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The CAAC Connection

Goal (Combinatorial Commutative Algebra)

Use the interplay between the combinatorics, algebra, and related
fields to solve interesting problems.

Goal (Refined)

Use tools from a variety of fields (combinatorics, linear
programming, discrete geometry) to find or bound algebraic items
of interest (Betti numbers, projective dimension, integral closures,
etc.) for powers of square-free monomial ideals.

Remark (Key Tools)

To do this, we will define extremal ideals, together wtih a family of
maps showing how answers for extremal ideals pass to answers for
general square-free monomial ideals.
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o Example: xyz3w472

@ An ideal I is a monomial ideal if I can be generated by a set
of monomials.
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Example

I = (2yz, xy?, 23) is a monomial ideal but is not square-free.
J = (xy,yz,xzw) is a square-free monomial ideal.




Monomial Ideals

R = k[x1,...,xy,] is a polynomial ring over a field &,

A monomial is a polynomial with just one term.

Example: zj737422

An ideal I is a monomial ideal if I can be generated by a set
of monomials.

I is a square-free monomial ideal if the monomial generators
of I are products of variables (no powers allowed).

(]

Example

I = (2yz, xy?, 23) is a monomial ideal but is not square-free.

J = (xy,yz,xzw) is a square-free monomial ideal.

Note that K = (x + y,z — y) is also square-free monomial when
char(k) # 2 since (z +y,z —y) = (z,9).

We will always focus on the unique monomial generating set.
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Why Care About Monomial Ideals?

They are fun and fascinating!
Computations can be much easier.
Grobner bases: Monomial ideals arise as initial ideals

An ideal I is fixed under a “torus” action < I is monomial
G is an invertible diagonal matrix,

Gf(xi,...,zn) = f((z1,...,2,)G)

@ Definitions reduce nicely for talks...

There are connections between monomial ideals and
combinatorially defined objects.
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Overview

@ Start with your favorite square-free monomial ideal
@ Define extremal ideals &,

@ Pick your favorite algebraic property, invariant, definition
relevent to square-free monomial ideals

@ Answer your favorite question for &, (or powers, etc.)

e Find a way to map your answer back to I (or I", etc.)

@ Determine how your favorite property/invariant behaves under
the map

@ Apply the above process to find interesting bounds and
algebraic properties.
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The Rings

e R=k[xy,...,z,] is a polynomial ring over a field k.
@ [ is a square-free monomial ideal.

o [ =(miy,...,my). KEY POINT: ¢ is the number of
monomial generators of

Definition

Let ¢ > 0 be an integer and k a field. Define a polynomial ring

S[q] =klya: AC[q],A# @]

KEY POINT: For each ¢ there is a polynomial ring whose variables
are indexed by the powerset of [g] (except for the empty set).

Note: To simplify notation, we write y123 for y¢q 23}, etc.
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The Ideal &, (CEFMMSS)

L S[q} = k‘[yAZ A Q [q],A 7& (b]
e For i € [¢] define
€ = H YA
i€A
o Define the g-extremal ideal £, = (1, ..., ¢;)

e &, is a square-free monomial ideal with ¢ generators
Example (¢ = 3)
Si3) = kly1, y2, Y3, Y12, Y13, Y23, Y123]

@ €1 = Y1¥Y12Y13Y123
@ €2 = Y2¥Y12Y23Y123
@ €3 = Ys¥Y13Y23Y123

Es = (€1, €2, €3)
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Example (¢ = 4)

Spy = kly1, y2, Y3, Ya, Y12, Y13, Y14, Y23, Y24, Y34, Y123, Y124, Y134, Y1234]

€1 = Y1Y12Y13Y14Y123Y124Y134Y1234
€2 = Y2Y12Y23Y24Y123Y124Y234Y1234

€3 = Y3Y13Y23Y34Y123Y134Y234Y1234

€4 = Y4Y14Y24Y34Y124Y134Y234Y1234
&y = (e1,€2,€3,€4)

Notice the high degree of symmetry.
Given any subset of these generators, there is precisely one variable
that divides them all and no others.
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The Map

Definition (CEFMMSS)
I = (mi,...,mq) square-free monomial ideal. For ) # A C [q]:
@ 01(A) ={xp: 2 | m; & j € A}

viya)= ] =

$k€9[(A)

o If QI(A) = @, define l/)I(yA) =1

Example (I = (1222527, x2x3T7, £374%6))
e my = (xowy)(x125), mo = (wex7)(x3), M3 = (x3)(x476).

° Yr(y1) = z125, Yr(y12) = vox7, Yr(ye3) = 3,
Y1(y3) = waxe,  Pr(ya) = 1 otherwise.




The Map

Definition (CEFMMSS)
I = (mi,...,mq) square-free monomial ideal. For ) # A C [q]:
@ 01(A) ={xp: 2 | m; & j € A}

viya)= ] =

$k€9[(A)

o If QI(A) = @, define l/)I(yA) =1

Example (I = (1222527, x2x3T7, £374%6))
e my = (xowy)(x125), mo = (wex7)(x3), M3 = (x3)(x476).

o Yr(y1) = 71w, Yr(y12) = x2w7, Yr(y2s) = 3,
Y1(ys) = zaxe, Yr(ya) = 1 otherwise.
@ The nontrivial images partition the variables appearing in m;'s
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Properties of vy, Part |

@ 1y : Sjg = R is a ring map, but it need not be onto R.

o Notation: If J is a monomial ideal of S|y, we will write ¥;(J)
to mean the monomial ideal ¥;(J)R = (¢1(J)).

o ¢[(6¢) =1m;

@ 7 behaves nicely on free resolutions
Theorem (CEFMMSS)
Y1(&g) =1 and  Yr(&")=1"

Bi(I") < Bi(&D) forall i,r >0

Question

What can we say about free resolutions and betti numbers of £," 7
v
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Taylor’s Resolution If I = (mq,...,m,) with m; monomial, form
a simplex on ¢ vertices. Label the vertices with the m; and label

each face with the lcm of its vertices.
Yz
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The Beginning: Diana Taylor's Thesis

Taylor’s Resolution If I = (mq,...,m,) with m; monomial, form
a simplex on ¢ vertices. Label the vertices with the m; and label

each face with the lcm of its vertices.
yz

If I = (zy,yz, zu), e e

Ty zxyzu 22U

R(zyzu) R(xy)
® @
0 — R(xyzu) — R(zyz) — R(yz) —1—0
7 @
R(yzu) R(zu)

where for example, d(e, .., ) = ue,. — ye., for example.



A Smaller structure supporting the resolution

Yz

TYZ Yyzu

Yy xyzu zu



A Smaller structure supporting the resolution

Yz

TYZz Yyzu

ry xyzu 2u
Yz

TYZz Yyzu

Ty zZU

Figure: A graph supporting a minimal free resolution of I = (zy, yz, zu)
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The Tools - Briefly

Given a labeled simplicial complex supporting a resolution of I2:

Lemma (Bayer, Peeva, Sturmfels)

A subcomplex supports a resolution of I? if for every monomial M,

the subcomplex localized at M is empty or acyclic. )

Lemma (Batzies, Welker)

Pairing embedded matching labels carefully (“acyclic matching”)
and deleting the matched pairs yields a cell complex supporting a
free resolution, which is minimal if all remaining faces have labels
distinct from their maximal subfaces.
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For ANY square-free monomials:

lem(m?2, m?) = lem(m2, mym;, m?
7 j 7 J 7

Definition
Fix ¢ > 3 and let 1 <7 < g. Define:
° NqQ:{(al,...,aq) | ai >0, a; €Z, > a;, =2}
o N7 is the vertex set of 2.
° B:{(al,...,aq)GNg D a; <1V}
o G?={(a1,...,a9) € N] | a; > 1}

IL2 is the simplicial complex with facets B,G%, ..., Gg.

Theorem (CEFMMSS)

Lg supports a minimal free resolution of5q2.




2 _
LL; Example, ¢ = 4

Example

IL? has five facets; one simplex with six vertices in the center
shaded gray and four tetrahedrons with the vertices

m2, mimj, mimg, m;my for i, j, k, [ distinct elements in {1,2,3,4}.
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°o N; ={(a1,...,aq) | @i >0, a; € Z, Zleaz' =r}
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More General Setting: L]

Definition
Fix g, € N and 1 < i < gq. Define:
° N;":{(al,...,aq) | a; >0, a; € Z, Zgzlaizr}
o N is the vertex set of L.
o B"={(a1,...,aq) € Ny | a; <[5]forallj <gq}
. » 1 aj < [5]fori # jand
P = {(al,...,aq) € Nq | a; < max{r— 1, [%1}
F} are faces of Ly. They are facets when r > 3 and ¢ > 2.

°
&

B" is the intersection of the F). It is a facet in special cases.
G; ={(a1,...,aq) € Ny | a; > 1 —1}

G7 are facets of Ly as long as r,q > 2.




General Picture

BS=FfnFS =FSnF$ =FSnF§

Figure: A picture of L§



Bounding Betti Numbers and Projective Dimension

Theorem (CEFMMSS)
wnza=o()+(2)

&uwg&@mgqezﬁ+(l’>

i+ 1
proj.dim(I") < proj.dim(&;") < max{q -1, f — 1}

Here b is the coefficient of =" in (1 +z 4+ 22 +--- 4+ 2/21)7

(") —b-g
q

f= +b
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Where Does Discrete Geometry Come In?

Conjecture (EFSS, CDFHMS) J

&," is Scarf, meaning the Scarf complex supports a resolution.

To get the Scarf complex: Start with labeled Taylor and delete all
faces with repeated labels. What remains is S,

Theorem (EFSS, CDFHMS)
55 and 55’ are Scarf for all ¢ > 1.

Theorem (EFSS, CDFHMS)

o={ai,...,aq} €S) where a; = (a1, ...,a1q) etc., if and only
ifa' €S} forall ' C o and ay, ..., ay are the only solutions
w € N, to the system of inequalities

w-(Zei)ngax{ai-(Zei)} for all A C [q]

1€EA €A




Where Does Discrete Geometry Come In?

Theorem (EFSS, CDFHMS)

o=A{ay,...,aq} € Sy, where a; = (a11,-..,a14) etc., if and only
ifo' e Sy for all o' C o and ay,...,ay are the only solutions
w € N to the system of inequalities

wo (D e) < max{a; - () e} forall ACq)

€A €A

V

Translation: Set H; = {x € R [x-1=r}. Fix a; and A. Define
a hyperplane/half-space

{xeH|x- (Zei) Sai'(zei)}

€A €A
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Where Does Discrete Geometry Come In?

Theorem (EFSS, CDFHMS)

o=A{ay,...,aq} € Sy, where a; = (a11,-..,a14) etc., if and only
ifo' e Sy for all o' C o and ay,...,ay are the only solutions
w € N to the system of inequalities

wo (D e) < max{a; - () e} forall ACq)

€A €A

Translation: Set H; = {x € R [x-1=r}. Fix a; and A. Define
a hyperplane/half-space

{xeH;|x- O e)<ai- O e}
i€A icA
Intersect these and get a polytope.
The solutions to the system of inequalities are lattice points in the
polytope.
These should be precisely the set {ay,...,ay}



Pictures to lllustrate S? and S3

(0,0,0,2) (0,0,0,3)
,0,1,1)
(1,0,0,1) (0,1,0,1) (1,0,0,2) (0,1,0,2)
(1,0,10) ,1,1,0)
(2,0,0,1) (0,2,0,1)

(2,0,0,0) (1,1,0,0) (0,2,0,0)

(3,0,0,0) (2,1,0,0) (1,2,0,0) (0,3,0,0)



lllustration of Improvements in Bounds

Theorem (CDFHMS)

(5) -1
proj. dim (/%) < proj. dim(&,*) = (3) -1

qg—1

if ¢g>5
if 3<q<4
if 1<q¢g<2

Bound comparison for g = 5 Bound comparison forq = 5 Bound comparison for q = 6
non exponential scale exponential scale exponential scale
o
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Properties of v); Part Il: Integral Closure

Definition
e fis integral over I (f € I) if for some s, 3 a; € I* with

fs+fs_1a1+"'+fas—l+as:0

@ I is integrally closed if I =T

@ Iisnormal if I" =17 for all » > 1.

Theorem (CDFHMS)

wl(gqr) =T
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Integral Closure and Linear Programming

Theorem (CDFHMS)
vi(&) =1" J

Notation: Write monomials in S[q] asm — HAC[q] yﬁ(‘ = yb.

Lemma (CDFHMS)

ybegi(ZT(:) Jai,...,aq € Q> such that
O a+--+a,=rand
@ by>>, a0 forall 0#AC]q.

Theorem (CDFHMS)

Es" = E37 Yr. In other words, E; is normal.
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Theorem (CDFHMS)
E" = &7 Vr. In other words, £ is normal. J

Step 1: Reduce to r = 2 via analytic spread and result of Singla.
Step 2: Write out linear programming inequalities for y® € 2.
bioz > aq + ag + g = 2
bij > a; +
bi > ;.
Solve by cases:
bo,bs3>1, b1 =0=a1 =0= as+ a3 =2 = byg > 2. Then

exe3 | yP so yP € £2. ETC.
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Small Example: Linear Programming

Theorem (CDFHMS) J

E" = &7 Vr. In other words, £ is normal.

Step 1: Reduce to r = 2 via analytic spread and result of Singla.
Step 2: Write out linear programming inequalities for y® € 2.
bioz > aq + ag + g = 2
bij > a; +
bi Z (678

Solve by cases:
bo,bs3>1, b1 =0=a1 =0= as+ a3 =2 = byg > 2. Then
exe3 | yP so yP € £2. ETC.

2 2
€2€3 = Y2Y3Y12Y23Y13Y123
This one is small enough to run on Macaulay?2.
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Integral Closures Continued

Theorem (CDFHMS)

Es" = &7 Vr. In other words, £ is normal.

Corollary (CDFHMS)

Every square-free monomial ideal with 3 generators is normal!!

Definition

gra)= [ va- J] va-€2

|A[>1 |A|>3

Lemma (CDFHMS)

If ¢ >4 and r > 2, then g(r,q) satisfiesz? — (g(r,q))? = 0, hence
g(r,q) € & N &,




Integral Closures Continued

Definition

gra) = [[ va- I va €2

A>1 A>3

Theorem (CDFHMS)

e ifqg>4andr(g(r,q)) & I", then I" # I";
o ifg=4, then I = I? + (Y1(9(2,4)));




Integral Closures Continued

Definition

HyA HZ/A 61

A>1 A>3

Theorem (CDFHMS)
e ifqg>4andr(g(r,q)) & I", then I" # I";
o ifq=4, then I = I? + (¢1(g(2,4)));
e if g =4 then I is normal if and only if I" = I" forr = 1,2
e if g =>5 then I is normal if and only ifI"=1" forr=1,2,3 |
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Properties of vy, Part Ill

@ For monomial ideals J, K in Sig, ¥1(JNK) = r(J) N (K)

@ s also behaves nicely for prime ideals

Theorem (CDFHMS)

where I") = P{ 0 ---N P] where P; are the minimal primes of I.




Theorem
Vi(e) =17 and y(£7) =10

where I(") = P{ N --- N P} where P; are the minimal primes of .

Consequences:

Definition (Resurgance, Asymptotic Resurgance)

p(I):sup{;:s,reN and I(s)gZIr}

pa(I):sup{;:s,reN and I(St)¢l”t for all t>>0}

Corollary

p(I) < p(€)) and  pu(I) < pal£y).
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where I") = Py 0 ... N P] where P; are the minimal primes of I.

Consequences:

Definition (Symbolic Defect)

sdefect(r, I) = p(IM /17,

Corollary

sdefect(r, I) < sdefect(r, &;).




Theorem
(&) =1" and (&) =17

where I") = Py 0 ... N P] where P; are the minimal primes of I.

Consequences:

Definition (Symbolic Defect)
sdefect(r, I) = p(IM /17,

Corollary

sdefect(r, I) < sdefect(r, &;).

v

This means it would be very useful to have information about Sér)

and related bounds. To see more about what we know, see Trung
Chau'’s talk later today.




Thank You!



