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Higher Hessians and Toeplitz Matrices
» Homogeneous bivariate real d-form:

d
F— Z (d)cka YK o (co,...,cq) e RO
oo \K

» " Hessian polynomial (0 < i < d):

,, 2i
HEX, Y) = (1) et (—2 0
axXPragYeea)

Ci Ci+1 -+ Cd
> i Toeplitz matrix (0 < i < d): ¢},(F) =

Co
> the Sperner number:

s = s(F) = min{i | H[(X. Y) = 0} = max{rank (¢,(F))}



A Hessian Criterion For Total Positivity

Theorem (M. 2025)
For any F e R[X, Y]q, with s = s(F), TFAE:
V(X,Y)>0, (X,Y)=#(0,0
1 H,.F(X,Y)>0,{ (X.) 20, (X.¥)#(0.0
Y0<i<s-1

2. ¢57'(F) is totally positive.



A Hessian Criterion For Total Positivity

Theorem (M. 2025)
For any F e R[X, Y]q, with s = s(F), TFAE:

¥ (X,Y) >0, (X,Y) # (0,0)

1. H,.F(X,Y)>0, )
YVO<i<s-1

2. ¢35 '(F) is totally positive.

» Equivalence is NOT true if s < s(F)!



A Hessian Criterion For Total Positivity

Theorem (M. 2025)
For any F e R[X, Y]q, with s = s(F), TFAE:
Y(X,Y)>0, (X,Y 0,0
1 HEX,Y) >0, {1 60120 (X6 Y) 2 (0.0)
Y0<i<s-1
2. ¢35 '(F) is totally positive.

» Equivalence is NOT true if s < s(F)!
HE = F = Y* +12XY3 + 12X2Y2 + 8X3Y + X* > 0
HF = 144-(7Y4 1 8XY® — X2Y? +2X3Y+2X4) >0

buts =2 andq&l(F):(? § 2 ;)nott.p.



A Hessian Criterion For Total Positivity

Theorem (M. 2025)
For any F e R[X, Y]q, with s = s(F), TFAE:
Y(X,Y)>0, (X,Y 0,0
1 HEX,Y) >0, {1 60120 (X6 Y) 2 (0.0)
Y0<i<s-1
2. ¢35 '(F) is totally positive.

» Equivalence is NOT true if s < s(F)!
HE = F = Y* 4+ 12XY3 + 12X2Y2 + 8X3Y + X* > 0
HE =144 (7Y% 4+ 8XY% - X2Y2 4+ 2X3Y + 2X*) > 0
Hg =-5<0
3

but s = 2< s(F):3and¢1(F):(1 § 2 ;)nott.p.



A Hessian Criterion For Total Positivity
Theorem (M. 2025)
For any F e R[X, Y]q, with s = s(F), TFAE:
1. HF(X.Y) >0, {z (()XS T);s(i 1(X’ Y)#(0.0)
2. ¢35 '(F) is totally positive.

» Equivalence is NOT true if s < s(F)!
HE = F = Y*+12XY3 +12X2Y2 + 8X3Y + X* > 0
HE =144 (7Y% 4+ 8XY® - X2Y2 4 2X°Y 4 2X4) > 0
ng—5<0
3 2 2 1
— — 1 —
buts_2<s(F)_3and¢4(F)_(1 3 o 3)nott.p.
¢ C -+ Cd
» Fors =2:¢(F) =
¢d() (Co Ct - Cd-1

& (cp,-..,Cq) is strictly (positive and) log concave
& F is strictly Lorentzian in sense of Brandén and Huh

) is totally positive



First Proof: Hodge Theory

» Graded oriented Artinian Gorenstein R-algebra

A= @A,,f; Ay SR

> Gorenstein = “Poincaré duality”

(==): A X Agei = R, (@) — an-ﬁ

“Kéhler cone” U c Ay and Lefschetz multiplication maps

, telU
ordinary 09721 A > Agi, {

l1,...,0qg0i€ U
mixed ><€1 ---fd_g,': A,' —d Ad_i, { 1 a2



Hodge-Riemann Relations (HRR)

A 1
[ ]

» ordinary HRR on U = HR signature on

. telU
de_zli A,' - Ad_,', . d
0<i< ng
» mixed HRR on U = HR signature on

f1,...,fd_2,'€ )

X1+ Cg_oj: Ai = Ad-i,
1 d-2i i d—i {OSiﬁl_gJ
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Cattani’'s Theorem

Theorem (E. Cattani 2008)
If U is a convex cone TFAE:
1. (A, fA) satisfies ordinary HRR on U

2. (A, fA) satisfies mixed HRR on U.

» A =R[x,y]/I
> F(X.Y) = [, (Xx+ Yy)°
> U={Xx+Yy|(X,Y) 20, (X,Y)#(0,0)}
Theorem (Macias Marques-M.-Seceleanu, 2025)
1. (A, fA) satisfies ordinary HRR on U &
v (X,Y)>=0, (X,Y)#(0,0
HF(X,Y) >0, ( ,) ( )#(0.0)
! Vv 0<i<s(F)-1
(A fA) satisfies mixed HRR on U

¢S(F (F) is totally positive.
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Theorem (S. Karp, 2023)
Y (X,Y X
1.VVI’,‘(V,')(X,Y)¢O’{ ( ")20,( ,Y)i(0,0)
YV 1<i<s

2. V. e FI(R[X, Y]5)™°

2. = 1.easier, 1. = 2. harder
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Fact (Lusztig, 1994)
There exists a distinguished open set in the flag variety

FIR[X, Y]s)™® c OF c FI(R[X, Y]s)

in which FI(R[X, Y]s)° is a connected component.

Fact (M. 2025)
There exists a distinguished open set in the Toeplitz space

T(5,n)°cO” c7(s,n)

in which 7 (s, n)>° is a (union of) connected component(s).
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Fact (Karp, 2023)
Forany Vo = (Vy c --- c V) € FI(R[X, Y]s) we have
. We(Vi)(X.Y) % 0, {v (X, \_/) >0, (X,Y)#(0,0)
V 1<i<s
U
> V,eOF

Fact (M., 2025)

For any F € R[X, Y]q4 with Sperner number s = s(F) we have

¥ (X.Y)>0, (X,Y)#(0,0)

> HF(X,Y) >0, _
! YV 0<i<s-1

U
> ¢5'(F)eOT

(this is where we need s = s(F)!)
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» moment curve y: C — C[X, Y]s, ¥(2) = (X + zY)°
» codim r osculating spaces to y at N = r(s + 1 — r) points
W(z) = (¥(2).Y(2).....¥*(z)). z€C. 1<i<N
> (Schubert Problem) how many dim r spaces
V € Gr/(C[X, Y]s) satisfy V.n W(z) # 0, Vi?
» Ve Gr/(C[X,Y]s) is a “solution” & Z4, ..., Zy(s41-r) re roots
of Wr(V)(X,1)
» (Mukhin-Tarasov-Varchenko, 2009) Wr(V)(X, 1) has only real
roots = V € Gr.(R[X, Y]s) is real.
> (Karp-Purbhoo, 2025) Wr(V)(X, 1) has only real negative
roots = V € Gr.(R[X, Y]s)? is real and “Grassmann” t.p..
Corollary (M., 2025)
v (X,Y)=0, (X,Y 0,0
HE(X.v)> 0,0 (XY) 20 (X.¥)#(0.0)
! VYV 0<i<s-1

H§_1 (X, 1) has only real negative roots = ¢§‘1 (F)istp.
(s < s(F)).

AND



Thanks for listening!



