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The Dlaqona\ Coinvaciant qu
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« Frob (Ra™; 91£) = V(e)

. dim (Rn(2’°))= (n-rl)n-‘

. {Frob (Qn“’")/'z;l:)/ Sc|")>: Cn (Zfb)



Zabrocki's Module for the Deltr Conjecure

CDAJ'QC\’M@_ ( 2abrocki ZO|9) - A()Mﬂ.
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X, —2 c\e vee,
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i [&:::33001] é (.ni )> 2.(0+1) ? ?
(Zabrocki 2020]
n-1
3| () ? ? :

[Haiman 1994]



(k, _
Table &£  Fobenius Series & R, ) FFA )
ca\Jcci\w
. on
\) O 1 2 s
k _
O 5 ST sy | o WS Seeaity
n d=0 osdig<n = S(n-&ﬂ,l"‘) *S(n-.eﬂ,l”'))
[Haglund-Sergel 2020]| (i~ Rhoades 2022] -
m&('l') net ) iav
L |25, s 2uNe, ,_(n) L2 7 25 Quinern
Arn TeSYT(A) d=0 Rhoades osdig<n osesw(1%d,2)
CStanl o 4791 [A\m‘sjon 20 El, A % 'Il..rfaz:?l.a;d;w, Varden Wyrgaerd 2024]
n-\
L | Ve | B, ) | 2@ e, Ten)
[Haiwn 900 1] Jsco | 04di f<n
ahrock: 2019] | [0'Mderio, Iraci, Vanden Wynqacrd 2021]
3 Cori, with
2ok £ 3 <hks ( ¢




GL(lc) xGl (J ) x 63,,- module shuclure
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Diagonal _Supersymmetny

. L {
‘ P(ijm) = {ﬁeparl ﬁ(ﬁ)fﬂ, M éJS YA ng\‘—r
© Supur Schoe g, (g /u) = % S, (2 (4) S

funckion

Main Theoram (L. 202 5 cony. Bﬂﬁmn 2020)
Fix n2l. Por "\ st j,[&)ér\/ and AN, thore  exish

coekficients Caun € Zso such that for MY C]‘/j))

Fob (Re™2;0)= 0" 0 CauSa(2\W) S

Ae P(kj,n) MFn



Dl'a,qonal Supa"‘s&mme-}rﬂ_
Fob (Ra™ 5 2/9)=0, ), cau £\ S

Ae P( b jn) MEn

kt\oMnﬂ Fmb( ‘ ) means kmwmﬂ Can For all Ye P(eo,0,0).
e kl\OW\V\s FWb(R“ / / >mﬂaﬂs kV\OWIf\ﬂ C/‘\M for all l>\€ P( / J )
kl\owmﬂ Fmb( ) meons kmwmg Cam for all Ye P( /7 )

PCkjn) = {AePar| 220, Dun €]
- P, /f\): P(=, /")2 F( ; ,n)={)ePar\L(£\)£n}

+ Thus knowfnj any. one 1S eﬁuivalml 1 knowhj all ‘Hme&_l
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| APP\icakms of cancd\ad'lbﬂ

Sy, (Z‘J""Zk/u")“"uj} )MJ _ .Zk= S%(Z‘/"VZ"" M./.../L{J--,)

Popositian (L. 2026)

| (k) .
() Frob (R, ) S OEAY, “U“vuﬂ lu(f Ik

(k-1,5-1)

“Feb (Rn ™05 gurogi .
(k) .
(ii) Hl\b (Rn ) /2‘)'"/2")M‘J"‘JM'JB lu{f*Zk

i (k=) §-1) )
= Hilb (Qn ’ ) Z'J"’Z*“J M\j,,.)uﬁ,



Appicahion *1

‘ D]; |+ZJrZ"+~-+Z‘*‘l

. 41! = EAJZU“]Z'”D]/_

+ S, (n,d) = [41, Skicy(n-1,d) + Sk, (n-1,d-1)
wrh  Shiry (0/d)=§,,

Proposition (Rhoades- Wilson 2024)

Hlb ( Q:w ;) 2/ u) = 2; J:‘uz! ij‘rz (n,d) u"e
d=o



Appication #1

Pmpos\\wm (dem’SwanSon QOQ”)
Z,[JJ | Shiey (nd) ()™ = L.

d=0

. Th ed  thi i
oo e with a Siqn-roversing involution .

- We can als \
r\(,d\u\'imo P : %' AFPI%( g the result on
ca on the Hilbert series 4o the result of
esulk- o

(Rhoades — Wi lsm 2024 since
i o)
Hb (R, 2,4, = Hib(Ra ) = din(€)- 1



A@im{—}on #D

Theotm (" Corkeel- . 2025+)
Hilo (Ra "5 25 )L = ZAL g ((3»)- (,{‘.,}5

Poot idea  Hilb (R Z,u)] Z, y s,\(z\u)]
=+ Z C (a1 (5 ) A 2b(lz) cmcl OSP bijeckions .

b/O

Com\la%‘ (COI"}&&‘ L. 2020+, COIU Sajan°SWan.§or) 202 q)
(Z, J:AJ | S‘hf n A) (- ’-) > - N \%l\ﬂc\vomc,
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Ap_g\t'cod'fon ¥3
(A) Conjechute (abrocki 20)
Fob (R gt u) = Z, X, (e,
() T"W“ “.“ (D’Addmo, Traci, \Iamlen wynjaml 202I)
ST, (e = Vel

(¢) Theorem (Haaman 200.1)
Fm\o(R,.“'°’ )= Vlen) = Fob(Re"™ j¢)= V(en)ye

RA)+ (C)+ Our pn)pa&han on cancellahon => ( BS‘ since
).
Frob(Rnn' /Z/ /"Olz:-u: FIDb(RnUIO)/'t) = V[@ﬂ)/zzo




,Aieg\fca# on ﬂ
(D) Conu‘pd'urc (D'AJAm'o , Lradi, \nden V\&ngad‘cl lOZl) "Theta conj.”
Fob (Q,‘\l'l),‘ Z)f ; u,v) = Z, u‘lvl' @e&LV(@n-a-ﬂ.)

0<diL<n
(D)= Hi\b(R,‘f’l),' Z){: Suv)= Z, MAVL<@€ v(en-d-.d_) 11'>
ocdiL<n ¢ = a

(E) _Cgr;\gchré (COf'}eeI/ 3030@\"\,%2»3 / VunAm Wy::jagrA -202"{)
<@9_&Lv(6n-d-£>, l’l,n>

is 4-posihv
2= e



Ape\ica‘h“ on ¥4y
(D) Co_m'rgdwea = Hilb (R grbuv)= > MAVL<@3¢LV(8U|-A-£>/ h,">

0<diL<n

(E) Conjecture ( Corfeel, Sosud- Vmﬁas Nandon Wyrgao,nl 2024)

<@ @ V(ewss), u>

( (D)+ Qur prwposition on cancellation => ( E)J Sinee

H\\h(ﬂu')z)f MIV)’ "l' -Hllb (R(w ‘{3 M) IS ‘{,-PDSIJWC
« Le. <@ ‘ V(&u.) L,> s €- Pbsr‘wc

O‘J4L<Yl

S{n‘hFa,wxﬂ b& u-deﬂrec each <@ ‘ @ V(e ‘m) h> s €- PbSr"lVC.

is 4-positive
Z=" i




Suprr Schur  unchiong
- S;(g-/_) Zs (£)Sy,(4) |= S;\[g__ £ ul]

Z\) /Zk Uy--y J P‘b‘u\ygm
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" Sy (7?/ )= 5, 2" u
Te $aPa' Taikaux ( A)
8-3- = For any. ()/sﬁs/ VoS a gg\fT
VV‘_\'M mgu\ar V\umbﬂ(_g ‘
63 Cy: ;ll T}\Oﬂ 5‘/” IS A \(Ob{yﬂ ’1[21)9667% VVTH’) Prh’h@c/
~y i%Za.Z}
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Some Proparjries of SUper S&\ur anclions‘
-Cancellation

39. (ZlJ---,Zk/M(J.../L{J'B )MJ : "Zk= S%(ZV"'}Z“" M.J,,./L{J--,)

y \ch\'n'c\'ionﬁ:
S) (Z'J"VZ"/M“)"yl'{,i3 )Zk"o - 89. (Z‘J-"/Zk’l/uu"'/l'{.i3

S’(Z'J""ZK/M‘J""“J.B)wzo = S"(Z'J""Zk/M‘J""u""‘s

© Super Schur Lunchion S)‘(.g./U) are (,haraolrm of
Cectain  Lie .Suparalj¢m represmlahms U.li ok 5|(|<|J).



EXamﬁlcj ga,‘)(z,/zz/u,/ u,.) :Z, S, (Z'/Z"> S (31)/»" (“y Uz}

2<(3)
= Sy (5‘/2'1> Stap(Ush) + Sey g /22)S )y (U U:)
T S(l)(Z'/Z"> S(.) (“J,uz)“' S(l,l) (Z.,Z;) S(()(u./u,)
t S(:l,l) (zu,fz) Sp (uyu),) TM/LQPDS/}%Z/ 0}\/@
|12 12/ /? SS\(T OP S}WPC 9072/'
V=9 9‘/713(2/') \ 2’)

- - || |2 |V \[2f
y=0) Wr= )0) | T e
L[ 2|2 21 2|2
| v pl 2
- | || || | [ % I [2 1|2 2|2
2/= ('7') %/2/'. (') )/ 9! |/ 2/ ) 2

L=(yl) M= (1)
y=(21) ‘A/vzﬁ
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“What  does Afcéional mpgr&mml‘%. fell us ¢

(k)
- Recall: F'Db(Rn ! }%}ﬂ)zz, 2 Cau S,\Cg.\ﬂ.)s,,, :
Ae P( bjjﬂ) MEn

ooty (gt b o & R

< e,zuiva\ew— to knowir!ﬂ 6nou_9h Con

* Sinte atn, Fvob( Qn"s))/.z?/-,_,l) and Fvob( Qn(;km/'f,‘kﬂ
cold hage owr\a?p\nﬂ wetliciwds  Co,, on\a, £ n=n’,

TR k2K a3, den Fob( Ry g, u)
determines Fob ( Qn{k'))j£}ﬂ>.



(2,9) (0,2)
Exanple: R, .  Rn

cWhd about  when L\«,'Q and (k’,J') afe \'ncompamblc?

’ Dc;}&m\'mirﬂ Fob CR,\(Olz)/' M,V> (Kim— Rkaa&j 2022)
was yuch  more  Shaightforward " Jhan  Fiob( Rn 2/O)/' Z/‘L‘)
(Haiman 2002). Does  cidbor l'mP)a_ Yhe other 7

“We will see that  Ahe  answer ¢ NO.



(2,0) (0,2)
Exa mplﬁ; Rr\ .  Rn

. Fob (R uv)  ddormines all  Caw Br
,>|‘1"l ﬂ'\d M‘*“ J

. Fob ([ R ) y,-l:) Jclwrmir\esl al Cou For
LINZL and Min. =

: -“\cg, onla, Ja‘rfmme, each 0“\«‘ f@ baH‘\ aAvg (r\S\Aza
2x2  hox , which \/\aPPans wkm n<l.

- We W/"T’a. that Lo n>>2 there  ae  nonzen
Cocfbicients  Chu He A atside  of (22)in both direchiong.




Popostion (L. 2026) Fix kj. For fixed n2hy,
Froo (,R(kﬂla) %) ddeormines  Frob C R Lk”)/ 2 /_> and
F 00 CR(ak“ )/ _> Ae}ormmeg Fn)b C R Ck” /l> ]

PVDPOSi\iOﬂ (L. 2025) Thoe are nonzew Cam in
Frob (, Rn (e )/ £, ﬂ-) whch  are not delermined ba,
Fwb ( Ry i) - / Z—/ﬂ) when

'(k,ﬁ and (k,)) are (O/‘) oand (1,0)
.(k,)B and (k’/j,) are any. wo of CO,Z) L“) (20)~

Q"L‘j_ MS" a"g. Uf/j)ﬂl (k )) S“ ‘\Jn&g. are \V\compqmblc

in +the componertwise order.



f Coefliciants. for Pﬂw'zi

\ASW\S (Kim-RkoaJcs 2022)/(”@ Can ShDW‘

onﬁasikar\ (L.ZOZS) for  Can with )‘é]_ and Mr=n,
Cau=l # (each pact ot most 2)

() a=(n) and K=6
@By m= (") ad A;(\""),'
(W) ar=(nk, %) and  A=(1F)or (21F) B kefl 1))

(= (M, 4, 251N ke A 22 and
= (oM =202, -1 A1 (0-20-240,4 Let-) (0-28-24)).
N= (gl Ry (8T ARy el R

n-24 -M\-~ 2
)= (o, 2% 17 ) where > M, 22 and

< [9&My  n-2L- M-, LM, - -
% (l z./ \ i )/ (2 t. ),/' ln-zl, /u,—,ulﬂ)/

Ly,

N~2L ~d, ~u, -
(277, | '),or (22*&-: |2l i),

and Ca M=O O'“\a‘mgg



f Coefliciante  for Pﬂ(Z,O)

. FOf R,\‘ZID)/ 'H\C S;,W’hz" IS 'F”f more CanP/l.CGl‘I&J/
and no such  chawadenzahion o ¢y, s known.

" For example, bor just m=(1") Ae-‘-ermmir:j Ca ) 18
the same s ‘(nowir:j al sl —slv‘irj heads Hr He
ﬁk—&dmlan mbers,  which is  known onlg. up »
depth 7 fom the  max olfﬁr&e. (Lee,Li,Loehe 2018).

A o ] ?m example:
, \- (1Y @« C\,, (j/{) = S (z/%,) "
A

o 5
4




lngre,c‘a'mls in Froof




Pr&\im.‘narg, Theorem

eneca] Wnear
wNersal a%g;j\ﬁ}i‘)mj N / Lic su Pf/a|f] cbra
Theoram . (L. 2025) Fx nx2l. A Z(,(jl (k) Ve C[6a]- modales
Um) o ®Cou
6 ( M\<|J e N ) where

)\e P( J)/"> AN

— ‘H'\C Uli‘ are, Sjm})‘e Wj‘“‘]j))’m°d““5 IMHl
characher Sp,ég\ﬂ-> ard

— the N are simple Clon]-modules |

Cor some nonn%ﬂcﬂi ve ’wr}ﬁer‘ coeffiends Cru-



iProac sketch ( man 'chorem>

- Use P(dimina% ‘Heoram ) and fake chamdors oF U&IJ
‘o 3C+ 59.(2 '-‘LB, and Fmbaniu_& ()mm,dws of NM'I'DJG'l' Su:

¥y @ @ u",f,J. @N*‘)“’“‘

AeP(kjn) srn

FVDlOf’/n\ruj
%Cﬂl(kb’ N ~char char
Cka).
FYOb(Rn ’/Z—)l>: Z; ZJ CAu SA(Z/-“—) Su

Ae P(k,j/") AN
- Check for "cofoiant gbb“g,” using resdichion.



Lie supwa)qcb@ i(k\j)

k J

,—’—‘,\L—'\

(AR

. \(\(\> onsisty of ck mahv =k£ —l
QI LKl))  cons block e X JE__C’D

‘3‘("‘}3 s ot somfsimgle! A gl(klj)-ropresmlmkm
need ot &cwmpose i a dired sum of irreducibles

- Tn certain indzmcesl we will 36+ C—""‘PI"J“ reduci bih‘ﬂ/
N our case, wvia Super Howe d(m.l\"g,



fProoP sldrl'\ ( preliminara Hufomm)
- St with (3|(H))/ GL['\D‘ Howe Juﬂ'l%i_
3
58,"\(4:“)@\,) = @ 'ui‘lj ® U, .

- Since GJnc.agL[n) ot Wmmﬁ%‘a\ mJn'ceS, reshict
U();\ Lom GL(n)~madde v a sum of 52 -modales.

. A 32
T i (Ce)2 B Uy e DN

Aep[’f)j/")
‘ R,Skﬁ) 1S a Zmo)imL module  of Sg_m(d:k,j@V)Z



Finie Mg 64




What abouk dher ypes ¢
. Fix n2l. Por any. finle qup G < GL(n), dfine
= e[, X080 ..,8"]
el X8 .,e°T] >
Theorem (L. 2025) Fix o=l and Aix G < GL(n).

For sk UN4n, and it inding irreducible G-chaadors
thare exist V\onnﬂahu imlcz,ﬂar coelbicients CEM <l for acy. Ckj),

CVur(R(k”)/%)Q‘Z, D S s\ XA,
m\hgﬂ&g oter 2ePlkp) gMe TrChar (6)

Senel




More Sb’fs d(: Commulini Van'alolcs

Con'\e,dwe- (Haiman 1974)
A\m (3 0) _ 2,‘ (nH)n-L

<¥m&>(Rnno) '/U> SC‘)>- n(m-l) L"”')
6

(3,0) Number of inkorval ¢
. Some (;on)'eduml work on R, in Tanari lakice
bg, Bergoron— Péulle Ratelle (2012) ) r‘\

dim R = {1,565 978, 2577, § Hr': /I‘r
starks +o have )arﬂe, primes. \rfr



jh& De\ b COV‘. jﬁdure'

Theorem "Rise vorsion” (D’AAAM o- Melll 2022 ; also Blagak/
Hmman,/‘\orselpun‘Sedinjar 2023, conj. Hag lund, Remmel /W{\Son 20)8)

dinv (P) afe~CP)
Aefl\-d -\ Ce" %» Z’ e z ’

% ?eLD(n\

1
Some. Macdonakd Jatbelled Desrted Dyl pecth:
aﬁmapambr‘ —




Lie sqpa'alqeba Basicg
T o Z,-greded
- A Lie Su?cra.\gebm 9 IS a sqpu'a[‘jobm over € with
Lie superbracket [-)] sakishing iy
X
- super skw sqmmohy (39T = (-0 @ [yx]
-Su?fflf' Jacobi '\c\ml'ilrg_ "
(-\) xll*l[x,[w%]].p(,0'3’“9“[3I[2,9‘]]+ C—’) &[z/[a/g_]]zo
. ﬂ=jo® 3. is  the Jccomposi—l-ian o  eyen and odd qu"k
The even part P is a Lie aljebm.

- A q ~rcpresm&|‘ion s a Lie Supera !jebm hamamarplu'sm
P —-73‘(\/) = EnJ(V),

whoe Vis a super veckof space.



I}\c achon S

‘ 0_\\(“]) acky via |t superderivations on Ck‘janJ
Mm’all”, on V=€

- Gn ads Hivally. on £ and diagonally on N=@"

- ql(kl)) ad &, -achions  commutc.

ChioV is he degree L part of Sam(d}k'j@ )

Hota) Aeﬂma)
. (k,
Then  exdond -H\cse actions  to CR P i ﬁm‘"m‘ £ Hhig



Plac |Vli Coorclt'na"'d

- Consider Saun ((\ZHJ‘X’ V)= S&"‘ (V>®k ® \( VYJ

. Upor\ 6)1\00311\3 a basis o‘?‘ \= @“ Number coordmajr% So

ot X )J ) X% cotrespand 0 coordinales on k copies

O@ Sam (V) and 9(. Q‘J) CO(TCSPOY\CI ‘)ﬂ
Coordindes on ) Copies o«(l AV

- Sy (¢YeVv)=C[x  x® 6”89
3

R,fk”) IS o jutohf/njr o Fhis



The i\(k_‘p ackion

e The Lie SuPcra!jebm. 3| (k\D adz na*z:rzt\lé, on
d:k“ bg- |t Wde/rivadians.

- For |tabek and [4¢,d4j, we have

EPZ 9., E, PZ, J
E,.-5. 699 0 E <)
p=! -

/

DI

p=i
oL

AN

whore 9, ( )= (—l)d



Lie sqpa'alqeba il(k\J) Bl 3

AR
3\(\< J> consids of block mahies X = % c D
J

3
g omck o s th B=C-0 (£ 0 @ 9i(D)

. j. consists  of  matnces with A= D=0 ("’@D @43“")69(43""@ ‘C’))
. S\Ckh) 1S no"‘ SGW\I“SI.QL‘Q_! A‘ gl(klj)-rcpresa\lmhm
nceA not &c,wmpose o a dired sum of \rreduu'b\e.s,

- Tn certain indw\cesl we will 36+ C""‘PI‘)“ reduci bih‘ﬂ/
N our case, via Super Howe dﬂﬁtl\"g.



( (), GL(x)-Howe Dua\ilzﬂ'

Theorem (Howe 1789) Fix d>o. \V=¢"

ng';((ﬁk‘s@\’) D Utg ® UI/: g \_ji_‘
fe P(k,j, ) o

hd
where for each Ne P(kJ,n) [ﬁépﬂf' »UD‘)‘" 9‘kﬂ"JS

U,HJ s a S'"'Ple- 3'(“]) module with charader S;\(g\“) od
Uln s a S\W\P\c. GL(”) module with charador SA




What Aoeg "Super" vv\can.?

' A Squ“ V&(A’Df‘ SPaL& V over € s a vcdw‘ Space with
a Z|1Z -3041'1\5, e, a Jccwmpasih'm D cven ond
OA'A Wh V= V09V|.

kly - \ , .
- OV s a super vedw space over € with dimension kh.

- A sa‘:&ra\g&\om A over € is a super vector space A
W\‘W\ mu\\\phcu\'um A&A ——>A Prcscrv"r\s qu\',’_a.



Lie Supera l_gebm ( @MWS

A q- rcpre.sttl'ion S a Lie Supera {jebm hamomorpln'sm

P: 9 ——73'(\/) "’End(\/),
where Vis a super vector Space .
Ths means p is parity - preserving: even homodoneoug
eloments a?’og are s:?wl- 1 even map in gl(V), and
odd elomenls are sent b odd maps in S\CV)'

* For ang Lie Sucporalaobm q, there exisk 2 universa| a\velopuﬁ

a\scbm U 1) ; and 3-rbpresa\\uh'ans and Y ( ﬂ)- rwr&m‘u&“an&
are egquivalent.



