(round v down to the nearest integer)
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* The two-sample t confidence interval for yu; — u,with
confidence level 100(1 — a)% is then

X—y) +t +
( y) — cx/z,vV n

* The two-sample t test for testing Hy: iy — U, = AylS as
follows:

. .
Test statistic value: t, = & 32’) 2o
si s3
m n

Assumptions: Both population distributions are normal,
and the two random samples are selected
iIndependently of one another.
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Example 9.2

The deterioration of many municipal pipeline networks across the
country is a growing concern. One technology proposed for pipeline
rehabilitation uses a flexible liner threaded through existing pipe.
The article “Effect of Welding on a High-Density Polyethylene Liner”
reported the following data on tensile strength (psi) of liner
specimens both when a certain fusion process was used and when
this process was not used. (Assume that the tensile strength
distributions under the two conditions are both normal)

Fused n=8 y =3108.1 s, = 205.9

The authors of the article stated that the fusion process increased
the average tensile strength. Let’'s carry out a test of hypotheses to
see whether the data supports this conclusion.(use 0.05
significance level)
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Solution

Let u,be the true average tensile strength of specimens when the
no-fusion treatment is used and u,denote the true average tensile
strength when the fusion treatment is used.

Hotpy —p =0

Hoipg —pp <0
(X —7) — Ay _2902.8 —3108.1—0

ttBSt — _18
s? 52 \/277 32 205 92
+ n
S

v = = 15.94 ~ 15

(s /m)2 (Sz/n)2
m-—1 n—1
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Decision Rule;

Critical value approach:
Uf tiest < —t,, thenreject H,.
to.os15 = 1.753,since tyeer = —1.8 < —1.753,
we can barely reject the null hypothesis in favor of the

alternative hyptohesis at 0.05 significance level.

P-value approach:
If p —value < a,thenreject Hy.
P —value = P(t < tpesr) = P(t < —1.8) = P(t = 1.8) = (0.025,0.05)

Since P-value less than a,we can reject the null hypothesis.
Conclusion:

The data support the conclusion stated in the article.
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Pooled t Procedures
Assumptions: Both population distributions are normal, two random
samples are selected independently of one another, two population

distributions have equal variances (o = %)

* 100(1 — )% confidence interval for yu; — u,

1 1

(f_y)ita/z,v'sp' E+E

Where s,is called the pooled sample standard deviation

o = \/(m—l)sf +(n—1)s2

p m+n—2

The two-sample pooled t test for testing Hy: iy — 4, = Ayis as follows:

(X —y) — A

Ltest = 1 1
Sp ’m‘l’ﬁ

The degrees of freedomv =m+n — 2
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Analysis of Paired Data

There are a number of experimental situation in which
there is only one set of n individuals or experimental
objects, making two observations on each one results in
a natural pairing of values.

Assumptions: The data consists of n independently
selected pairs (X1,Y;),(X,, Y5), ... (X,,,Y,,), with E(X;) =
wand E(YY,) = u,. LetD; =X, - Y, D, =X, —Y,,... D,, =
X, — Y, so the D;s are the differences within pairs. The
D/s are assumed to be normally distributed with mean
value up and variance of.
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The Paired t Test

Null hypOtheSIS HO:MD = AO (Where Up = U1 — ,le)

Test statistic value: teesr = —— T
D

* P-value approach:

If P-value < «a, reject H,,.

Hy:up > Ay P—value = P(t,,—1 = tiest)
Hy:up <Ay P—value = P(t,,—1 < tiest)
Hy:up # Ay P—value =2 X P(t,,—1 = |trest])

« Critical Value approach:
Hy:up > A If teogr = t,, then reject Hy.
Hy:up < A If trese < —t,, then reject H,,.

Hy:up # Ay If tpoge = +ta or tioy < — ta, then reject H,.
2 2

df = n-1
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Example 9.3

Many freeways have service signs that give information on
attractions, camping, lodging, food, and gas services prior to off-
ramps. These signs typically do not provide information on
distances. The article “Evaluation of Adding Distance Information to
Free-way Specific Service Signs” reported that in one investigation,
six sites along Virginia interstate high-ways where service signs are
posted were selected. For each site, crash data was obtained for a
three-year period before distance information was added to the
service signs and for a one-year period afterward. The number of
crashes per year before and after the sign changes were as
follows:
I I O i N

16 24 42 80 78 73

After
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The cited article included the statement “A paired t test
was performed to determine whether there was any
change in the mean number of crashes before and after
the addition of distance information on the signs” Carry
out such a test. (a=0.05)

Solution:
I N I N N R
After 16 24 42 80 78 73
Diff=B-A -1 2 24 35 -16 -9
_ d —-14+24+24+35+(—16)+ (-9
o _Zdi (-16)+ (=9 _ .
n 6
d; — d)>
Sp = G 19.70
«V n - 1
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HO:MD =0
Ha:‘LlD *+ 0

d—A, 583-0

t - —_— = —
et sp/m T 19.70/6
Df=n-1=5

0.72

 P-value approach:

If P-value < «a, reject H,,.

P—value =2 X P(t,,_1 = |tiest]) =2 X P(t =0.72) =2 %X (> 0.1)
= (> 0.2)

P-value >0.2 then greater than 0.05(a), therefore, don'’t reject H,,.

» Critical Value approach:

If trese = +ta O trosr < — ta, then reject Hy.

ta = tyoos = 2.571 and ttezst = 0.72 < +2.571, then,don’t reject H,,.
2
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* Conclusion:

We don’t have enough evidence to conclude that there
was a difference in the mean number of crashes before
and after the addition of distance information on the
signs.
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The Paired t Confidence Interval

100(1 — @)% confidence interval of up

d+t 2

n =
i E,Tl—l \/ﬁ
Practice Question:

Find a 95% CI for the true difference in the mean
number of crashes in example 9.3.
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Inferences Concerning a Difference Between

Population Proportions

A Large-Sample Test Procedure

Null hypothesis: Hy:p; —p, =0

P1—P;
X ~,1 1
[pa-mE+D

Test statistic value: z;,5; =

m n

A A

_|_
m+np1 m+np2

p =
Make the decision
« P-value approach (If P-value < a — reject H,)
Hy:p1—p2,>0 P —value = P(Z = Ztest)
H;:pi—p, <0 P —value = P(Z < Zpgt)
H,:p1 —p, #0 P —value =2 X P(Z = |Ziest|)
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» Critical value approach
H,;:p,—p,>01If Z; ooy = Z,, then reject H,.

Ha:pl — D2 #= 0 If Ztest = +Zg or Ztest < — Zg , then
2 2

reject H,.

The test can safely be used as long as mp,;, m(1 —
p1),np, and n(1 — p,) are all at least 10.
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Example 9.4

The article “Aspirin Use and Survival After Diagnosis of
Colorectal Cancer” reported that of 549 study
participants who regularly used aspirin after being
diagnosed with colorectal cancer, there were 81
colorectal cancer-specific deaths, whereas among 730
similarly diagnosed individuals who did not
subsequently use aspirin, there were 141 colorectal
cancer-specific deaths. Does this data suggest that the
regular use of aspirin after diagnosis will decrease the
Incidence rate of colorectal cancer-specific deaths?
Let’s test the appropriate hypotheses using a
significance level of 0.05.

DALHOUSIE
UNIVERSITY



Solution:

Let p; denote the true proportion of deaths for those
who regularly used aspirin and p, denote the true
proportion of deaths for those who did not use aspirin.

Hy:py —p, =0

Hy:py —p2 <0

Ny = 81 = 0.1475p —141—01932

P1 =59 = ¥/ P2 T 53 T
81+ 141

0.1736

>

T 549 + 730
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D1 —PD 0.1475—-0.1932
e R = —2.14

*Ztest =
\/ 549 ' 730

P(1-P) -+ \/0.1736(1—0.1736)(i+i)

 P-value approach:

The corresponding P-value for a lower-tailed z test:
P —value = P(Z < z;o5;) = P(Z < —2.14) = 0.0162.

Because 0.0162 < 0.05, the null hypothesis can be rejected at
significance level 0.05.

« Critical value approach:
If Ziost < —Z,, thenreject Hy. Z, = Zy s = 1.645
-2.14< —1.645, the null hypothesis can be rejected.

We have enough evidence to conclude that the use of aspirin in
these circumstances is beneficial.
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Type Il Error Probabilities and Sample Size

Hy:ipr —p2 >0

Za P~ D) + D) = 1~ p)

o

ﬁ(pl’pz) = CD[ ]

Hy:pp —p2 <0

2 B~ DY+ D)~ 1~ o)

o

lg(plipZ):l_CD[ ]

Hy:py —p, #0
B(p1,02)

ZE\/ﬁ(l —P) (% + %) — (p1 — p2)

: —Z%\/ﬁ(l — B+ 1) — (P1 — P2)

= ¢ _cD[

o o
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Where p = (mp, + np,)/(m + n) and

. \/m(l O A S 7)

m n

Sample Size:

For the case m=n, the level of a test has type Il error probability
at the alternative value p4, p, with p; — p, = d when

[Za\/(pl i pZ)(ZZ_ P1~ Py) + Z,B\/p1(1 —p1) +p2(1—p2 1°

d2
For an upper- or lower-tailed test, with a/2 replacing a for a two-
tailed test.

n =
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A Large-Sample Confidence Interval

A ClI for p; — p, with confidence level approximately
100(1 — a)% is

- (1 oo
(1—5,) + 2 p1(1—p1) L P2(d = P2)
EV m n

This interval can safely be used as long as mp;, m(1 —
p1),np, and n(1 — p,) are all at least 10.
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Example 9.5

Do teachers find their work rewarding and satisfying?
The article “Work-Related Attitudes™ reports the results
of a survey of 395 elementary school teachers and 266
high school teachers. Of the elementary school
teachers, 224 said they were very satisfied with their
job, whereas 126 of the high school teacher were very
satisfied with their work. Find a 95% CI for the
difference between the proportion of all elementary
school teachers who are very satisfied and all high
school teachers who are very satisfied with their work.
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Solution:

5, = 25 056715, = 220 = 0.4737

T
(1) * 2 Jpl( LRAAC )

m n

(0.5671 — 0.4737)

1196 0.5671(1 — 0.5671) . 0.4737(1 — 0.4737)
o 395 266 B

0.0934 + 0.0774 = (0.016,0.1708)
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