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This supplement to “A Sound and Complete Equational Theory for 3-Qubit Toffoli-Hadamard Cir-
cuits” establishes the derivations necessary to prove Theorem 4.1 and Corollary 4.2.

1 Derivations for W (Eg)

This supplement first shows that all of the relations in Rp are derivable from Ry. It is then shown that
all of the relations in Rp(gg) and Rgs are derivable from Ry. To simplify the later steps, some lemmas
are derived from Ry regarding global phases and control manipulation. We represent our derivations as
described in Appendix B.3 of the main paper. The well-foundedness and acyclicity of each derivation
is validated in TIETZE. Furthermore, TIETZE also validates the validity of each relation in Ry, Rp(£s).
and Rgg relative to the intended semantics. It then follows by Theorem B.25 of the main paper, that the
claims in Sections 4.3 and 4.4 of the main paper hold.

In a derivation, an underline (resp. overline) denotes the left (resp. right) side of a relation. Relation
n in Figure 4 of the main paper is denoted (n). The Coxeter relation for r; and ry is denoted (j;k).
In terms of derived relations, the n-th order, symmetry, bifunctoriality, and commutator relations are
denoted C,, By, Sy, and E, respectively. The n-th global phase and control lemmas are denoted ¥, and
Xn» respectively. For example, the following derivation replaces CCX¢ 1 with Kj>-CCXq> - Kj > via an
application of Relation (17), and then replaces K > - K » with € via an application of Relation (23). The
resulting derived relation is named Cj.
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1.1 Deriving the Circuit Relations

This section begins by deriving all order relations. Then all symmetry relations are derived. Then all
bifunctoriality relations are derived. Finally, all commutator relations are derived. Derivations may
appear out of order, when necessitated by proof dependencies. For example, B; depends on C;.
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 002CZ02 62002 Ki2-002 =% 60,1 -00.1 -Ko1 - 00,1 -CX20- 00,1
(11) - E4
— %02:CZ02 002 Kot — Ko,1-60,1-CXa0- 00,1
L pp— S I
= CZp2 Ko, — Ko,1-00,1- 00,1 - CX2,1- 00,1 00,1

Ey Ey
— Ko,1-00,1-00,1-CX21 — Ko,1-CX21
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(C75) :CZ12-CXo, & CZyp-CZop-CZ12-CXo 1 (C76) :CXo,1-2p-CZy,

22) _
- o &2 X0, -2y-CZo, -CXoy -CXoy
—— CZy> 'CZLZ -CZpy-CXo,1 £
@) - &2 CXo,1-Zo-CZo1-CXo,1-CZo1-CZo1 -CXo 1
«—= CZ()AZ 'CXOA’[ 'CZI.Z

c 58, CXo1-Z0-CZ0, -CZo.1-Zo-CXo1-CZo1 -CXo,1
2 CXo1-CZop-CZ1n E—

E
=25 CXo,1-ZoZo-CXo,1-CZo 1 - CXo,1
B, €Xo,-CXoy - CZoy - CXo,

ﬂ CZy,1-CXp,1

(23) —0b—
(C77) : CZp,1 - CCX 1o +—K12-K12-CZy; -CCX 1

25 _
M Ki>-Ko1-Koji-Kip-CZp1-CCXy

C. -
=L K12 Ko1-Ko1-CXo1 Kia-CCX12

25 .
M Ki2-Ko,1-Ko,1-CXo,1-Ko,1-Koi-Kip-CCXypn

(12) ——
——Ki12-Ko1-CX10-Ko,1-K12-CCX12

39 _
QKLZ'KO.I -CX10-Ki2-Ko1-CCX
c __
=% Ki2-Ko,1-CX10-Ki2-CCXo, Ko,

c ___
2 Ki2-Ko1-CX10-CCXo,1 - Ki2-Ko

c .
2 Ki2-Ko1-CCXo1-CX12-CX10-Ki2-Kos

(39 .
<—) Kip-Ko1-CCXop1-CX12-CX10-Ko,1-Kip

12 -
2, Kia Koy - CCXoy -CX 12 Koy - CXor Ko Koy Ki

25
), Kip-Ko1-CCXo1-CX12- Ko -CXo,1-Kip

23 .
& Kip-Ko1-CCXo1-CX12-Kop-Ki2-Kip-CXo1-Kip
1 .
& K12 -Ko,1-CCXo,1-CX12- Ko -Ki2-CZoy

39)
u Ko,1 -K12-CCXo,1-CX12- Ko, -Ki2-CZ,

C -
5 Ko,1-CCXop - Ki2-CX12- Ko -Kip-CZo,

(39) .
—> Ko, 1 - CCXo2-Ki2-CX12-Ki2-Koi-CZp1

&CCXM ‘Ko1-K12-CX12-K12-Ko1-CZp,)
&CCXI,Z ‘Ko 1-CX21-Ki12-Ki2- Ko -CZp
(23)

—>CCX 2 Ko 1 ~CX271 <Ko 1 ~CZO>1

Cra

«——CCX1,-CZ13-Kp,1 - Ko, -CZ,

D, ccxy5-C21,-C20,
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%) P
(C18) :CZop-2n & Kio-Kip-CZos-2p

C -
5 K- CXop Kip 2

Cis -
O Ki2-CXo2-X2 Kia

C -
=% Ki2- X2 CXo2 - Kip

&KIJ'XZ'KI,Z'CZOQ

C .
l>K|,2‘K1‘2'Zz'CZO.,2

@ Zy-CZp

(Cgo) : CZy,1 - CCXo2

Ll:‘l) CZOJ - 00,1 'CCXLZ - 00,1

Sy ——
— 00,1 -CZyp,1 - 00,1 - 00,1 -CCX 1 0p.1

E,
—4> 00,1 'CZ()J 'CCXLQ - 00,1

C -

75 60,1 -CCX 1,2 -CZ12-CZo1 - 0.1

(19) ———

— 00,1 -CCX 1 - 00,1 -CZy - 00,1 - CZo,1 - 00,1
S e

00,1 ' CCX12-00,1-CZp2-CZp,

M ECXos - CZos-CZ0,

C -
2 CCXp2-CZoy1 - CZoa

S -
(Cs2) : CZy,-CCXp, 21, CZy5-0p,1-CCXq,1 - 00,1

(19) —————
— 00,1 - CZp - 00,1 - 00,1 -CCX,1 - 00,1

E—4> 00,1 ~CZ().2 -CCXOJ - 00,1

C N
i} 00,1 ‘CCX()YI ~CZO,1 'CZQ‘Z 00,1

Saa e —
— 09,1 -CCXo,1-00,1-CZy,1 - 00,1 - CZp2 - 0p,1

& 00,1 -CCX()‘l - 00,1 ~CZ()‘1 ~CZI,2

& CCXo1 €2y CZ1 s
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(Cr9) : Xo - X1 - CXo 1
By XX - CX o

22)
e(?)CXoJ -CXo,1-X1-Xp-CXo,1

@CXOJ ‘XO'XO ‘CXO.] ‘X] ‘XO'CXO]

S, CXo1 - Xo-CXoy X1 Xo X1 -Xo-CXo,y

& cxoy - Xo-CXoy - Xo X1 X1 Xo - CXo,y

BB, X1 - Xo - CXo,1 -Xo - Xo - CXoy

@) CXop,1-Xo-CXp,1-CXp 1
22
u>CX0,1 -Xo

(Cs1) : CZpp - CCXo 1

93)—) CZO,Z - 012 -CCXO.Z +012

)
—012-CZy1-012-012-CCXp2- 01

ﬂ) 012 ~CZO‘1 ‘CCXO.Q - 012

C N
ﬂ) 012 'CCXO,Q ~CZ()11 ‘CZO,Z -012

(18) —
—012-CCXgp-CZy1-012-CZp1-012-012

E.
N o1 -CCXp2-CZp1-012 'CZ())]

Eio _
+—012-CCX0p-0612-612:CZy,1-012-CZy;

18 R
u 012-CCXo2- Ol -CZpo ~CZ(),1

33) ——
M CCXo,1-CZpp-CZp,

& X, -CZoy CZon

(15)

5 —
(Cg3) : X -CCX 1o — 002 -Xo-0p2-CCX 12

Ei6 —_—
— 00 - Xo-002-CCX12-Gp2 002

32 —_—
M Go)z 4X() -CCX()_| B 6072
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u} 002 ‘CCXOJ CX12-Xo- 00,2

(32) ——
— 00,2002 -CCX12-0p2-CX12-Xp- 00,2
ﬂf’—) CCXLZ 002" CXLZ ~X0 - 00,2

Eug .
+—CCX12-0p2-CX 120602002 X0 002

15 —
M CCX]Q - 00,2 -CX|>2 - 00,2 - Xp

AL cex,,-CXip- X
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9 -
(Cga):CZy5-CXo2 N CZi5-015-CXo1-012

Sy —
—012:CZ15-012-012-CXo,1-01

Eo
— 012-CZ12-CXp,1-012

C -
55 61,-CXo1-CZos-CZ1 5012

(18)

—012-CXo,1:012-CZp,1-012-CZ13- 01

s .
&L 615-CXo,1-012-CZo,1 -CZ1 5

&) a2 C201-CZ12

(Cse) : X1 -CX2; @W
&L CXo, X0 CXoi - CXat Ko
0, CXo1 - Xo-CXat -CXoy - Xo
&L CXo1 X1 - Xo-CXo 1 Xo

&oex, X

(23) —0—
(Csg) : CZo,1 - Zo «— K12 K1 2-CZy,1 - Zp

C P
=L K12-CXo,1 - Kia-Zo
Bg _
— Ki2-CXo1-Zp-Ki2
C85 7 v

— K122y CXo,1-Ki2
By ———

— Zy-Ki2-CXp1-Kp2
Cis o A
—Zy-CZp1-Ki2-Ki2

2, 7020,

0) ——F————
(Coo) : CX0p-Zy — 012-CXo,1- 0122
Bi» _
——012-CXo,1-Zy- 012
Cgs ———
— 012-Zp-CXo,1 - 012
By 5——
—=2Zy-012-CXo,1-012

(Q Zy-CXopp

E,
(Css) : CXo1-Zo <~ CXo1-Zy-Go1 001
S -
=5 60,1 -CX 10 00,1 - Zo Go,1 * 00,1

34) —
o, CX10-Zi o,

Cag o
— 00,1 Z1-CX10- 00,1

(34) e,
— 00,1 00,1 Z0" 00,1 -CX1,0-00,1

Ey
— Zy-0p,1-CX10-00,1

& 7y-CXo

@)
(Cs7):CX12-Z) ¢—Ki12-K12-CX12-Z,
Cio ————
— Ki12-CX21-Ki12-7Z,
(&) —_—
K12 CX21-X1-Ky2
CSG v v
— Kip-X1-CX21-Ky
1
——Z1-Ki2-CX31 K>

C -
=27,-CX 1, Kip Kip
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(ng) N CCXO.Q ‘CXO.1
EI—> CCXgpp-00,1-CX 1000,

-
— 00,1 -CCX 1 - 00,1 - 60,1 -CX1,0- 00,1

E.
—4> 00,1 -CCXLZ -CXL() - 00,1

36 —
u} 00.1 ~CX1_0 -CCX 1, - 00,1

E
& 6p.1-CX10-601-601-CCX12-0p1
(14)

< 00,1 -CXL() - 00.1 ~CCX()’2

& X1 -CCX o2

(19) ——————
(Co1):CZ15-Zr —= 00,1 - CZp2 - 00,1 - Z»

B33 —

——00,1:CZy3-Z>-0p,

C8 5

— 00,122+ CZp2 - 00,1
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(Co2) : CX12-CX2p (Co3) : CX2-CCXo 2
X5 CXag - GoT G a4 5 CCYX o
12°642,0°00,1- 00,1 — CX20-00,1-CCX12-00,1
(30) ———=v——— Ey
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1 60,1 -CX21-CXo2 - CXo1 - G010 = 601 -CCX1,-CX20-CXa1- 001
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— 00,1 00,1 -CX2,0-00,1 -CXo2-CXo,1 00,1 Q 00,1 -CCX12-CX20-00,1-CX20- 00,1 00,1
ZN CX20-00,1-CXo2-CXo,1-00,1 L, 00,1 -CCX12-CX20-00p,1-CX20
S - E, P—
2L CX2,0:00,1-CXo2-00,1-CX1,0-00,1 00,1 & 00,1 -CCX 12 60,1 - 60,1 -CX20-00,1-CX2p
(30) PN (31) ;
+— CX0-CX12-CX10- 00,1 00,1 00,1 -CCX12-0p,1-CX21-CX29
14
By X0 CX12-CX 1 Y ECXg2-CXay - CXao
E A
(Cos) :CX10-CX12 2 CX10-CX12-CXap CX2p
(ﬂ CX10:CX12-CX2p0 ~CX1Y2 ‘CX],Z -CX»op
(m CXL() ~CX112 ~CX210 ~CX1Y2 ~CX2'0 ~CX2'0 ~CX1V2 ~CX2‘0
&2—> CX1,0:CX12-CX20-CX20-CX12-CX10-CX20-CX12-CX2p
E
2 CX10-CX12-CX12-CX19-CXa0-CX12-CXap
E
25 CX10-CX10-CXa20-CX12-CX2p
B X0+ CX 15 CXag
Con e
— CX210 'CX2,0 'CX]‘Z ~CX|)()
Eyy
— CXL’Z ~CX110
) — .
(Cos) : CZp 1 -CCXo,1 u} Ki2-CXo,1-Ki2-CCXp, (Cog) : CZpp - CCXop

8) —mM———
e - Q()'l.z-C2071-0'1.2-CCX0,2
— K],Z ~CX0‘1 ~CCX012 ~K|)2

Eo .
+—012:CZy-012-CCXp-G12 012

C -
&K}ﬁz'CCX()@'CXO’l'K]'z (33)

< O12 'CZO,I -CCX()J -012
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<iCCXO,I‘I(I,Z'CXOJ'KI,Z Cos GIZ‘W'GIZ
(1) —— (33) -
+— CCXo,1-CZy, — 012-612-CCXg3-012-CZy1 01

18
(u 012012 'CCX()_; 'CZ()‘Z

B0y eCXo, - CZ02
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(Co7) :CZ12-CCX 2 (Cos
& CZ5-CCX 13- 0o, 00,1

(19) —————
— 00,1 - CZp2 - 00,1 -CCX - 00,1 - 00,1

14 —_—
M 00,1 - CZp2 - CCXo - 0p.1

(&7 v o7
= 00,1 * CCX(),Z ‘CZO‘yz - 00,1

(14) -
— 00,1 00,1 -CCX 13- 00,1 -CZp2 - 0p,1

9 _
& 00,1 - 00,1 -CCX 12 ‘CZl‘yz

E.
=y CCXLQ -CZy

ZCCXLZ'CX]’()

— K()‘] ~K0‘1 ‘CCXLQ ~CX1.0

— K()_| ~CCX()_]2 AKOJ -CXL()

— Kop,1 -CCXo - Ko,1 - Ko,1 -CXo,1- Ko 1

Ko CCXo2 - CXo.1 - Ko,

— K()_| ~CX()_| -CCX()_2 -K()J
<« Ko, 'CXO"] - Ko 1 -CCX 12

2 Ex-CCX s

(Cro0) : CZp2-CCX 1 (Cio1) : CCX12-CXap

S -
A CZO4,2 + 012 'CCX]\Z -012

a8 —
—012-CZy1-612-012-CCX12-01

E
i}GLz'CZQJ 'CCX|72~G],2

n, 012-CCX15-CZy5-CZp)-012

S -
— 012:CCX12-012-CZ12-012-CZy1 012

18 _
(i—l 012 -CCXLZ +012 'CZI,Z -CZ())z

& CCX 15 €21, -CZ02

(Cio1) : CCX12-CZo2 <22 €CX 15 -CZ0, - CCX 15 -CCX 12

S -
VM—)CCXLz-G]Tz‘CX]?()‘O']‘z

S -

261, ‘CCX12-012-012-CX10-012
Eyo

— 012-CCX12-CX10-012

(36) v

— 012 'CX]A’() 'CCX]lz -012

Eio P —
+—012-CX10-012-012-CCX 12012

S JE
& 0'1_’2~CX1_’()~0'|>2~CCX1‘2

24 CXao-CCX1n

E2 00Xy, CZon CCX 15 -CZ15-CZ15-CCX 1 5

(ﬂ CCXLZ -CZp» ~CCX112 'CZI,Z ‘CZO,Q -CZpo ‘CZI,Z -CCX 1

& CCXLZ -CZpy-CZy>- CCXLQ -CZ()‘Z -CZy» ~CCX112

ﬂ1—) CCX1-CCX1-CZyp-CZ1p-CCX 1

Y, €202-CZ12-CCX 15

Eq —
(CIOZ) :CZp> 'CXl,Z (—8 CX12:-CX12-CZyr-CX 1

& X1, CZoy CZo1 -CX12-CZoa - CX1a

il CX12-CZy,1-CZyp-CZyr-CZp - CX12-CZpp-CX1

& CX]ﬁz . CZ())] . CZ()‘Z . CX1‘2 . CZ()‘Z . CZ()?z . CX] 2

E
SN CXI,Z -CZp1-CZyr-CX 1 -CXLQ

B, eX1,-CZ0,) - CZos
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(Ci03) : CZo 2+ Zo (Cio4) : X2 -CCXpp
@3) —— (25) _
<—)K1,2‘K1,2‘CZO4,2'ZO ———X2-CCXo - Ko,1 - Ko
Cog ~ C36 (v
— Ki12-CXo2-K12-2Zp «—X5-Ko1-CCX 1Ko
Bg —_— Bl ———
— Ki12-CXo2-Zp-Ki2 —> Ko,1 - X2-CCX - Ko
)

*)KLZ'Gl,z-CX(),l'6172'ZO'K1A2 %Korm'/(m

By —
——Kj2-012-CXg1-Zy-012-K C3p =————
12012 0140012 K12 i(’%CCXo,z-Km-CXlﬁo-Xz-Koﬁl

e - B .
5 Kia-012-Z0-CXo1-012-Ki2 7, CCXo2 - Ko1-CX10- Koy Xa
(12) R
By — CCXop-Ko,1 Ko -CXo,1- Ko - Ko Xo

= KipZy-012-CXg1-012-Ki2

(25)
B m—%— — CCXp2-Ko1-Ko1-CXp1-X:
7 Ki2-012-CXo1-612-Ki2 0,2 Ko,1-Ko,1 0,1 X2

9 .
&ZO'KI,Z'CXO.Z'KIJ

B, cXon-CXoy X

&ZO'KI.Z'KI.TCZO,Z

@) Zy 'CZ()?z

(Ci05) : CCXo,1 -CXo2 (Cig6) : CCXp2-CX2 1
- E
&2, 002-CCX 1,092 CXo2 <1 CCXo,CXa,1-Go1 001
E 4 —
1 602 CCX 12+ 602 CXo2 002 G02 19, 00,1 -CCX12-00,1-CX2,1-00,1 00,1
(29) o Se6 o
< 002 -CCX17-CX20-002 00,1 CCX12-CXap- 00,1
Cio1 e S aTa Ciol T AAT
— 002 CX20-CCX 12002 — 00,1 ' CX20-CCX 1200,
29 - s -
u} Gp2 - 002 ~CX0V2 £ 00,2 ~CCX112 <002 —6> 00,1 - 00,1 'CX2‘1 - 00,1 ~CCX1‘2 - 00,1
62) ooxT By Xy 00, -CCX 15 - 0
— 00,2 00,2 CXp2 CCXo, 2,1 00,1 1,2°00,1
(14 .
LING (e e 0% & ex, - CCxo,
(23) =—0— (18) —————
(Ci07) : CCX,1-CX12 ¢—Ki12-K12-CCXp1-CX 12 (Cio8) : Xo-CZpp» —=Xo-012-CZy,1 - O12
Cyy ——— Bl ———
— K12-CCXp2-K12-CX12 — 012 X0-CZp,1 - 012
Cio ~ Cs3 e R T
—Ki12-CCX02-CX21-Ki2 —=012-CZy,1-Z)-Xo- 012
Cio6 N v By —
— K12-CX21-CCXp2-Ki2 —012:CZo1-Z1-012-Xo

Eio —_—
[/ — +—012:CZy1-612-612-Z1-012-Xo
—CX12-K12-CCXo- K2 ——

S _
= 012-CZy1-012-2-Xp

18
é_l CZy2 25 Xo

& CX12-CCXo,1-K12-K12

2 ex1,-ccxo,
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(Ci09) : X2 -CXp,1 -CCXpn <—Ei X;-CXp,1-CCXp2-X5-X

& X, CXo, - CCXon - X» - CCXo,-CCXon Xs
M X5 -CXo,1-CCXp2 -CCX()‘VZ 'CXO,I X5 -CCXpp-Xo

5, %, - CXo1 - CXoy - Xa-CCXo2 - X

22
u>X2-X2 -CCXp2-Xo

E
5 CcCXoa - Xa

(C110) : CZp -CZy1 - CCX 1 (—Ei CZyy-CZp,1-CCXo,1-CZpp-CZp

& CZpo 'CZ()J -CCX()J ~CZ()_]2 ~CCX0)1 -CCXo 1 'CZO4,2
Ci) CZO,Z -CZp, -CCXOJ ~CCX0,1 -CZp, -CZ(),Z -CCXo,1 ‘CZO’z

E
28, CZ02 - CZ01 - CZo 1 -CZo2 - CCXo 1 - CZo 2
B, 205 -C20,5-CCX0,y - CZo2

B, cexo, €20

(Clll) : CZ()’I ~CZ()12 -CCXo2 &0—> CZys- CZO,l ~CCX012
& €20 -CZo1 -CCXo2-CZ01 CZo

& zy,-C2y1-CCXo5 - CZy, - CCXo, - CCX o3 - CZo
S, €202 CZo, -CCXop -CCXo4 - CZoy - CZoa - CCX 02 - CZo

B, €205 €201 -CZo 1 - CZy2 - CCX o2 - CZy,
By €205 €205 CCX 05 CZo,
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E

2 XX -CZo1 - X

LIEN A ¢
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(Ci13) 1 CZ12 - CZy, - CCXoy L2 CCXg1 -CCXo1 - CZy 5+ CZy 1 - CCX
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15 — — CZp» - X
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9 _ .
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il CXo1-X; - X, ¢ .
012-CXo,1-X1-012-Xo So, Go2-CCX 12 CXa29-CXa1 - o2

Eio _

«—012:CX0,1-012-012-X1-012-Xo (29) -

- — 002 CCX15-002-CXp2-0p2-CX21-002

s _ —

a2 012-CXo,1-012-X2-Xo (32) —
— CCXOJ ‘CXO‘Z - 00,2 ~CX2’1 - 00,2

9 —

& CXo2-X2-Xo

So -
— CCXq,1-CXp2- 002002 -CXo,1-002 " 002

Ei6
i> CCX()J . CX()"Z - 00,2002 -CX()Vl

B8, cCXo1 -CXo 2 - CXo

Es — s -
(Ci20) : X0 X2 -CXo2 <= CXo, - CXo2 - Xo - X2-CXo (Ci21) : CZp,1 - CX21 = CZy - 012-CX1, 012
@1 _ E
—CXop-Xo-Xo-CXo2-Xo-X2-CXop 2 61,612-CZy1-612-CX12-012
c — 18 __
1% X0, X0 CXoz X2 - Xo- X0 X2 - CXop2 48 612-CZp5-CX12- 012
@1 G 15 CX12-CZ0, CZ02- O
AN CXO,Z 'X() . CXOAZ 'X2 -Xz 'CX(),Q 1,2 1,2 0,1 0,2 1,2
C il
B0, CXos - Xo-CXoa -CXos ~ 012-CX12-CZ02-CZo,1 - 012
(18) e
LN CXo2-Xo —012-CX12-012-CZ1-012-CZy1-012

(18) -
+—012-CX12-012-CZy1-CZp>

& X1 -CZo,1 - CZ02

(—Ei CCXg,1-CXg,1 -CCXo,1-CXpp-CXpp-CCXo,

&2 Xy, - CXo,y - CCXo1 -CXo2-CXo1 -CXo - CXo2 - CCXo

& CCXp,1-CXo,1-CXp,1 -CCXp,1-CXop,1-CXpp-CCXo,1

@) CCXp,1-CCXop,1:CXp1-CXp2-CCXp 1

18, X1 - CXoa - CCXo

(C123) : CZ12-CZp - CXo2 & CXop-CXop-CZ12-CZy1-CXop Lz CXo2-CZ12-CZ12-CXop-CZ12-CZp - CXop

4, X2 -CZ12-CXoa - CZoy -CZ1a-CZ15-CZoy -CXo

E2, 0X0s €215 CXoa - CZoy - CZo,1 - CXoa

By Xy €215 CXoa-CXos

55, CXpa-CZ1s
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(19) _ (33) —
(Ci24):Z1-CZ1p —>Z; - 00,1 - CZp - 00,1 (Ci2s) : 2y -CCXo 1 — Zp-015-CCXpp- 01

(34) —————— S ————

— 00,1 Zo - 00,1 - 00,1 - CZp2 - 00,1 —=012:21-012-012-CCXgp- 01

Ey Eio

— 00,1 Zo-CZp2 - 00,1 — 012-Z1-CCXpp- 012

C103 = G 2 C4(J e T e L 2

00,1 CZp>-Zy-0p,1 — 012 CCXp-CZpp-Z1- 01

E E

& 60.1-CZp2-G017601-Z0-Oo.1 0 61,-CCX0p-CZo G132 01221 C12

34 _ s _

(i—l 00,1 - CZp2 - 00,1+ Z1 &2 012-CCXop-CZpy 0122

(19) (18) _——

——CZi1p- 2y —012-CCXp-012-CZy1-012- 01222

m) 01,2 'CCX()AVQ -61,2 'CZOA,I -Zz

ﬂ CCXo,1-CZy, - 22

1.2 Some Global Phase Lemmas

A global phase is a multiple of 1. Since O(8,DD) is a real matrix group, where all matrices have operator
norm 1, it follows that the only global phase in O(8,ID) is —I. It can be shown that —/ = X;-Z;- X - Z; for
all j €{0,1,2}. Since —/ is in the center of O(8,D), then —I commutes with all generators in . These
facts prove useful in deriving the relations in Rp(gg) and Rgg(p). To this end, we consider the relation
(—1) =~ Xo - Zy - Xo - Zo, henceforth referred to as relation P;. By Theorems B.6 and Theorem B.11 in the
main paper, we can freely introduce and eliminate P; for the purposes of the remaining proofs.

(r):(=0)-X X020 %o Zo- X (B):(=D)-X2 X 20 X0 Zo-Xo
Bis v Ba3 v
2 Xo-Zo-Xo - X1 Zo —Xo-Zo-Xo- X272
B, . B3 ST
— Xo-Zo-X1-Xo-Zy —> X0 Zy-X> - Xo - 2o
Bs - — Bas v
— Xo-X1-Zo-Xo-Zy —Xo-X2-Zy-Xo-Zo
B v P Y B3 o P —
— X1-Xo0-Zo-Xo-Zo (—X1~(—1) —>X2~X0~ZO‘X0~Z()<—X2~(—1)
(va) : (=1)-CXo,1 iXO‘ZO'XO'ZO'CXO,l (15): (=1)-CX1 X070 X0 Zo-CX 1
Css 5~ [&5) ~
%X0~Z()~X0~CX0‘1~ZO ~—>X0~Z()-X0-CX11()-Z]<Z()
G Vv v (38) —_—
—>X0-Z()~CXO.’1~X1‘X0~ZO —>XO'ZO'CX1A,0'X0'ZI'ZO
Cgs ——— &5 7
— Xo0-CXp1-Zy-X1-Xo-Zo *}X{)'CX]A’()-Zl-ZQ-X(yZ]-Zo
G v v (38) ——-
HCXO,I'XI'XO'ZO'XI'XO'ZO —)CXI;()'XO'Zl'Z()-X()-Z]'ZO
B _
&5 CXoy X1 Xo - X - Zo-Xo- Zo E X0 X0 T 21 Xo 2 20

L2 cXo1 Ko Xi X1 - Zo - Xo - Zo

B ox10-X0-Z0-Ro 7171 - Zo

Ei3 Py N
— CXo1-Xo-Zy-Xo-Zo < CXp1-(—1 N
0.1 Xo-Zo-Xo-Zo 0.1 (—1) Es CX1o-Xo-Z0-Xo - Z 2 CXio- D)
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o .

(%) : (=1)-Z1 X Zo X020 Z1 (B): (=) Kz = Xo-Zo-XoZo-Ki2
Bag S Bg [
A%XO'ZO'XO'ZI'ZO HXO'Z(yXO'KLz'ZO
By X0 -70- 71 Ko - Zo @7)

— Xo-Zp-K12-Xo- 2o

B _
X0 Zi 70 Xo 2o B, Xy Kiz 7o Xo 2o

By 5
—Z1-Xo - Zp - Xo - Z 27
1-40 - Zo - X0 - 2o ( )>K1,2~X0~20'X0'Zo
P _
pll Z-(=1) Py Ki» —(71)

Ey 13 - -
(')/3) : (71) (—4 00.1 @ (71) Q} 60)1 ~CXO)] ACXLO‘CXO?] . (71) & 00,1 ~CX()11 ~CX]‘()~(7I)<CX07]

& 601 -CXoy - (—1)-CX19-CXo,

(ﬁ 00,1 '(—1) 'CX())] ~CX|)0 ‘CXO?]

P

— 00,1 X020 Xo"Zo- 00,1

E.

< 00,1 X0Zo-Xo060,1 00,1 Zo" 00,1

E.

< 00,1 - X0 Zp- 60,1 00,1 - Xo - 00,1 - 00,1 Zo - 00,1

Ey .
< 09,1 - X0 00,1 - 00,1 - Zo - 00,1 * 00,1 - X0 00,1 * 00,1 - Zo * 00,1

(28) —

— X1-00,1-Zp- 00,1 00,1 X0 00,1 - 00,1 - Zp - 00,1
(34) —

X1 -Z1-00,1 - X0 00,1 00,1 -Zo" 00,1

(28)

__ 34 _
——X1-Z1-X1-00,1-Zy-0p,1 <QXl VARD.SRVA

(W) : (=) CXop 2 X1 Z1 X1 -Z1 - CXo2 (10) : (=1)-CX20 25 X1 Z1 - X - Z1 - CXa
B]O Va2 B9 v 7
—)X1~Zl'X1~CXOyz~Zl —)X1~Zl-X1-CX2A’0'Zl
By I By [—
(—Xl-Zl-CX()’z-X]-Z] (—X]-Z]-CXzQ-XyZl
B]O v 7 39 v 7
A—>X1~CX0‘2~Zl-X1~Zl —)Xl‘CXZ,o'ZyX]'Zl
& Cxoa Xy 21X, 21 & X () B X0 X 21X 2 & CXa - (D)

___ E . N
() X2 &2 %2 XX X7 X 702X D) 2 X

[ E, E.
M) : (=D - (=D B (=) X1 Z1 X1 Z1 B Xy (=D -2 X - 20 &L X X2 2 25 7002 S e

(13): 21 X S5 XX 20X N X (D) 2 Xy X S X (—)- 2y B Xy - Z ()



36 Supplement: A Sound and Complete Equational Theory for 3-Qubit Toffoli-Hadamard Circuits

Eg (10) —
(1) : (=1) % G2 Goa - (—1) ~—> 602 - CXo2-CXag CXop - (—1) €% 6o+ CXo2 -CXag - (—1) - CXo2

& 00,2 ~CXO,2 . (—1) -CX20-CXo2

% -
<— 002" (—]) 'CXO,Z ‘CXZVQ -CXo2

10 _
<£—l Go)z . (71) . Go)z

P [
—» 002 XoZo-XoZo- 002

Ei6 .

«—002X0Zp-X0- 0020022002

Eig _

— 002 X0"Zo-00,2 002 X0 002002 Zo" 002

Eug .

< 00,2 X060,2002Zp* 002002 X0 002002 Zo 002

(15) -
«—X2-002-Zy 00,2002 X0 00200220002

(16) =
——Xp25-0p2- X0 002002 Zp 002

(15) -
——Xy-Zp-X5-00-Zp-0pp

16 _
e(—lXZ-Zz~X2‘Zz
(hs): (=D)-CZo1 Y%7, X2 - 22 -CZy 1 (n16) : (—=1)-CZp B X071 X1 Z1-CZoa
&L X, .2,% CZo1 2 E X 7%, CZos 7
5, %, 2,-CZo1 X2 75 55, %, .7, - CZ02 X1 - 24
B _ __
& X, CZo1 T X0 2 50 X\ 702 710 X1 - 24
By B35 =5—
A—>CZO1]'X2‘Z2'X2'ZZ ;>CZ()‘2~X1~Zl~X1~Zl
&CZO"] '(—1) <£CZ(),Z'(_I)

PP C -
(717): (=1)-CCX12 =5 Xo-Zo-Xo - Zo-CCX 12 —25 Xo-Zo - Xo-CCX 12 -CZ12 - Zo

T Xo-2-CCK 13 Ko Caa 2

9, Xo-CCX 12 -CZ12 Zo - Xo-CZ1 2 Zo

B3y X0 -CCX 12 Z0-CZ12 - Xo-CZ12 - Zo

B —
& X() ~CCX1'2 'Z() ~X() ~C2172 ~CZL2 -Z()

L0y X0 -CCX 1220 Xo - Zo

ﬂ>CCX1,2-X0-ZO-X0-Z()

Locexy, (1)
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- 32 -
('}’18) . (71) -CCX()AVI 71—4>X2 ~Zz -Xz -Zz -CCX()J Q)XQ -Zz -Xz -é%‘i()g -CCXLZ . 6072

(16) SE—
—— X272 X5-002Zy- 002002 CCX12-00p

(15) —_——
—> X2-Z2-002 X0 0020022y 002002 CCX 12002

e, , -
—X2-002Zp 002002 X0 002002 Zp 002002 CCX12- 002

(15) —————
— 00,2 X0 00,200,220y 00,2 00,2 X0 0020022y 002002 CCX12-0p2

N 60,2 X0 002002 Zo- 002002 X0 002 002 Zo CCX12-002
Lo, 00,2 X0 00,2002 Zo" 002002 X0 Zo-CCX12- 002

LN 00,2 X0-002 002 Zo-Xo-Zo-CCX12-0pp

ﬂé—> 00,2 Xo-Zo-Xo-Zy-CCX 1200

(—PL 0p2 - (71) 'CCXLZ - 002 y}~7> 00,2 ~CCX1V2 . (71) - 00,2

i) 00,2-CCX1‘2‘X0~Z()-X0~Z()~GO‘2

Lo 00,2 CCX12-Xo-Zp-Xo- 002002 Zo" 002

Se 00,2-CCX12-Xo-Zp- 002602 X0 002002 Zo" 002

a3 00,2 -CCX12-Xo- 002002 Zo- 002 00,2 X0 002002 Zo* 002

Ele .
—0p2-CCX 2002602 X0 0020022y 002002 X0 002002 Zo- 002

(16) —
002 CCX15-00-0p2 X0 002002 Zo-0pp 002 X0 0022

(15) o
002" CCX12-0p2-002 X0 002002 Zo" 002 X222

(16) _
<002 CCX 12002002 X0 00222 X222

15 _
M 00,2 CCX12-002 X222 X221

32 —_—
& ECXo1 X 20X 25 44 CCXo 1 - (1)

1.3 Some Control Manipulation Lemmas

The following two relation families are commonly used when working with controls.

1. Control Elimination. Let M and N be any two operators acting on the same number of qubits. If
M is self-inverse, then CM;;, oCN o CM; = M oCN ;o My. This is because, either wire j is
in state |0), and the M operators will cancel out as if they were controlled, or the wire j is in state
|1) and the M} operators would be applied even if the controls were still present.

2. Control Flip. Let M be any n-fold controlled X-gate Since 6 = CX ;1 0CXy joCX and 0} =
CX} joCXjroCXy j,then CM;;oCMy joCXjy and CMy joCM ;o CMy ; are n-fold controlled

0 operators, with the same controls. Therefore, CM  ; oCM; joCX jyy = CMy joCM j ;o CMy ;.
Careful inspection reveals that instances of control elimination and control flip follow immediately from

(45) and (46). The remaining instances can be derived via symmetry relations. In this section, some
instances of control elimination and control flips are derived which help to eliminate Rp(gg) and Rgg(p)-

(1) : CXo.1 -CCX12-CXo1 2L CXo.1 - CXoy - CCXo2-CCX 12 CCRos 25 CCXo - CCX 12 -CCXo
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(x2) : CX1,0-CCXp,1-CX 1 (x3) : CX0,1-CCXp1-CXop
2, CCXo, CX12-CX1-CX 1 9, 6CXo, - CXoa - CXoyp - CXo,y
By ecxop-CXa 2, ecxpy - CXo
£ %% - CCX o, - CX 12 &5 XX CCXo, - CXon
), X, -CCXo1 CX12 Ko -CX 15 5, X, -CCXo1 -CXop X1 -CXoy
£9, Xo-CCXo1-Xo-CXiz - CX 12 25 Xo-CCXo,1 X0 25 X1 -CCX o, - X1 - CXoz - CXop 25 X; - CCXo 1 X,

9) 9)
(x4) : CXo2-CCX15-CXop (—> CXop-CCX12-012-CXg1-012 (—> 612-CX,1-612-CCX15-612-CXp1-012

g& O12 -CX()’l -CCXLZ -CX().l -012

7(_1> 012 'CCX()_; 'CCXLz 'CCX())Z -012

N -
220, 012-CCXp3-012-CCX1-012-CCXpp- 012

33 e (33) s—
M 012 -CCX().Z -012 -CCXLZ 'CCXQJ M CCX(M -CCXLZ -CCX()J

29 29
(X5) : CX20-CCXo1 -CX2p ), CX30-CCXp,1-002-CXop- 00,2 ), 002 -CXo2-002-CCXp,1-002CXpp- 002

(32) -
— 0p,2-CXp2- 002002 -CCX12-0p2-002-CXop- 002

Ee
— 00,2 CXp2 002002 CCX15-CXp2- 002

Lo, 00,2 CXp2-CCX12-CXop- 002

l—4> 00,2 -CCXOJ -CCXLQ ~CCXO,1 - 00,2

32 J—
u) 002 CCX()‘l . CCXLZ - 00,2 'CCX]AVQ - 00,2002

32 —_—
Q 00,2002 CCX13-0p2-CCX1-0p2-CCX 12002 002
ﬂﬁ—) 00,2002 " CCX]_Z - 00,2 -CCX]A’Q 002 CCX]_Z
E
i) CCXLZ + 00,2 CCXLz + 00,2 'CCXLZ

& cexy, CCXoy -CCX 2

(X6) : CX2,1-CCXo1 -CX (x7): CX12-CCXo2-CX12
B, Xy, -CCX o, - G0 -CXag- 001 D, ex15-CCXo2 - Kz CXa - Kia
@)m-CCXOJ -00,1-CX20° 00,1 Qm'CCXo.z Kip-CXo1-Kip
& 00,1 -CX20-CCXo,1-CX20- 0p,1 & Ki2-CX5,1-CCXo1-CXa1-Ki2
5, 00,1 -CCX12-CCXp,1-CCX 12001 Ho, Kip-CCXo2-CCXp,1 -CCXo2- Kip
3, 601 -CCX 12+ G0y -CCX 1 - Gp1 -CCX 12+ 0y g U9, Ky 5-CCXo2-Kia - CCXo Kia-CCXo2 K1
< 0y, -CCX1a- 001 -CCX0,1-CCK a2 A Kip-CCXoa - Kia-CCXoz-CCXoy

14
e(’l CCXop - CCXO,I . CCX0,2 (ﬂ CCXOJ ~CCX0V2 ‘CCXQVI
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(x8) : CX1,0-CCXpp-CX1p & CX1,0-CCXo2-CX1,0-Go,1 00,1 N CX10-00,1-CCX12-00,1-CX1-00,1 00,1
<ﬂ0'0.1%00,1'Cxl,O'GOJ +CCX12-00,1-CX10- 00,1 00,1
& 00,1 - 00,1 -CX 10 00,1 -CCX12-CXo,1 - Op,1
&6y, -CXop - CCX12-CXoy - Oo

A, 60,1 -CCXo,-CCX 1, -CCXo2 - O,

14 -
u} 00,1 ~CCX()12 'CCXLZ - 00,1 ~CCX1V2 < 00,1 - 00,1

(14) JE
— 00,1 00,1 -CCX15-00,1 -CCX12-0p,1-CCX12-0p,1 00,1

EHAt 00,1 00,1 -CCXLQ - 00.1 ~CCX|,2 - 00,1 'CCX],Q
i CCXLZ - 00.1 -CCXLZ - 00,1 'CCX1_2

Y cexy, - CCX, - CCX 1

(o) : CCX02 - CCXo1 - CCXo2 2% CCX o5 - CCXo2-CCXo1 - CCXo2-CCXo 13 CCXo 1 -CCXo - CCXo,

(210) : CXa1 - CCXo) -CXa1 2% CCXo,-CCXo1 -CCXon 225 CCXo, - CCX 4 -CCXo,1 &2 CX,,-CCXos-CX 12

(l“) ZCCX()J -CCXl‘z -CCXg 1 Si) CCX()_’] -CCX|>2 - 00,1 -CCX()’] 00,1 Si} 00,1 -CCX()‘l -00.1-CCX 12 - 00,1 -CCX()‘l - 00,1

& 00,1 -CCXOJ -CCXOVZ -CCX(),l - 00.1

& 0q,1 ~CCX()72 'CCX()?] 'CCX())Z 00,1

E)ﬁ 00,1 -CCX o -CCXq,1-0p,1-CCX 200,100,

14 E
(—)> 00,1+ 00,1 -CCX12-00p,1-CCXp,1-0p,1-CCX12-00,1°00,1

Lt 00,1 - 00,1 -CCX12-CCXp,1 -CCX 13- 0p,1 00,1
B, 60101 -CCX 15+ CCX g,y -CCX

B, cex,5-cCXo,y - CCX 1 5

(7(12) : CCXO’Z ~CCX1.2 ~CCXO'2 %Eﬁ CCX()VZ ~CCX1'2 ~CCX012 +012°012 Sﬁ) CCXOVZ +012 -CCXLQ +012 ~CCXO'2 +012°012

Eo
+—012-012-CCXpp-012-CCX15-012-CCXp3-012-012

33
u 012012 'CCX()J +01,2 'CCXLZ 'CCX()J + 012

@ () 'CCXQJ -CCX1_2 -CCXOJ <012

A5 61,-CCX 1, -CCXg, -CCX1 4012

@) 012 ~CCX112 012 ‘CCX()’Z - 012 ~CCX112 012

& 012 'CCXLZ - 012 -CCXO.Z -CCXLZ

S0 ECX 1, CCXop - CCX 1o
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1.4 Some Lemmas to Eliminate the Circuit Definitions

This section derives lemmas to aid in the elimination of relations from Rpgg). The n-th lemma in
this section is denoted ®,. From this section onward, the circuit decomposition for each r; will be
denoted denoted D; (see Section 4.1 in the main paper). Furthermore, the defining relation for each
w; in Appendix D of the main paper will be denoted W;. Since W, through to Wj3 induce an acyclic
derived generator graph, then these generators can be freely introduced and eliminated by Theorem B.6
and Theorem B.11 of the main paper. Furthermore, when a word over {wy,...w;3} is eliminated, then a
word over {ry,...,rg} is obtained.

(1) : 16 'rlﬂ}rj‘CZOJ -CX51-CCXg1-CXy1-CZp

&) CX2 ‘CCXoyl -CX2,1 ‘CZOJ ~CX211 -CCXo1 'CX2,1 -CZp,

X6, CCX o, -CCXo, -CCXo4 - CZy -CXa.1 -CCXo 1 -CXa1 -CZo

ﬂ CCX()YZ ~CCX011 . CCXO,Q -CZp ~CCX012 . CCXQ] -CCXo2 ‘CZ()J

&) CCXop ~CCX0,1 ~CCX012 -CCXp2-CZp, ~CZO’2 -CCXp,1-CCXp ~CZ(),1

&l% CCXo -CCXOJ 'CCX()‘VZ -CCXopp - CZO,l 'CCXQJ -CZp1-CZy>- CCXO’Z -CZpy.1

C -
=0, €CXpa-CCXoy -CCXo2-CCXo2-CZo1 -CCX o1 -CZo4 -CZy.1 -CCXoa-CZo,1
59, CCXgp - CCXg, - CCX o - CCXo2 - CZo,y - CCX o1 - CZo2 - CCX o2 -CZo 1 -CZoa - CZo

&0—> CCXpp-CCXop,-CCXp-CCXop-CZp - CCXo,1-CZpp - CCXop-CZoyo-CZy,1 - CZy,

%) CCXpo-CCXo1 -CCX()‘VZ . CCX(),Z -CZp -CCX()"] . CCX()_]Z -CZpy-CZy» ~CZO71 -CZp

ﬂ) CCXO,Z -CCXo1 ‘CCXO,Z -CCXo2-CZp, ‘CCXOJ -CCXo2-CZp, ‘CZQJ

C -
5, CCXp,-CCXo1-CCXpa-CCXoa-CCX1-CZo1 -CCXo2-CZo 1 -CZo

59, CCXg - CCXg, - CCX o CCXon - CCX, - CCX o4 - CZo 1 -CZos - CZo 1 - CZo |

&0—> CCXpp-CCXop,1-CCXpp-CCXop-CCXp,1 -CCXop-CZyy-CZy, -CZy, - CZy,

2) CCXpp-CCXp,1-CCXpp-CCXpp-CCXq,1 -CCXop-CZyp-CZy,
E—7> CCXpn -CCX()"] . CCX()J . CCX())Q -CZyo - CZOJ

B8, X - CCX o2 - CZ02 - CZoy 2 CZo2 - CZos

21 -
(1) 113 2 X5 CCXo Ko < Xy-Xg-CX 15 CCXo % CX 1, CCXoy (@3) 1 w1 2 75 2 CZo - CZoy

(@) 1213 251y Xo-CCXo 1 Xo 22 Xp-CXp1 -CCXo 1 -CXay - Xo - Xo - CCXo 1 - Xo

2
D, Xy-CXa1 -CCXo -CXay -CCXot - Xo

%, Xp-CCXpp-CCXp,1-CCXpp-CCXop1-Xo

2, Xy-CCXg, -CCX,-CCXq,1 -CCXo 1 - Xo

B8, %0-CCXo1-CCXo2 - Xo
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(5) : w2 2 P WIS Ts 2 1615 -CZog - Coy 15T
%wamfzo‘z'czm “rseTg
D6, X1 -CCXoy - CXay X1 -CCXo1 - Xy -CZo2-CZo 1 15 - re
fﬁﬂ-cxz,l -CCXo,1-CX2,1-X1-CCXo1-Xy-CZypCZyy 15716
& X\ .CZo1 -CZo; X1 -CXay -CCXg1 - CXay Xy -CCXo 1 - Xy - CZo - CZoy 151

&Xl -CZ()J -X1 -Z()-CZOJ -CX271 -CCXo’l -CX2>1 -X1 -CCX()J 'Xl 'CZOAZ'CZ()J “rs-Tg

x—6>X| +CZp,-X1+-Zy-CZp, -CCXpp-CCXp, -CCXop- X -CCXo,1 - X1 - CZoo-CZy, 1576

&Xl 'CZ(),l 'X[ 'Z() 'CCX(),Z 'CZO,I ~CZO‘2 'CCX()"[ ~CCX072 ~X1 ~CCXO‘1 'Xl ~CZ()‘2 'CZ()J *r5-Fe

C&X[ ‘CZ()J ‘X] 'Zo 'CCX()WZ ‘CZO,Z ~CZQ'1 'CCXOJ ~CCXO,2 ~X1 ‘CCXOJ ~X1 ~CZ()'2 'CZO.I *r5-Fe
ﬂ)Xl ~CZ()‘1 ~X1 ZO 'CCX()‘Z ~CCX071 ~CZ()‘2 'CCX()‘Z 'Xl 'CCX()‘I ~X1 -CZ()‘Z ~CZO71 *¥5-Tg

C -
=5 X, -CZo,1 - X1 - Zo-CCXo2-CCXo,1 -CCXo2-CZos X1 -CCXo1-X1-CZo2-CZo1 1576

&Xl ‘CZ()J -X1-Zy ~CCX072 'CCX()f] 'CCXO‘Z - X ‘CZO.Z ‘CCX()_] - X1 ~CZ()_2 'CZ()‘l “F5:Te
Bi)X] ~CZ()7| -X] ~Z() 'CCX()_2 -CCX()?] ~CCXO)2 ‘X] 'CZ()>2 ~CCX()‘1 'CZO,2 ~X1 'CZ()T] RARRL
Gsi

— X1-CZy1- X, -Zy-CCXpp-CCXg,1 -CCXpp- X1 -CCXo,1 -CZy,1 - CZp-CZpp X1 -CZy,1 1576

ﬂ>X] ~CZ()7| ~X] 'Z()'CCX()‘Q'CCX()?] ~CCXO)2‘X1 'CCX(“ ~CZ(),1 'X| ~CZO,1 *rs-re

&Xl -CZp, - X1-Zy-CCXpp-CCXo,1 -CCXpp- Xy -CCXo,1 - X1 -Zy-CZo,1 -CZpy 1516
E
20X +CZp1-X1-Zy-CCXpp-CCXg,1 -CCXpp-X1-CCXo,1- X1+ Zo-15-76

&5—>X| ~CZO‘1 'X| ~Z() ‘CCX()‘Z 'CCX()J 'CCX()‘z ~CCX()_| 'CX()_2 ~X] ‘X] 'Z() “Is-Tg

ﬂi)Xl -CZp,-X1-Zy-CCXpp-CCXo, -CCXp-CCXo,1-CXop-Zo-15-76

ﬁ)X| -CZ()J -X| -Z() -CCX()J -CCX()‘z -CCX()_| 'CCX()?] -CX()_Z -Z()-r5 -re
ﬂ)X] ‘CZ()"] -X1-Zy ~CCX()11 'CCXO,Z 'CX()"z ~Zors-re
&4—>Xl -CZ()_] -X1-CCXo1-Zy -CCX().Z -CXO.Z -Zy-rs-Te
&8—> X] ~CZ()‘1 'X| 'CCX()J -CCX()Tz *Z() 'CX()J 'Z() RARRL

90—>X| 'CZO‘l 'X| 'CCX()J -CCXOTQ*Z()'Z()-CX()_Q-IS “Te

E—3>X1 -CZp1 - X1 -CCXo,1 -CCXon -CX0.2~V75~}"6 ﬁxl -CZp,1- X1 -CCXp,1 -CCXpp-CXpp-X1-CCXo,1 - X176
95—>X1 -CZp,1 - X1 -CCXo,1 -CCXpp-CXp2-CCXo,1-CXop-X1-Xi-16

BB, X, .€Z, - X1 - CCXg - CCX g2 CXoa - CCXo1 - CXoy -7

%X] ~CZ()11 -X1-CCXp,1-CCXp2 'CXO,Z ~CX0Y2 -CCXop1-16

55, X, -CZo, - X - CCXo1 -CCX 02 - CCX oy 16 &2 X1 - CZo,1 - X; -CCXoa - CCXo1 - CCX o - 16

. D, 6,6
<X—6X1 -CZp1-Xy -CX271 -CCX.1-CXy1-16 <—6X1 -CZp1-X1T6 16 (——)—>X1 -CZy1- X1
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D 6:6
(6) : CZo,1 -1 —% CZo,1 - CXa,1 - CCXo; -CXyp (@7): CZos 16 <& 76776 - CZos2 1

Ey —_—
0 —r16-CZy1-CZy1-16-CZoo -1
Ciai CXa1 CZoy CZoa - CCXoy -CXa g 6 0,1 0,176 0276

&0—> CX»5 1 'CZ()ﬁg -CZ()71 -CCX()J 'CX2>] &) r6-CZo1 16 'M'%

Ciio
. . . % 6:6
— CX,1-CCXo,1-CZy-CX2 Eiy rs-CZo,1 75T (6:6) re-CZo,

& Xy 1 - CCXo - CXay - CZos <5 75 CZos

(@) :ra-rs 2% ry - X1 -CCXo 1 X1 25 CXo1 -CXoa-CCX 14 -CXo-CXop - X1 -CCXo 1 - X,

X—4> CXo,1-CCXp 1 ~CCX112 ~CCX0,1 ~CX011 -X1-CCXop,1-Xy

Ay CXg,1 -CCX 1, -CCXo, -CCX 14 -CXo1 - X; -CCXo - X

& CXop,1-CCX12 -CCX()J ~CCX1_]2 ~CX071 ~CX011 ~CCX0,1 ~CX071

22
2, CXo.1-CCX 15 CCXo,y -CCX 1 CCXo,y -CXoy

24
Ay CX4.1 -CCX 15 -CCX 14 CCXo 1 -CCX 12 CXo 25 CXo1 -CCX o, -CCX 1 CXoy

22 N —
((1)9) ZX] 475 &}Xl -CXo‘l -CCX()J -CClez-CX()ﬁl F(—lX] -CX()_| 'CCX()T] ‘CX()?] ‘CX()_V| 'CCX]TZ‘CX()T]

A, X1 -CXo,1-CCX o, -CXoy -CCXo, - CCX 1, -CCX o2

ﬁ)xl ~CX011 ~CCX0.’1 ~CX()11 ~CCX1$2 ~CCX()>2 -CCXl,z

X, X, - X -CCXo, - X1 -CCX 1 5-CCXo-CCX | 5

Ei) CCXp,1-X1-CCX15-CCXpp-CCX1n
C—8> CCX,1-CCX15-CXp0-X1-CCXpp-CCX1

RN CCXg,1-CCX12-CX20-CCXp2- X1 -CCX 12

((010) : CCX]VZ - X 'CCXO‘Q ~CX2’0 'CCXLQ ‘CCXOJ

&) . CCX 15 X1 - CCX o - CXa - CCX 12 - CCXo,y

34
& rs 747415 -CCX12-X) ~CCX012 ~CX2‘0~CCX112~CCX0,1

<—E-l3— rs-14-X1 X1 rg-15-CCX15-X1-CCXgp-CX2-CCX15-CCXg

2, rs5-14- X1 -CCX0,1 -CCX12-CX20-CCXp2-X1-CCX12-CCX 12X -CCXpp-CXr0-CCX1-CCXop,1

24
(—)> rs5-r4- X1 -CCX,1 -CCX15-CX20-CCXp2- X1 - X -CCX2-CX20-CCX1p-CCXop,1

Ei) rs-14-X1-CCX01 -CCX12-CX20-CCXp2-CCXgp-CX20-CCX12-CCXo,
E—7> rs-rq- X1 ‘CCX()J -CCX172-CXayp ~CX2’0 -CCX 1 ~CCX011
Ei) rs-rq- X -CCX()"] 'CCXL’Z 'CCXLQ -CCXo1

2%
Y, ey X) - CCXo 1 -CCXo1 25 rs 1y X
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W3 05 v v
(@11) i w3 —= 7574 Wa 1475 —>r5-14-X1-CZo1 - Xy 14 - T5

% rs-rq-X1-CZy ‘CCXOJ “CCX12:-CX20-CCXp2-X1-CCX12

Lo CCX17-X1-CCXp-CX20-CCX12-CCXo,1-CZp1-CCXp,1-CCX15-CXp0-CCXp5-X1-CCX1
C -

=5, CCX12-X1-CCXpp-CXa0-CCX12-CCXo, -CCXo,1 -CZy,1 -CCX15-CXa-CCX2- X1 -CCX 12
ﬂg CCXI‘Z ‘Xl .CCXO,Z .CXZ,O 'CCX],Z ~C‘ZO.I .CCXI,Z .CXZ,O .CCXO,Z 'Xl 'CCXl.Z

Cl> CCX1-X1-CCXpp-CX20-CCX12-CCX13-CZ13-CZp)-CX20-CCXp2-X1-CCX 1

Y, 0CX1 X - CCXo - CXag-CZ12-CZo, - CXag-CCXo2 - X -CCX 1
40 ——
90X y5 X, -CCX o - CXa-CZ01-CZ1a - CXag - CCXoa - X1 -CCX 12

E2.0CX 15X -CCXo - CXp0-CXag - CZo 1 - CCXo - X1 -CCX 1

B 0ex 1, X, - CCXo, - CZo, - CCXon - X1 -CCX 12

(COIZ) :M£r4'r3~&~r3~r4 ﬂ>r4~r3~CCX|>2~X1 'CCX()_z'CZ()’] 'CCX()‘z'X] ~CCX|)2~}"3~}"4

&7 gy CCX 15X, -CCXg - CZg, - X; -CCXo2 - CCX 151314

S, 1413 CCX 15 CCXon X1 -CZy, X1 -CCXp - CCX 1513 -1y

ﬁO—> r4-13-CCX15-CCXp-CZy,1 - Zp-X1 - X1 -CCXp-CCX 11314

BB,y ry - CCX 12 -CCXo2-CZ0,1 - Zo -CCX02-CCX12-13-14
C. P —
By r413-CCX12-CCX0p-CZo1-CCXop-Zo-CCX12 7514

ﬁo_> r4-13-CCX15-CCX0p-CCX0p-CZy-CZop-Zo-CCX 121314

E
—7> Fq-1r3 'CCX172 ~CZ()'1 -CZ()‘Z -Z() 'CCXLZ r3-r4

C. -

i} Fq-13 'CCXLQ 'CZO,l 'CZ()J -CCXI,Z ~C2172 ~Z()~r3 ‘T4

C - @

]—OO> r4-13 'CCXLZ 'CZOJ ~CCX1’2 ~CZL2 ~CZ()72 ‘CZI,Z ~Zo~r3 ‘T4
C -

l} Fq-13 'CCXLQ 'CZO,I 'CCXI,Z 'CZI,Z ~C2172 ~CZ()'2 -Z() r3-r4

%m-ryCCX],z-CZO,] 'CCX1.2‘CZ()12'Z()‘I‘3‘}’4
C - @
l}}’4'}’3'CCX]_;'CCX|?2~CZL2~CZ()‘1 'CZO?2~Z()'F3~F4
24 —_—
Q) rg-r3-CZip-CZo1-CLop-Zo-13-14 22, rg-1r3-CZ1p-CZp1-CZop-Zy-CX12-CCXoy - 14
&) }’4'CX112 ~CCX011 'CZI,Z ~CZ().1 ‘CZ()Q'ZQ‘CX]Q ‘CCXoyl ‘T4
B—7> }’4-CX112-CCX0‘1 ~CZI,2 ~CZ()_1 'CZ()_z-Cxl"z-ZO'CCXOV] <4
Cl&) r4 -CX]Q-CCX()_] -CZL2~CZQ,1 'CXI,Z -CZ(),I 'CZOAVQ'Z()'CCXO.I <14
Cﬂ> r4-CX12-CCXo-CZ12-CZy,1-CX12-CZyr-CZp1-Zy-CCXo,1 14

C -
s r4 ~CX112 ~CCX().’1 -CZ12-CX12-CZp, 'CZO4,2 -CZp)1 -2y ~CCX051 -rq
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S0, 1y CX 15 CCXo1 CZy 2 CX 1 CZos - CZoy - CZoy - Zo-CCXo 1 -1

E—2> r4 ~CX172 ~CCX07] ~CZI‘2 'CX]‘2 'CZ(),Z 'ZO 'CCXOJ T4
& r4-CX12-CCX0,1-CZ12-CX12-CZ15-CZ15-CZpp-Zy-CCXo,1 14

Co4

14-CX12-CCX0,1-CZ12-CZ12-Z1-CX12-CZ1-CZyp-Zo-CCXo,1 - 14
B,y CX 15 CCXoy 21 -CX 13- CZ12-CZ0a Zo-CCX o,y -1
&y CX15-CCXo1-CX 1221 -CZ12-CZoa Zo-CCXoy 14

& ry-CCXo1 -CX1,2 -CX1,2 -7 ~CZ]72 ‘CZO,Z +Zo-CCXop1 14

By 1y CCXo1 21 -CZy 5+ CZoy - Zo - CCX oy -1y

Ci) V4'CCX()?] 'Z] 'CZ|>2~CZO‘2~CCXO_’| ~Z()~r4

C -
2 1 -CCX01-Z1-CZ12-CCXo1 -CZo1 -CZoaZo 14

C, -

LO) raq 'CCXOJ 'Z] 'CZLQ ~CCXO_1 ‘CZO4,2 ~CZ()‘1 'ZO - T4

C -

25 14 -CCX01-21-CCXo1 -CZo1-CZ12-CZo2-CZo1 - Zo 14

40 —_—
Q) T4 -CCX(),l -7 ~CCX0,1 -CZ12-CZp, -CZO,Z -CZOJ 2o 14

S0, 14 CCX oy 21 -CCX o,y -CZ12 - CZoa - CZoy - CZoy - Zo 14

E;
—2> rq 'CCX())] 'Zl 'CCXO,I 'CZI,Z ~CZ()72 ~Z()~r4

C. —_— E
s 14 -CCX01-CCXo1 - Z1-CZ12-CZonZo 14— 1421 -CZ12-CZon - Zo - 1a

ﬂ} rq ~Z] ‘CZ]_Z -CZoﬁz 'Z() ~CX()_| -CX()‘z ~CCX172 'CX()_2 'CX()J

<—CE ra-7Z1 ‘CZL,Z -CZpo-CXo,1-Zo 'CX()‘VZ -CCX 12 ‘CXO,Z -CXQ]

&8 1420 €215 Tt -CZoa Zo-CXo2 - CCX 12 -CXo - CXoy

5, 1421 -CXoy CZoa - CZia - CZys - Zo-CXoa - CCX 12 -CXga - CXo,y

LIRS A -CXo,1-CZ12-CZoa2-CZo2-Zo-CXo2-CCX12-CXoa-CXo
E
2 g2y -CXo1-CZ12-Z-CXoa - CCX 1 -CXoa-CXo 1

568, 1y -CXoy Zo 21 CZ1aZo-CXoa - CCX 15 -CXga - CXo

B9,y X0y 71 Zo-CZ1sZy-CXoa - CCX 1 CXoa - CXo,)

<—51 T4 -CXo,l -7 ~CZ]72 -Zo-Zy-CXo2 ‘CCXl,z -CXp2-CXo1

E—3> 1y -CXQJ -Z1-CZy» 'CXO‘VZ -CCX17-CXpp-CXo 1

Cﬁ) raq 'CXO] 'Zl ‘CXO.Z ‘CZO] .CZI,Z 'CCXI,Z .CXO,Z ‘CX()‘l

B0,y CXoy - CXoa 21 -CZoy - CZ1 - CCX - CXoa - CXo,y

D, 14 -CXoy - CXoa -2y -CZo,y -CCX 15 -CZ1 - CXoa - CXo
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| ——
(w13):ﬂ—>r3~r2'W4~r2-r3

1, 14 -CXoy - CXop 21 -CCX 12 -CZ142-CZoy - CZy12-CXoa - CXo

40 _
0, CXo - CXoaZ1-CCX 12 CZ1 5 -CZ1a - CZo1 - CXoa - CXoy
B0y 1 CXoy - CXoa 71 -CCX 12 CZo1 -CXoa - CXoy
Csg

— T4 -CX()_| ~CX()_2 ~CCX172 -7 ~CZ()7] -CX()_; -CX()_|

&4 1y CXoy - CXoa CCX12 -7y -CXoa-CZo1 - CXoy

Bi) r4-CXo,1-CXop-CCX12-CXop-Z1-CZy, -CXo,

Cr6

— 14 'CX()"] ~CX()'2 'CCXLZ ~CX012 ~Zl -CX()J Z() -CZ()‘I

Ces

— 14 'CXOJ 'CX072 'CCXLZ 'CXOAVQ 'CXOJ Zo-Z1-Zy 'CZ(),[

ﬁg—) r4 -CXOJ -CXO,Z -CCX 1 'CXO’Z -CXOJ -Zy-Zy-Zy-CZy

5, r4-CXo1-CXop-CCX15-CXg3-CXo,1-2Z1-CZp,1

4:4
Loz -cz00 E 7y 20,

2 ry 1y wy-Xo-CCXo,1 -CCXo2 - Xo

22, p3-ry-Z1-CZo, - Xo - CCXo,1 - CCXo2 - Xo

C, -

13121 -Xo-Z1-CZy -CCX 1 -CCXo2 - Xo
B vy Ko 2121 -CZo, - CCXo, - CCXo - Xo

5y 131y Xo-CZg,1 - CCXo1 -CCXo2 - Xo

5, 131y Xo-CCXo 1 -CZoy1 - CCXo2 - Xo

50, 1y o1y Xy CCXo1 -CCXo 2 - CZoy - CZoa - Xo
ATy Xo - CCX gy - CCXo2 - CZoy X022 -CZoa
EO sy Xo-CCXo 1 -CCXoa KXo Z1 - CZot 2o CZos

ﬁ7—> r3-13-Xo-CCXo,1 -CCXpp-Xo-Z1-Zp-CZy,1 -CZpp

22 3.3
Eryory Ty 212y CZo ) - CZo B2 i r21-25-C2Z, -CZy2 B3, 702z, -CZy2

C -
(@14) 1112 25 X0 Xy -CCXo1 X1 Xo-ra <2 Xy - CCXo.1 -CXo - X1 X1 - Xo 12 2% Xo-CCX oy -CXop Xo 12

%XO'CCXOJ -CXp2-Xo-Xo-CXr1-CCXp1-CXp1-Xo

21

— Xy 'CCX()‘I 'CX()‘Z 'CX2‘1 'CCX()J 'CXZ‘I - Xo

C, [
105, X0-CXop-CCXp,1-CX21 'CCXO,I ‘CXZJ - Xo

%6 Xp-CXo2-CCXq,1 -CCXo, -CCXo, -CCX 2 - Xo

45

ﬁ) Xo ~CX().’2 ~CCXO)1 -CCXo1 -CCX()YZ -CCXo,1-Xo Ei) Xo -CX()Q -CCXo2 -CCX()J - Xo



46 Supplement: A Sound and Complete Equational Theory for 3-Qubit Toffoli-Hadamard Circuits

We, —
(015) : we —> T2 -1 W5 T 12

2,y ory-ws - Xp-CXo, -CCXg2-CCXo 1 - Xo

g n-r 'Zl '22 ~CZ()'1 'CZ()>2 -X() 'CXO,Z 'CCX()VZ 'CCX()"] 'X()

C -
(i n-r 'Zl 'Zz~CZU‘1 'X()~Zz 'CZO$2~CXO?2~CCX())2‘CCX()‘] 'X()
& n-r 'Zl -CZ()J -Zz-X()'Zz ~CZ()>2 -CX()Q'CCX()‘Z -CCX()Yl 'X()

gzi ryr1+Z1-CZyy-Xo-Zp-Zp-CZpp-CXpp-CCXpp-CCXo 1 -Xo

Ei) r-r -2y ~CZ(),1 - Xo ~CZO’2 ‘CXO’2 -CCXp2-CCXp 1 - Xo

C -
e rp-ry-Zy-Xo-Zy-CZy) - CZpn-CXon-CCXpp-CCXo,1 - Xo

B -
%4 n-r 'Zl 'Zl ~X0 ~CZ()>1 ~CZ()‘2 ~CX()'2 'CCXO4,2 'CCX()J 'X()

E.
N ry-r1-Xo 'CZOJ -CZp» 'CXO,Z -CCXop2 -CCX()"] - Xo

E -
il r-r1-Xo-CZy 'CZO4,2 . CXO‘Q +CZyp-CZpy-CCXpo-CCXp 1 - Xo

C, e —
X +CZo,-CZyp-CZyp-Zy-CXp-CZpo CCXpp-CCXo,1 - Xo

B vy 1y Xy CZoy - Zy- CXo2 - CZs - CCX o -CCX oy - Xo

&0y Xy CZyy - Cxoa - Zo - CZos - CCXo2 - CCXg - Xo

&Ly iy Xy CXoa - CZoy - Zo-CZos - CCXo2 - CCXg - Xo

Cy -
s ryr1-Xo-CXo2-CZo,1 - Zo-CCXo2-CZoa - CCXo1 - Xo

C. -
ﬁ} n-r ~X0 ~CXO’2 ~CZO‘1 ~CCX012 ~ZQ ‘CZO4,2 ~CCXO’1 'XO

@) ry-r1-Xo-CXpo-CCXo2 ‘CZ()J -CZpo-Zy-CZp ~CCX011 - Xo

Cl&) ry-r;-Xo-CXo2-CCXo 2 ~CZ(),1 -Zy ~CZO’2 -CZp,-CCXo 1 -Xo

fy—) ry-1r1-Xo-CXop-CCXop-CZy - Zy-CCXo,1 - Xo

&4—> ry-r1-Xo-CXop-CCXpp-CZy, -CCXo,1 - Zo- Xo

95, 1y 1y Xy CXo2-CCXo2 - CCXo 1 -CZoy - Zo - Xo

21 [
M ry-11-Xo-CXo2-CCXpp-CCXo,1 - Xo-Xo-CZo,1 - Zp-Xo

[0
%Mrz-r] - ~r2~X0-CZ()11 ~Z()-X0

1;1
(-—)) r -1 -Xo-CZy1-Zy-Xo

2, X0 CZo,y - Zo-Xo
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s J
(@16) : we - W4 - wa —> we - wy - X1 -CZp 1 - Xj

Cog

(017) : CZop-Xo- X1 K1 2-CZyo K12 X1 - Xp-CZo2

47

(0] =5 -
i>W6'Zl‘CZO,I'XI‘CZO,I'XI ~—)CZ()2 X>- X - CX()z Kis- K12 X1 -Xp- CZ()2
AL o2 XyZo-CZoy - CZoy - X (23)

S We-Zy1-A1-2o-C2o1 - CZo1 - A —=CZpp-X2-X1-CXop-X1-X2-CZp)

E;
H2W6'Zl ~X1 ‘ZO

'Xl

By €202 X X1 X1 CXoa X2 -CZo

Bis —
—we-Z1-Zy- X1 - X1 ﬂ)CZ()Z X5 -CXo2-X2-CZop

E
—]3>W6~Zl 'Z()

D15

S, CZo1 21 Xo-

& CZo1-Z1 - Xo

—Xo-CZy 1 -Zy-

Ces, CZo2-X-X3-CXo2-CZo2

Xo-21-2 B, €705 -CXo - CZ02
Zo-Xo-Z1 - Zo G

2202 -CZ0, Zo-CXo2

Zo-Xo-Zo 2y

B, 70-CXon

(—CZ(” Zl ( I) Zl

B CZo1 2121 - (=)

5, czo01 (-1

(@18) : (—1)-rs

(6019> irg 'CZOQ ~rfg~CZov2 -rg

D
2 (~1)-Kip X1 X, - CZ0,2-CCX12-CZ02 - X2 - X1 K12

DKo (D) X1 - X2-CZoy-CCX12-CZo2 - X2 - X1 K12
2 Kia- Xi (=) X, CZ-CCX 12 CZos- X2 - X K2
13—>K1.2'X1'm'cz()l'CCXI.Z'CZO.Z'XZ'XI'KI,Z
29 KipXi X CZoy-(—1)-CCX12-CZop X2-X1 Ky
ﬂﬂ(lz X1 -X5-CZy - W'CZO,Z'XZ'XI'KI.Z
18 K2+ X1 Xa+CZ02 - CCX 12+ CZo2 - (—1) - Xa - X1 K12
By K2 X1 -Xa-CZop-CCX12-CZo2 - Xa - Xy-(=1)- X -Kia

» .
= Ki2-X1-X2-CZop-CCX13-CZop-X2-X1-(—1)-K12

& (=)

D
—8>Q'CZU,2 Ko X1-Xo-CZpp-CCX12-CZpp X2 X1 -Ki2-CZop 13

D K2 X0 Xy CZo, - CCX 12 CZos

Xo X1 Ki2-CZopKip-X1-Xp-CZyp-CCX12-CZop-Xo- X1 - K12 CZpp 18

ﬂ> Kio-X1-X2-CZo> ~CCX112 -Zp-CXp2 ‘CCXl,z ‘CZ()"z - X5 X1 ~K1,2 -CZO,Z rg

D,
—8> K1,2 'Xl 'Xz 'CZ())Q 'CCXLZ 'Z() 'CXO,Z 'CCXLZ 'CZO,Z 'XZ 'Xl 'KLZ 'CZU,Z 'K1>2 'Xl 'Xz 'CZO,Z 'CCXLZ 'CZO,Z 'XZ 'Xl 'KLZ
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2, Kip-X1-X2-CZpp-CCX 122y -CXop-CCX12-Zy-CXop-CCX12-CZpo-Xa-X1-Ki

Coo

K12 X1-X2-CZpp - CCX12-Zy-CXp2-CCX12-CXop-Zy-CCX12-CZoo-X2-X1- K12

Ci> Kip-X1-X2-CZpp-CCX 122y CXpp-CCX12-CXo2-CCX15-CZ1p-Zy-CZpo- X2+ X1 - K2

C: -
i} K172 'X] 'Xz 'CZ()‘Z 'Z() 'CZI,Z 'CCX]’Z 'CX()’2 'CCXI,Z 'CXU,Z 'CCXI,Z 'CZI.Z 'Z() 'CZ(),Z 'XZ 'X] 'K112

LZN Kip-X1-X2-CZpp-Zy-CZ12-CCX15-CCXp,1 -CCX12-CCX,)-CCX12-CZ13-Zy-CZpo-Xo- X1 - K12

£]—>K1‘2 X1 X2 CZypZy-CZ15-CCX - CCX12-CCXo -CCX12-CCX12-CZ1p-Zy-CZoo-Xo- X1 - Ky 2
ﬂKl.z XXy -CZyp -2y CZ1p-CCX12-CCX15-CCXo,1-CZ1p-Zoy-CLpp- X5 - X1 - Ky 2

24

u>K112 X1 X2 CZyp-Zy-CZ15-CCXo,-CZ1p-Zoy-CZpr- X2 Xy - Ky 2

%Kl_z-Xl X2 CZpnZy-CCXo,1-CZy,1 - CZ12-CZ1p-Zy-CZpo-Xo- X1 - K12

Ei) Kip-X1-X2-CZppZy-CCXo,1 - CZyy - Zy-CZoo- X2+ X1 - K2
%Kuz-xl -X5-Zy-CZy,-CCXo,1 -CZy, - Zy-CZop - X2 X1 - Ki2

S Ky Xy Xy Zo-CCXoy - CZoy - CZos - CZoy - Zo-CZos - Xo - Xy Ko
C(—)O> Ki2-X1-X5-Zy-CCXo -m.czm <2y CZop-Xo-X1-Ky 2
By Kin Xy XoZo-CCXoy -CZ02 - Zo-CZos - Xa X1 -Kia

Sos, Kiz-X\-X2-Zy-CCXo,1+Zy-CZypCZop - Xo - X1 -Kip

ﬂ>K1,2 X1-X2-Zy-CCXo,1-Zo-Xo- X1 - K12

%KLZ'XI X>-CCXo,1Zy-Zo- X2 X1 -Kip

E>K1A2'X1 X5-CCXp1-X2-X1- K2

E%KLZ'XI -CCXo,1 - X2 X2 X1 -Ki2

A7 K15 X1 -CCXo, - X1 - Ki2

- [ 23
O, 7R CCXoy X1 Kia % 2y . CCXos Kiz X1 -Kia 2 2, -CCXoa Zi Kia - Kia b 7y -CCX o2 - 24

(0)2())Zﬁ&)r7'i”g'F6-W6-W4'W2'Fg'WG'W4-W2-I'6'}”8'F7ﬁlﬁ—)r7-rg-rﬁ'WG-W4-W2-rg-CZ()A’1'(71)"‘6-1'8-7'7
ﬁ)r7-rg-r6~CZO'1-(—])~rg-CZO<’1~(—1)-r6~rg~r7
£r7-r8-r6<CZg_| (=1)-rg-(=1)-CZyy-rg-r3-17
Dy ryry16-CZoy - (=) - (—1)-CZo 161517

71-2>r7-r3-r6-CZ()_| rg-CZp1 1 rg-17

&>r7-r3»r6-CZo,1 rg-r6-CZoo-1r3-17
o I
<—r7-rg-CZO.Z-rﬁ-rg-r(,<CZ(),2-rg-r7

(8:8)
<—r7~rg‘C20,2~r6~rg~r6-rg~rg‘CZ(),2~r3~r7

6,8
(——)% r7-rg-CZop-rg-CZon 1317

2, ) Z1-CCXoa-Z1 11



M. Amy, N. J. Ross & S. Wesley

Wi
(@21) 1 wig =71 73

D3y X CCXo, %o

D
—1 Xo - X1 -CCXo,1 - X1 - Xo - Xo-CCXo,1 - Xo

(1)

—>X0<X1 ~CCX0‘1 - X ACCXOJ ~X0

55, Xo- X, -CCXq,1 - CCXo1 -CXo - X1 - Xo

B8, X0 X1 -CXo2 - X1 - Xo

By Xo- X, - X1 CXos - Xo

B3, Xy -CXo2 - Xo

49

D, CZoy CXa, -CCXoy - CXay CZoy 21 -CCXo2-Z1 17

ci> CZp,1-CX2,1-CCXy,1 -CX2,1-CZy)-CCXp2-CZpr 2y -2y 17

E—5> CZp1-CXp1-CCXp1-CXp1-CZy-CCXpp-CZpp 17
&0—> CZ(),l -CX2,1 -CCXOJ 'CX271 'CCXO‘VZ -CZp1-CZy2 'CZOAVQ <17

ﬂl—) CZy,1-CX21-CCXo,-CX2-CCXpp-CZy,1 17

l—6> CZy,1 -CCXpp-CCXp,1 -CCXpp-CCXgp-CZo, 17

ﬂ) CZ()"] 'CCXO.Z -CCXo1 ~CZ()11 r7

D1y €20, -CCXo2 - CCXoy -CZo 1 -CZo; -CXay -CCX o1 -CXa1 -CZo

E—2> CZp,1 -CCXpp-CCXop,1-CX21-CCXo,1 -CX21-CZy

X—6> CZOJ . CCX(),Z -CCXo1 -CCX(),Z -CCXp,1-CCXpn -CZ()J

8, €7, -CCXo,1 -CCXg,-CCXo, - CCXo 1 -CCXo - CZo

B8, €701 -CCXo, - CCXoa - CCX o - CZo,

51, CZ01-CCXo 1 -CZo1 55 CCXo 1 -CZo 1 - CZo1 225 CCXo,

W
(0022) :@Hsrl T3 75 W7
Wio
S W10 5wy
ﬂ>w10~r75-CCX0,1
D, -
=% wio- X1 -CCXo1 X1 -CCXo,)
22 Xy -CXo2 Ko X1 -CCXo 1 - Xy -CCXo
C -
5 X -CXo2 - Xo X1 -CCXo1 -CCX01 - CXo2 - X

E
=B Xo-CXo2-Xo- X1 -CXo2 - X)

B3, Xo-CXon-Xo- X1 - X1 -CXoa

E
=55 X -CXo2 - Xo-CXo2

C, -
18 X -CXo2-CXo2 - X2 - Xo

_ 21
I8 Xy CXon - CXox Ko X0 25 XX - X0 20 X,

Wi Dy
(3) : wi1 — Wi~ 74 Wg T4 Wig - Ws — Wi -4 -Wg-CXo,1-CXo2-CCX12-CXo2-CXo1-Wip-Ws

2>W10'L4'X72'CX’0,1 +CXp2-CCX12-CXop-CXo,1-wio-ws

ﬂ) w10 -CXO"] 'CXO‘,Z -CCX 12 ~CX0,2 -CXOJ 9.¢) -CXo,l -CXp2-CCX 1 ‘CXO’2 -CXo,l “W10 - W8

(ﬂ w10 CXo,1 - CXp2-CCX12-CXop-CXo,1-CXo,1 - X2 CXop-CCX15-CXp2-CXo1-wio-wg

& wio-CXo.1-CXp2-CCX15-CXo2-CXo 1 ‘CXOJ 'CX()"z ‘X2 CCX12-CXp2-CXo1-Wio-Ws

(22)

— w10 -CXo,1-CXp-CCX12-CXop-CXpn-X2-CCX15-CXop-CXo1-wio-ws

E) wio .CXO,I .CXO,Z 'CCXI,Z 'X2 ‘CCXLZ ‘CXO.Z ‘CXO‘I W10 - W8
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&3% wig-CXo,1 - CX02-CCX15-CCX12-CX10-Xa-CXop-CXo,1-wio-ws

(24)
— M'CXOJ 'CXO,Z -CX10-X2-CXp -CXQ] Wi - Wg

225 %o +CXp2Xo-CXo,1-CXp2-CX10-X2-CXopo-CXo,1-wio-ws

C -

2 Xo-Xg X -CXo2 - CXo,1 -CXo2-CX 10Xy CXoa-CXop - Wig - ws
21

LD, X, .CXoa - CXo1 -CXoz-CX10-Xa-CXoz-CXot -wio-ws

££>Xz -CXp2-CXop-CXo,1-CX10-X2-CXop-CXo,1-wio-ws

E
=5 Xy -CXo,1 -CX10-X2-CXo2-CXo1-Wio-Ws

B —
8 CXo1 Xz CX10-X2-CXo2-CXo1- Wi - W

B -
oA CXO,I ~CX1.’0 ‘X2 X2-CXp2-CXo1-Wio-ws

E

=75 CXg,1-CX19-CXo2-CXo1 - Wio - Ws
C -
#CX()‘] ~CX1V0~CX0‘1 ‘CXO,Z W10 - W8

13)
00,1 - CXo2-wio-ws

ﬂ1—> 00.1 -CX()’Z -X() -CX().Z -X() - Wg

C -
& 00,1 ~CXO’2 ~CXO.2 ‘Xz ~X0 -X()~Wg

21
u) 00,1 -CX().Z -CX().Z -Xn “wg

22, 551 -CXo2-CXon-X2- %o
E

= 60,1 -CXo2 - CXo2

E

i} 00,1

((024) Zm&rz-rjir72~Cle -CCXp.1-CXoy

&XO-CXZI -CCXo,1-CX21-CX21-Xo-CCXp,1 -CX2

9, Xy-CXp1-CCXoy -CXay -CXay -CCXo 1 -CX 12 Ko CXay

By Xy CXyy -CCX 1 -CCXgy - CX 12X CXay
B8, X CXo1 -CX 15 Xo - CXo g
L Xy X CX 12 X0 CXay

26 —_—
M CX51-CX12-Xo-Xo-CX5

(2—1>> CXy1-CX12-CX2 1

Cy —_—
2 CX,1-CX21- 012

Eg
— 012

. Wis, 3 —Y) J— o3 S3
((025)~W13 — W1 W12 Wil — W11 W12 00,1 11°01,2°00,1 —> 00,1 -+ 01,2-00,1 < 00,2
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1.5 Elimination of the Circuit Definitions
This section derives the relations for Xy, CXo 1, CCX >, and K >, as introduced in Section 4.1 of the
main paper.

1.5.1 Deriving the X-Operator

(5] &2 - [N — (15) —_—— Eg Ejg
W13 W W13 —> W3- Wg-0p2 —» W13 X2 002 —> 002 X2 002 — 002002 X0 002 O02 — 002002 Xo — Xo

1.5.2 Deriving the Controlled X-Operator

[N . PO (21) (21)
wi2-Xo-wio-Xo-wiz —>wi2-Xo-Xo-CXop-Xo-Xo-wip —> wi2-Xo-Xo-CXop-wip —> wi2-CXop - wi2
4
(22

— wi2-CXo- 012

— 012-CXp2- 012

) I
—+012:012-CXp1-012-012

Eyo
— 012-012-CXo,1

o, x4,
1.5.3 Deriving the Doubly Controlled X-Operator
. __ . ) - E E
W13 - W7 - W13 25 w15 “W7-00,2 o0 wi3-CCXo1 - 0p2 2, 60,2 CCXo,1 - 002 2, 002002 -CCX15- 00202 —2 Gpa-Gp2-CCX12 — CCX 15

1.5.4 Deriving the K-Operator

This section introduces several lemmas to derive the K, gate. These lemmas are not used in other
sections, and are denoted K; through to K.

W [ -
(Kl) @Hg re w7 Wi 'M"b ﬂ) re - W7 'm'CCXO,l *Te &) r6'W77-CZ()‘2 ~CZ()71 ~CCXO$1 -6
% e ~CCXO,1 -CZp» -CZOJ -CCXo1 16
C N
% r6-CZoy CZoy -CCXo,1 -CZo - CCXo 1 - 1

95, 16-CZo2-CCXo1 -CZo1 -CZo1 -CCX 0,1 - rg

B, - CZon - CCXo1 -CCXo -1

E

LN re-CZop - rg

D, -
=% r6-CZo2-CX2,1 -CCXo1 - CX2 g

i CX5,1-CCXo,1-CX21-CZyp-CX21-CCXp,1-CXn

Ce6 —
=58, CX7 -CCXOJ 'CZO,Z ~CX2,1 -CXp1-CCXp1 ~CX2’1
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(K2) : w3 -ws

Ey
=5 CX,,1 -CCXo,1 -CZpy-CCXpp -CXa
S, X,y -CCX oy -CCX o,y CZoy CZoa CXay

E
SLN CX5,1-CZy,1-CZpp-CX2

&8 Xy 1 -CZoy - CXay - CZ0a

21, Xy - CXay - CZoy - CZos - CZos

E Eg
2 CXa1 - CX 2y - CZo 1 —> CZo,

2, CCX 12X, -CCX 4 -CZo, -CCX o2 - X1 -CCX 12 - ws

& CCX112 - X1 -CZO,l -CZp» ~CCX012 ~CCX012 -X1-CCX12-ws

B, ccX X1 -CZo, - CZos - X1 -CCX 15 - ws

50, CCX15 X, - CZos - CZoy - Xi -CCX 12 - ws

B, 00X 1, -CZoa X1 -CZo1 - X1 -CCX 12 ws

ﬁo—) CCX1-CZpp -m'xl -CCX1p-ws
B8, 00X, -CZ00 - CZoy - Zo-CCX 12 - ws
S, CCX15-CZ02-CZo,y -CCX12-CZ12 - Zo - ws

Cl) CCX1,2-CZy> ‘CCXLZ -CZL’Z -CZp ~CZ]72 -Zy-ws

40 .
YO0, 0CX 12 CZos-CCX 12 CZ1 2 - CZ12-Coy - Zo - ws

2} CCX12-CZp-CCX1p-CZo,1 - Zo-ws
G0, 0CX1 5 CCX 15 -CZ12-CZos - CZo1 - Zo - ws

24
Q CZ12-CZop-CZp1 - Zo-ws

2, CZ12-CZ02-CZo,1 - Z0- 71 - Z2-CZo, - CZoa

Cs —

25 CZ12-CZ02-Zo-CZo1 - Z1 - Z2-CZo 1 - CZo 2
C: JE—

55 CZ12-CZo2-Zo-Z1 - CZo1-Z2-CZo 1 -CZo2
LN CZo2+Zy-Z1-Z2-CZo, - CZo,1 - CZo2

E
250212 -CZo2 2021 - Z2-CZp 2

G, 0715 -Z0-CZ02-71- 72 - CZ0 2

B _

25 CZ1220-Z1-CZos - Z2 - CZo
Crg a7

— CZI,Z VARVARYZ) ‘CZO4,2 ~CZ()‘2

B 705202125
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v v Cl. m5———  Cgg -
(K3) 1wy wo 255 X1 -CZo 1 X1 - wo =% CZoy Zo X - X1 - wo —2 CZoy - Zy - wo < CZo1 - Zo - CZoy 5 Zo-CZoy - CZoy 2 Zo

(Ka) : w3 - ws - wa - Wo 5 w3 - ws - Zo ~2 CZ12-Zo 7172 Zo 2 CZ12-Z1 20 7 Zo 22 CZ12- 71 - 70 2o Zo = CZ12 21 - 2o

K- —
(Ks):rg-wa-wo 13 —> 7152y 713

D,
—8>r78'ZO~K1‘2'X1 Xy CZpp - CCX - CZpo-X2- X1 - K2

D
=% K12 X1 X2 CZyp CCX1,-CZo, X2 X1 Kip-Zo-Kip-Xi - Xo-CZys-CCX12-CZos-Xo - X1 - Ki 2

& Kip-X1-X2-CZpp-CCX1-CZpp-Xo-X1-2Zy-Ki1p-Ki12-X1-X2-CZpp-CCX12-CZpoXo- X1 - Ky
23
Q K1_2 X1 Xo ~CZQ'2 ~CCX112 ~CZ()‘2 X0 X1-Zy-X1-Xo ~CZO_2 ~CCX172 ‘CZO4,2 X5 - X ~K1’2

B -
By Kia-Xi-Xa-CZp2-CCX12-CZo2-Xa-Zo-X1-X1-X2-CZo2-CCX12-CZo2-Xo- X1 -Ki 2

E
B Kia-Xi - Xo-CZy2-CCX1,2-CZo2-Xa-Zo-Xa-CZp2 - CCX12-CZoa - Xo - X1 - K12

ﬁi} Kip-X1:X2-CZpp-CCX12-CZypZy-Xp-Xa-CZpp-CCX1p-CZpp- X2 X1 <Ky

ﬂl} Klz 'Xl ‘Xz 'CZO_Z ‘CCXLZ ‘CZO’Z ‘ZO ‘CZO’Z ‘CCXI_Z ‘CZO‘Z 'X2 ‘Xl 'KI,Z

C JE—
1B K15 X1 X2 -CZoa2-CCX12-Zy-CZoa-CZo2-CCX12-CZo2-Xo- X1 -Ki2

ﬂl—) Kir-X1-X> 'CZ().Z -CCXLZ -Zo-CCX 12 'CZOAVQ X5 - X -K]ﬁz
C -
5 Kia-X1-X2-CZp2-CCX12-CCX12-CZ12-Zo-CZo2-X2- X1 -Ki 2

(24)

— K12 X1-X2-CZyp-CZ12-2Zy-CZop-Xp- X1 - K2
C I

T Kip-Xi-X2-CZi5-CZos-Zy-CZoo X2 X1 -Ki 2
C; -

B Ki2- X1 X2 CZ12-Zo-CZos - CZon - Xo - X1 -Kin

EL>K1,2'X1 X2 CZ1pZp- X2 X1 K2

Wi
r2'r6'W3'WS'rS'WZ'W9'r8'W3'W5'W2'W9#Wl2'W3'WS'rS'WZ'WQ'rS'W3'W5'W2'W9

Ks
—wia-w3 - ws-Ki2-X1-X0-CZ1-Zy-Xo- X1 -K1p-w3-ws-waz-wo

K -
Zwin-CZip Zo 21 Z2 Kip-Xi X2-CZi2-Zy-Xo - X1 - K12 w3 - ws - wa - wo

C
“Ewin-CZ12-Zy-Z1 - Kip Xa-X1-Xo-CZ1o-Zo-Xo- X1 -Ki 2 w3 - Ws -wa - Wy
B .

2wy CZ12 20 2 Ko X1-Xo-X0-CZ12-Zy-Xo- X1 -Ki2-w3-ws-wp-wg

E
2 w1y-CZiaZo-Z1-Kia- X1 -CZ12-Zo- X2 - X1 - K12 - w3 -ws -wp - wo

C PE—
L win-CZ12-Zy-Kip - X1-X1-CZ12-Zo-Xo - X1 - K12 w3 -ws - wa - wy

E
s wp CZ1p-Zy-Ki12-CZ15-Zp-Xp- X1 - Ky 2 w3 -ws-wa-wy

B, .
2 wi2-CZ12-Kia-Z0-CZ12-Zo-Xa- X1 - K12 - w3 -ws - w2 -wog
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B -
Flwin CZiy Kip-CZiyZy-Zy-Xo - X1 -Kip w3 -ws - wa - wo

E

s wi2-CZ1p-Kip-CZip-Xo- X1 -Ki2-w3-ws-wa - wy
K e —
= win CZ12-K12-CZ1p-X2-X1-K12-CZ13- 2,2

I

= wi2-CZ1p-Ki1p-CZ1p-X2-Ki1p-21-CZ12- 21 -2
C -

2 W12 CZ12 - Ki12-CZ12-Xo - Ki12-CZ12 2171 Za

E
HSW]2‘CZ],2'Kl,2'CZ]‘Z'X2‘K1‘2‘CZ]‘2'ZZ

c .
2 wi-CZ12-K12-CZ12-Ki2-Z2-CZ12-Zs

C .
Fwy-CZia Ki12-CZia-Ki2-CZ12-22- 2

E
2 wip-CZia-Ki12-CZ12-Ki2-CZ12
Wy

“24612-CZ12-K12-CZ12-Ki2-CZy 5

23 .
<(— 012-CZ12-K12-CZ15-K12-CZ15-K1 2Ky

(20) — Ejo
«— 012012 K1 — Ki»

1.6 Some Lemmas to Eliminate the Coxeter Relations

This section derives lemmas to help eliminate the relations in Rgg. The n-th lemma in this section is
denoted &,. Note that relations of the form (k; j) do not appear in any of the derivations in this section.

(52) iy &)CZ(H -CX21-CCXp1-CXo 'CZ(),I (éz) :&‘CZ()Q -CZ()"l & CX2=1 ~CCXO)1 'CX2,1 -CZpo -CZ()J
21, €51 CZ01 -CZos -CCX o, -CXa 1 -CZo £ Xy 1 -CCXo 1 - CXay - CZ0 1 -CZo2
ﬁo—) CXZ"] -CZp>-CZy ~CCXO’1 -CX»o 1 ‘CZO"] & CX211 -CCXQ] -CZ()J -CX2>1
Crio

— CX»o ‘CCXOJ ‘CZ().g'CXz"] -CZp, <_C£ CXo ‘m-CXZI

- E .
e CX5,1-CCXp) -CX51-CZyo-CZy, L CXy,1 - CZo,1 -CZos - CZoy - CCXo 1 -CXa,1
Cirp —
& Tﬁ'CZO’Z 'CZ()"] a1 CZp1-CXo 'CZO4,2 ~CCX011 ~CX271

€69, €71 -CZ02-CXa1 -CCXo1 - CXay

€0, €702 CZ01 -CXa1 -CCXg1 - CXag

& CZ(),Q -CZy1-T6

(&) 13 25 CZo 1 -CXay - CCX oy -CXa1 - CZoy & CZo 75 CZo,y

D
(§4) ZX0~F73—8>X0'K172~X1 'X2-CZ(LZ'CCX]‘Z'CZ()J'Xz'X] ‘K1‘2

27
u)K1.2 -Xo-X1-X2 -CZ().Z -CCXLZ -CZoo - X5 X 'KI.Z
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By —
— K12-X1-Xo-X2-CZpp-CCX13-CZpp X2 X1 Ky 2

B N
% Kip-X1 X2 Xo-CZop-CCX1-CZys X2 - X1 - Kin

C J—
1% K12 X1 -X2-CZo2Za - Xo-CCX12-CZo2 - Xo- X1 -Ki2

(37)

—=Ki12-X1-X2-CZy2-Z2-CCX15-Xo-CZpp-X2- X1 - K12

%Kl,z'xl X2 CZyp2r-CCX12-CZyn -2 Xo-Xo- X1 - K12

C
5 K12- X
C:
2 K0-X

E,
K- Xa

B3
— K12-X1

X2-CZonZr-CCX 1222 CZos-Xo- X X1 - Ki 2
Xy CZpp CCX1p-2p-2y-CZpp-Xo- X2 X1 - Ky 2

X5 CZyp-CCX15-CZpr - Xo-Xo-X1- K2

X5 CZop-CCX15-CZop-X2-Xo-X1-Kip

B -
—2> K112 XXy -CZ()‘Z 'CCXI,Z ~CZO>2 - X5 - X ~X0~K172

(27)

—Ki2-X1-X,-CZyp-CCX12-CZoo-Xo- X1 -Ki2-Xo

D,
75 Xo

(55) :CCX]AVQ -CCXp1-CCXpy-CCXp,1-CCX12 (ﬂ CCX12-CX15-CCXpr-CX 12 ~CCX1,2

D, - @
(&) :r1 '5—6>Q-CX2.1 -CCXo,1-CX2,1

ﬂ> CCX12-CX12-CCXpp-CCX15-CX10-CX12

36 -
B9, 0CX,,-CX 1 CCXo - CX1g-CCX12-CX 15
EL x5 TX X1 CX 15 CCXo - CX1 - CCX 12 -CX ) o

94—) CCX12-CX10-CX12-CX19-CCXp2-CX10-CCX12-CX1

& X5 -CCX 1, - CX 10 CCXo2-CX10-CCX1a-CX1a

LiN CX12-CCX12-CCX15-CCXpp-CCX15-CCX15-CX 1

Y, €X1,5-CCX 15 CCX 15 -CCXo2 - CX 12

24
Q CX1,2-CCXpo-CX12

X1, CCXy, -CCXg, -CCXo,

D X X CCXo1 X1 Xo-CXa1-CCXo -CXa

Css

—= X0-CCXo,1-CXp2-X1-X1-X0-CX2,1-CCXo g -CXZJ

Eiz

— Xo-CCXo,1 -CXp2-Xo-CX2,1-CCXp,1-CXp 1

(42)

— CCXp,1-CX12-Xo-CXpp-Xo-CX21-CCXp1-CXp

Cuig

——> CCXp,1-CX12-CXp2-X2-Xo-Xo-CX2,1-CCXp,1 -CX2)
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D, eCXp-CX1a-CXoa-Xo-CXay -CCXoyy -CXay
(E—g CCX()Y] ~CX2'1 ~CX2'1 ~CX1V2 ~CX0V2 - X 'CXZ"] ~CCXO,1 'CX211

& CX31 CXay - CCXo1 -CXay -CXay -CX12-CXoa-Xa-CXay -CCXo 1 -CXap

s, CX5,1-CCXpp-CCXp,1-CCXp2-CX21-CX12-CXpp-X2-CX21-CCXp1 -CXp )

ﬁ) CX71 ~CCX011 ~CCX012 -CCXo.1 ‘CX2,1 'CX112 ~CX012 - Xo-CX2 1 ‘CCXoyl -CX2,1

(E—g CX5,1-CCXp,1-CX2,1-CX21 -CCX-CCXo,1-CX21-CX12-CXpp-X2-CX2,1-CCXp,1 -CXp g

&8 750Xy -CCX g CCXoy +CXay -CX 15 CXop Xy CXpp -CCXg - CXay

S0 1o . CCXga CXap - CCXg - CXap - CX 2+ CXoo - Xo - CXay -CCXo - CXo g

&) r6-CCX0 2 ~CCX012 ~CCX0,1 -CCXp2-CX 12 ‘CXO,Z 9.¢) -CXzyl -CCXop,1-CX21

ﬁ) r6-CCX0,1 -CCXp2-CX12-CXop-X2-CXp1-CCX 1 -CX2 )

&3—> re-CCXog,1-CCXp2 - CXpp2-CX12-Xp-CXp1-CCXg 1 -CXp 1

& g CCXo1 -CCX o2 CXo - Xa CX 12 CXay -CCXo,y - CXay

K10, 6 -CCX oy -CCX0a-CXop-Xo-CX15-CX1,5-CCXoy -CX 10

5, 16 -CCXo1 -CCX02 - CXop - Xa - CCXoa - CX 12

% re ~CCX()7| -CCX(),z ‘CX()_; -CCX())z ‘CX()?] ‘Xz ~CX]12

C -
= 16-CCX01-CCX-CCXo2-CXo1-CXoo2-CXo1-X2-CX12
2, cCXo, -CCXp2-CCXopa-CXo2-CXo1-CXo1-Xa-CX 12

22
u} I3 ~CCX())1 -CCXp,-CCXp ~CX0Y2 9.¢) ~CX112

i} r6-CCXp1-CXo2 ~X2~CX172
21
<(—) 76 X0 Xo-CCXq,1-CX02-X2-CX 12
& r6~X0 'Xl 'Xl ~X0~CCXO'1 'CXO,Z -X2~CX112

42 E
Q r6-Xo-X1-X1-CCXq,1 -CX12-Xo-CXop-X2-CX12

26 [
u> 76 X0 X1+ X1 -CCXo,1 - Xo-CX12-CXop-X2-CX12

C: -
516 -Xo-X1-X1-CCXo1-Xo-CXo2-CX12-X2-CX12

&1—> 76 Xo- X1 - X1 -CCXp,1 - Xo-CXo2-CX12-CX12-Xo

E

HS e 'X()~X1 'Xl -CCX()‘VI ~X0 -CX()J -Xz

C -

A e ‘X()'X] -CCX()’] ‘CXO‘Q ‘Xl -X()'CXO,z'XZ
B [

= re-Xo-X1-CCXo,1-X1-CXo2 - Xo-CXop - Xa

C JE—
=, r6-Xo- X1 -CCXo1-X1-CXo2-Xo- X2 -CXo2

B -
s 16 -Xo - X1 -CCXo1 - X1 -CXo2- X2 - Xo - CXo2

S8 e Xo- X, -CCXo1 - X1 -Xo-CXoz - CXo2
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D
L 7671 CXo2-CXo2

Eis
— T 1

(&) X1 s 25 X, -Kig X1 -X2-CZos -CCX 1, -CZoz X2 X1 -Kiz
K2 Zi- X1 X2 -CZ02-CCX 12+ CZo2 - Xo - Xy - Ki
13 K- W Xp-CZyp-CCX12-CZpp-Xp-X1-Kip
—)K12 X1:Z1-X5- ( 1)-CZy,-CCX12-CZp>-X>- X1 K12
29 Kip-Xi-Z1-X2-CZop - (—1)-CCX12-CZos - Xa - Xi -Ki
Ny Kip- X121 -Xa-CZo2-CCX 12 - (—1)-CZo2-Xa - X1 - K12
%‘6>K12 X1-Z1-Xp-CZpp CCX 10 m X5 -X1-Kip

ﬁ) K]’z ‘Xl ‘Z] ‘X2 ‘CZO.Z ‘CCX]_Z ‘CZOZ 'X2 . (71) ‘Xl ‘Kl.z

&KI,Z'XI'W'CZO.Z'CCX1,2'CZO.2'X2'(*1)'X1'Kl.z
B0 Ky XX CZoa 71 CCX 13- CZos Xo - (—1) X Ky
ﬁg_)Kl,Z'Xl'XZ'CZO,2'W'CZOAZ'XZ'(fl)'Xl'Kl.2
ﬂ1(1,2'5(1')(’2 CZyp-CCX12-CZo2-Z1-Xp-(—1)- X1 - Ky 2
SRy X X CZ02-CCX12-CZ02- X0 Z1 - (=1)-Xi -Ki 2

(—Klz X1-X5-CZpp-CCX15-CZyo X5 - ( 1)-Z1-X1-Ki»

(]—I Kl,z - X1-X2-CZy> ‘CCXLQ -CZ()‘Z D.CRD. CRVA| ‘KLZ

C [
(i Kl.2 ‘Xl 'Xz 'CZQ‘Z 'CCX]Q 'CZO,Z 'X2 'X] ‘K112 'X]

Dg __
(—8r8-X]

(&) : CCXo,1 18 ELN CCXo,1-Ki12-X1-X2:CZpp-CCX12-CZpp-Xo- X1 K12

28—>K12 CCXpp-X1-Xp-CZpp-CCX15-CZpp-Xo- X1 K2

&1 K5 X -CCXoa Xy CZos - CCX 5+ CZon  Xa - Xy K

&Klz X1+ X2-CXo,1 -CCXpp-CZpp-CCX12-CZpn-Xo- X1 - Ky

&8 K1y X1 X -CXo1 -CZo2-CCXoa - CCX 12 -CZos - Xo - X1 Ki o

23—>K12 -X1-X2-CZpy-CXo1-CCXpp-CCX12-CZps-Xo-X1-Kin

<—7 Kip-X1-X2-CZpp-CXo,1 -CCXp-CCX12-CCXp-CCXp2-CZpp X2 X1 K12

LK1y X, Xp-CZo, - CXo,y -CXo,1 -CCX 1, -CXo, -CCX02-CZo2 - Xa - X1 - K12
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2, K15 -X)-Xa-CZo2-CCX 12 CXoy -CCXon-CZ0n - Xa - X1 K12

&8 K1y X)Xp-CZos - CCX 15 -CXo,y - CZoa CCXos - Xo - X1 Ki o

C -
2 Kia-X1-Xo-CZy2-CCX12-CZs-CXo1-CCXo2-Xo- X1 -Ki 2

C, -

P Kia-X1-X2-CZop-CCX12-CZos-CXo1-Xa-CXo1-CCXo2-X1-Ki2
B P

K0 -X) X2 CZon - CCX12-CZon - CXo1 - CXo,1 - X2 - CCXon - X1 - Ki 2

@) K1,2 ‘X1 X2 ‘CZ()"Z ~CCX112 <CZpo-Xp-CCXp2-X1-Ki2

C: -
<i KI,Z X1-Xo ~CZO52 ~CCX1‘2 'CZO4,2 X5 - X ~CCX012 ~K1‘2

& Kip-X1-X2-CZpp-CCX - CZpo-Xo- X1 - K- CCXoy

PN e OF

1.7 Elimination of the Coxeter Relations

This section derives the Coxeter relations in Rgg, as described in Section 4.3 of the main paper. When
necessary, the n-th labelled derivation in this section is denoted J,. Note that relations of the form (j;k),
which belong to Rgg, appear in the lemmas ws, @7, ®9, ®12, @13, ®;5, and @yg. To ensure that this proof
is not cyclic, each derivation has been validated in TIETZE with all primitive relations of the form (j;k)
and W; omitted.

It is important to note that all Coxeter matrices are symmetric. That is, if (j;k) denotes (r;-ry)" ~ €
for some n € N, then (k; j) denotes (r¢-r;)" ~ €. Since all Coxeter matrices contain only ones along their
diagonal, then (j; j) denotes r% ~ €. Given r% ~ € and r,% ~ €, it is also possible to derive the relation

(k; j) from (j;k). Then it suffices to only derive the relations (j;k) for j,k € {1,2,...,8} with j < k.

1.7.1 Deriving the Coxeter Relation (1;1)

(1) ryor 25 - Xo X1 -CCXoy X1 -Xo 25 X X; -CCXo1 X1 - Xo-Xo - X1 -CCXo - X - Xo

21
Q Xo - X1 'CCX()VI - X1-X 'CCXO,I - X1-Xo

BB, X0 X1 -CCXo,1 -CCXo1 - X1 - Xo

21
B8 X0 X1 Xy Xo 255 Xy - Xo 2y ¢

1.7.2 Deriving the Coxeter Relation (2 ;2)

(2;2) i r &)Qu)(o 'CXZ"] ~CCX011 'CXZ"] 'X() &)XO 'CXZ"] ~CCX011 'CXZ"] 'X() ‘Xo ~CX2'1 ~CCX011 ~CX2,1 ~X0

21
QXO -CX21-CCXq1-CXp1-CX21-CCXq 1 -CX21-Xo

5y Xy Xy -CCX 1 -CCX oy - CXay - Xo

X 21
ﬂ>X()~CX2‘1 ‘CXZ,I -Xo l:—g>X0~X0 Q}S
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1.7.3 Deriving the Coxeter Relation (3; 3)

21 21
(3:3) 7313 2 13- Ko CCXo 1 Ko 22 Ko CCXo.1 - Xo-Xo- CCXo1 -Xo 2% Xo - CCXo,y - CCXo.1 - Xo 2% Xp-Xo 25

1.7.4 Deriving the Coxeter Relation (4 ;4 )

(4:4) t ry-ry 2 1y - CXo,1 - CXoa CCX 15 -CXoa - CXoy 22 CXo.y -CXoa - CCX 12 CXoa - CXo1 - CXo - CXop - CCX 15 CXoa - CXo

2, Xp1-CXoz-CCX 12 CXoa - CXoa - CCX 12 -CXoa-CXoj

B85, X001 - CX0aCCX 15 CCX 15 CXo - CXoy

—)(24) CXO,I ~CXO'2 ~CX0V2 ~CX0V1 E} CXo‘l ‘CXo‘l —>(22) €

1.7.5 Deriving the Coxeter Relation (5;5)

(5:5) 1 575 2% rs-X; -CCXo.1 - X1 =% Xy -CCXo ;- X1 X1 -CCXo - X 2 Xy -CCXo1 - CCXoy - X1 25 X -X; 22 ¢

1.7.6 Deriving the Coxeter Relation (6 ;6 )

(6;6) i Te “Te &)E'CXZ,I ~CCXO'1 -Cszl &) CXz‘l -CCXOJ 'CXZ"] 'CXZ‘I -CCX()J 'CX211

By Xy - CCXo1 -CCXo 1 - CXay 25 CXyp - CXay o e

1.7.7 Deriving the Coxeter Relation (7 ;7 )

(7:7) 17717 2 1y - CZoy -CXay -CCXo1 -CXay - CZoy 2 CZoy -CXay - CCXoy -CXa1 -CZo.1 - CZo,y - CXay - CCXo 1 -CXay - CZo,y

2>CZ()J -CX2,1-CCXp,1-CX3,1-CX31-CCXo,-CXa,-CZ,
B, 20, -CXay - CCXo 1 -CCXo1 -CXa1 - CZo,

E, E E
8, CZ0,1 - CX21 - CXa1 -CZog — CZoy-CZoy —> €

1.7.8 Deriving the Coxeter Relation (8 ; 8)

(8,8):rs-15 2% rg-Kia X1 X2 -CZo2 -CCX12-CZos Xo - X1 -Kia

D.
*8>K1,2-X1 X2 CZy2-CCX12-CZpp-X2- X1 K12 K12 X1 - X2 CZpp-CCX12-CZpo-Xo- X1 - K12

23
u>K112~X1 ‘Xz~CZ()’2‘CCX1‘2~CZO_2‘X2~X1 - X ~X2~CZ()‘2~CCX1‘2~CZO‘2‘X2~X1 ~K1‘2

E

K12 X1 X2 CZon-CCX12-CZon - Xo-Xa-CZ0p - CCX12-CZ02 - X2 - X1 - Ki 2
B ks Xy X CZp2-CCX12-CZo2-CZy2-CCX12-CZos-X2- X1 Ki2

B ks XX CZp2-CCX15-CCX12-CZps-Xa-X1-Ki2

(24)
— Ki12-X1-X2-CZp>-CZpr-Xo- X1 - K12

B, Kiz-X1-X0-X0-X1- K2



60 Supplement: A Sound and Complete Equational Theory for 3-Qubit Toffoli-Hadamard Circuits

E
Ko XX -Kio
E

—]3>K1‘2'K1,2

1.7.9 Deriving the Coxeter Relation (1;2)

(L2):ri-r-ri-rp-ri-rp—>r1-ra-r-r2-Xo-CXg2-CCXg2-CCXo 1 - Xo

RN ry-ry-Xo ~CX012 ~CCX0?2 ~CCX0)1 -Xo - Xo ~CX072 'CCX())Q -CCXo.1-Xo

—=>r1-1r-Xo-CXo2 ‘CCXO,Z -CCXp,1-CXpp-CCXp2 ~CCX011 - Xo
% ry-r2-Xo 'CXO,Z -CCXp2-CXp2-CCXp1-CCXpr-CCXp1-Xo

——r1-rn-Xy ~CCX072 <CXp1-CXp2:-CXo2 ~CCX011 ~CCX012 ~CCXO,1 - Xo

—=r1-1r-Xo-CCXp2 -CX()J -CCXp 1 'CCX()YZ -CCXo,1-Xo

—r1-12-X0CXp,1 -CCXpp-CCXp,1-CCXp-CCXo,1 - Xo

EEN ri-ry-Xo-CXo1-CCXg1-CCXpp-CCXp1 -CCXp,1 - Xo

L, ri-12-Xo-CXop,1 - CCXo,1 -CCXp - Xo

D14

21
QXO +CXp2 CCXgp-CCXp,1-CXg,1 -CCXo,1 -CCXp2 - Xo

% XO . CXO‘2 . CCXO,Z . CXO‘I . CXO‘2 . CCXO,I . CCXO,I N CCXO‘Z N XO
B18, X CXop - CCXon - CXo - CXoy -CCX02 - Xo

C —_— E- E 21
2 Xy -CXp2-CXo, - CCXo2-CCXo2-Xo =2 Xo-CXo2-CXo2 - Xo —> Xo - Xo SN

1.7.10 Deriving the Coxeter Relation (1;3)

(81):r1 25 Xo X1 - CCXo1 X1 -Xo 22 X1 - Xp-CCXo,p - X1 - Xo 2 Xy - Xo-CCXo1 - Xo X; 2 X, 75X,

D B C o B RN
(82) X Q—%X] ~X0-CCX(),1 - Xo <—2X0-X1 ~CCX()>1 - Xo i}X()-CCX()Wl ~CX(),2~X1 - Xo FZX()'CCX())] -CX())z'XO'Xl
Ci20

(_XO‘CCXO,I ~X0~X2‘CXO‘2-X1

85.%CXos X

d ) —————
ry-r3-rp-r3 —]>ﬂ'r3-X|~r3~X]'r3 —I>X|~r3~X]‘r3~X1-r3~X|~r3 in-r3~X|~r3'X]~r3~r3~X2~CX0>2'X1

33
QX] ~}"3~X1 ~r3~X1 ~X2~CX012~X1

ixl *r3-r3 -Xz-CX()Vz'Xl ~X1 ~X2~CX()'2~X1

63, X1-X3-CXop - Xy - Xy - X2 - CXop - Xy
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C [—
2 X1 -CXoa X2 -X1-X1 - X2 -CXo2 - Xi

E
By X, -CXoa- X X2 -CXop - X)

B, X, - CXoa-CXoa X

E
Bex-xg

E
138

1.7.11 Deriving the Coxeter Relation (1 ;4 )

s (6) s -
(83):CX12 =012 CXp1 012 —> 612 CXa9-CXo 1 -CXa0-CXo,1 - O12 —5 612-CX20-CXo,1- 012 CX1,0-612-CXo,1 012

9) __
(% 012-CX20-CXp,1-012-CX10-CXop

Sia [ —
—012-012-CX10-012-CXg1-012-CX10-CXop

E
1% CX19-612-CXo,1-612-CX19-CXo2

9 .
& CXip -CX()Q -CXI}() ~CX0,2

(84) 11 rs 2 1y -CXo, CXoa - CCX 15 -CXoa CXo g

D X)X CCXo1 X Xo- CXo 1 -CXo2 - CCX 5 CXoa - CXo

&Xo-Xl -CCXp1-X0-X) -CXo,l ‘CXO’2 -CCX 1 ‘CXO’Z -CXo,l
%X()'Xl -CCXop,1-CXo,1 ~X0~CX0Y2 ~CCX112-CX012~CX011

%Xg - X1 -CCXOJ 'CXOJ 'CX(),Q - X2 Xo -CCXl,z -CXO,Z -CXo1

(ﬂ Xo - X1 ~CCX011 ~CX011 ~CX012 -Xo-Xo ~CCX112 ~CX012 -CXo1

&i)Xo-Xl -CCXop,1-CXo,1 ‘CXO’Q -X0~CCX112-CX110'X2 -CXp2-CXo1

3 -
D, Xy-X1-CCXo.1 -CXoy -CXo2-CCX 1Ko CX 10X -CXo - CXo

38 [
QXO X1 -CCXp,1-CXo,1-CX0p-CCX12-CX10-Xo-X2-CXo2-CXo,1

Cixo

— Xo-X1-CCXo,1 -CXo,1 -CX2-CCX12-CX10-CXp2-Xo-CXo,1

%XO-X| -CCXo,1-CXp,1 - CXp2-CCX12-CX19-CXop-CXo,1 - X1 - Xo
Cin

—= Xo-X1-CXo,1-CXo2 ~CCX0,1 -CXo2 ~CCX112 ~CX1,0 ~CX0,2 -CXo1-X1-Xo

& Xo-X1-CXo,1-CXgp-CCXp,1-CXp2-CCX12-CXop-CXop-CX10-CXopo-CXo,1-X1-Xo

E)X() - X1 -CXo,1-CXpp-CCXg1-CCX1-CCX1-CCXp1-CXpp-CX10-CXop-CXo,1-X1-Xo

&XO X1 -CXp,1 - CXp2-CCX12-CCXp,1-CXp2-CX10-CXp2-CXo,1-X1-Xo
%7 XO 'X1 'CXOJ 'CXO,Z 'CCXLZ 'CXO,Z 'CCXOJ 'CXLO ‘CXO,Z 'CXOJ 'X] 'XO

C —_
25 CXo1-Xo-CXp2-CCX12-CXpa2-CCXo1-CX10-CXoa-CXo1-X1-Xo

ﬁ) CX()J ~CX012 - X7 Xo ~CCX1YZ -CXop2 ~CCX011 ~CX110 -CXp2-CXo,1-X1-Xo
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<§£ CXp,1-CXp2-Xo-Xp-CCX12-CXpp-CCXp,1-CX10-CXpp-CXp1-X1-Xo

8, X1 -CXoaXo-CCX12-CX 19X - CXo2 - CCXo 1 - CX 19 CXo2-CXo - X; - Xo

EL X1 CXop - Xo-CCX 15 CX 19Xy CXop-CX 10 CX1g-CCXo 1 -CX10-CXoa - CXo1 - X1 - Xo
2, X1 -CXo2-Xo-CCX12-CX10-Xa-CXo2-CX10-Xo-CCX01 -Xo-CXo2-CXo,1 - X1 -Xo

(37)

— CX()J 'CX(),Z 'CCX])g - Xo 'CX]V() 9.6} ~CX012 ~CX110 - Xo -CCX()J - Xo ~CX()'2 -CX(M - X1-Xo

38 [
Q CXo,1-CXp2-CCX12-CX10-Xo-X2-CXp2-CX10-Xo-CCXo,1-Xo-CXp2-CXo,1-X1-Xo

20, €1 - CXo2 - CCX 15+ CX 19 CXo Ko CX 10 Xo CCXo 1 - Xo - CXo2 - CXo1 - X1 - Xo

B9, X041 -CXo2-CCX 12 CX1o-CXoa - CX1o Ko Xo-CCXo1 -Xo-CXoa-CXo1 -Xi -Xo

21
Q CXp,1-CXp2-CCX12-CX10-CXop-CX1-CCXp,1-Xo-CXo2-CXo,1-X1-Xo

(E CX()J ~CX012 ~CCX1,2 'CXL() ~CX012 ~CX110 ~CX0,2 -CXo2 ~CCX011 - Xo-CXo02-CXop1-X1-Xo

I _

(—3CX0‘1 +CX02-CCX15-CX12-CXpp-CCXo1-Xo-CXo2-CXo,1-X1-Xo
C -

i>CX(),1 +CX02-CCX12-CXp-CX12-CCXo,1-Xo-CXop2-CXo,1-X1-Xo

22 JE
(Q CXo,1-CXp2-CCX12-CXpp-CXo,1-CXo,1-CX12-CCXo,1-Xo-CXo2-CXo,1-X1-Xo

Lii.CXo - CX 15 CCX o, - Xy CXon - CXoy - X1 - Xo
&8 1y CXoy - CX 15X CX12-CCXo1 - CXoa - CXo X1 - Xo

26 —_—

9, - CXoy Ko CX12-CX142-CCXo1 -CXoa - CXo, X1 -Xo

E C -

=5 14 -CXo1-Xo-CCXo1-CXo2 - CXo1 X1 - Xo <22 r4-CXo 1 -Xo-CXo.1 -CCXo 1 - X1 - Xo

__ 22 _
Gy - CXo1 - CXo1 X1 Ko CCXo1 X1 -Xo 225 1y - X1 - Xo - CCXo1 -Xi -Xo &2 ry - Xo X1 -CCXoy X1 -Xo &5 ry 71

T p— G *:4)
F1 V4 T T4 —> T4 T T T4 ——>T4-T4 — &

1.7.12 Deriving the Coxeter Relation (1 ;5)

(85) 7115 2% i -X; -CCXo1 - X1 2 Xo X1 -CCXo 1 - X1 -Xo - X - CCXoy - X1 2 X1 X - CCXo,1 - X1 - Xo - X1 - CCXo1 - Xy

P2 XX CCXot - Xo X - X1 -CCXo 1 - Xi
& X, .CX1-CCXg,1 -CX10-X; - X, -CCXo - X

2>X| +CCX,1-CX12-CX10-CX10-X1-X1-CCXo,1- X

E.
=5 X, -CCXo1-CX12-X1-X1-CCXo1 - X)

5, X, -CCXo, X1 X5 -CX 12 X1 -CCXo, - X

Ds __
%( rs -Xz-Clez-Xl ~CCX())1 'Xl

C -
By rs-X-X] Xz -CX12-CCXo1 - X1
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B9 —_—
rs X X3 X1-CX12-CCXo 1 - X

B0, v X1 CX 10 CCXo 1 - X

21 —
(i—l rs *X] -X() 'X() -CX|>2 -CCX()‘l 'X|

Cse —_—— B -
i>r5 ‘Xl ~X0-CCXO,1 ‘X0~X1 —2>r5 ‘Xl ~X0-CCXO’1 ‘Xl ~X0

&g Xy Xy CCXo Xy - Xo &5 rs 7T

S 1;1 5;5
(1;5)1f1-r5-r1'r5—5>W'r1'r5‘—>( >F5-f5‘—>( Le

1.7.13 Deriving the Coxeter Relation (1;6)

1:1 6.6
(1;6):r1-ré-rl-rﬁgi)rﬁ-rl-rl-rﬁgrﬁ-rﬁgs

1.7.14 Deriving the Coxeter Relation (1;7)

C
() : CZo, -Q%CZOJ -Xo- X1 -CCXo,1 - X1 - Xo X7 -CZp1-X1-CCXp1-X1-Xo

&2 X0 7, - X1 Zo-CZo1 - CCXo1 - X1 - Xo

Cy —_——
2 X071 -X1-Zy-CCXo1-CZo1 - X1 - Xo

&2 X027, X) - Zy-CCXoy X1 Zo-CZoy - Xo

C, —

2 Xo-Z1-X1-Zy-CCXo,1-X1-Zo-Xo-Z1 - CZo
B

By X0 Zy - X1 - Zo-CCX o1 - Zo- X1 - Xo - Z1 -CZo,
C: -

2% Xo-7Z1-X,-CCXo,1 - Zo-Zo-X1-Xo-Z1-CZo

By X021 X1 -CCXo1 X1 - Xo - Z1 -CZ0,

13, X0 X, - Z1 - (—1)-CCX o1 - X1 - Xo - Zy - CZo.y

— Xo-X1-Z1-CCXp 1 ~(—])~X1 -Xo-Zy ~CZ()’1

~—>X()-X1 -Zl -CCX()J -(71) -Xl ~Zl -X()-CZ()J
—Xo-X1-Z1-CCXo,1-(—1)-(—1)-Z1-X1 - Xo-CZp

—>X0~X1 -Zl -CCX()_| ~Zl -X1 -X()<CZ()11

A—)Xo -Xl -CCXOA’] 'Z] -Zl -X1 ~X0 -CZ()‘l

E>X() -X1-CCXop1-X1-X0-CZp (ﬂﬁ-CZO‘l

(87): CZoa 11 2 CZop - Xo X1 -CCXo1 X1 - Xo <A Xy 23 -CZoa X1 - CCX o1 - Xy - Xo

B _
&X()'ZZ'XI -CZO‘Q'CCXO,I ~X1 ~X()
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S, Xy 2, X, -CCXo,1 - CZo.1 - CZos - X1 - Xo

&5 X2y X1 -CCXo1 - CZo 1 - X1 - CZoa Xo

&X() 2 X1 -CCXq1-CZy1-X1-Xo-Zp-CZy

B -
2 Xy X1 Z2-CCXo1-CZo1 X1 -Xo-Za-CZo2

%X() X1 -CCX1-CZp-Zr-CZpy,1 - X1 -Xo-Zp-CZp

&XO-M -CCXo,1-CZo,1 - CZo,1 - Z-X1- X025 -CZp
&XO-X| -CCXo,1-CZo,1 - CZo,1 - X1+ 2Zp- X022 -CZp

B N
(ﬂ XO ‘Xl ‘CCXO] 'CZO,I 'CZO’] ‘Xl 'XO ‘ZZ ‘Zz 'CZO,Z

E.
=2 Xo- X1 -CCXo,1-CZo1-CZo1 - X1 -Xo-CZo2

E D
%2 Xo - X1 ~CCXO'1 - X1-Xo ~CZ()$2 (—l ﬁ~CZO‘2

[ 5 . .
ryerper ey E2—>r1 -16-CZp2-CZoy 1117 A6—>r1 -16-CZo2-r1-CZy 17 i>r1 re-r1-CZop-CZoy 17

52—> ry-rg-r1-CZyo-CZyy 16 CZoo - CZy,

ES—) r-re-r -CZ()ﬁz'CZ()vl 'CZ()_yz-CZ()’] A
Co0 7 7
—> 1 -rg-F1 ~CZ()‘2 ~CZO‘2~CZO"1 ~CZ()71 ‘Te

E; E, 1;:6
—Z>r1 “re T -CZ()12~CZO>2~F6~H—>7‘| ‘e 1 ~r6(-—)—>8

1.7.15 Deriving the Coxeter Relation (1 ; 8)

(1;8) rpcrgery-rg ﬂ)l’l -rg - Xo - X1 ~CCXO.1 -X1-Xo- 13 £4—>r1 -rg - Xo - X1 -CCX()J -X1-r3-Xo

‘rg‘X0~X1 'CCXO‘I ‘rS'Xl ‘XO

=

~X0-rg-X| -CCX()?] <r3-X1 'XO

g

=

-Xo - Xq <rg~CCX071 -rg- X1 -Xo

o r

-X()-X] *rg-rg~CCX()7| -X1 -X()

8.8 151
u> ¥y 'X0~X1 'CCX()J 'X] ~X0 &rl ﬁgs

1.7.16 Deriving the Coxeter Relation (2 ; 3)

r-r3-ry-r3-ry-r3 RN rp-13-Xo-CCXp,1-CCXpp-Xo 1213 ﬂ>X()-CCX0J -CCXp2-Xo-Xo-CCXp1-CCXppn-Xog-12-13

21
Y, ¥y -CCXo 1 -CCXos - CCXo1 -CCXo - Xo 12 13

l—9>X0 ~CCX011 ~CCXO,1 -CCXpp-CCXp,1-Xo-12-713
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E
‘18—>X0 -CCXpp-CCXp,1-Xp 1213

LN Xo-CCXp)-CCXo1-Xp-Xo-CCXg1 -CCXp - Xo

LY, Xy-CCXo2-CCXo,y - CCXo 1 -CCXo2 - Xo

E E 21
i}X()'CCX()J'CCX(),Z'XO —7>X()-X() Q €

1.7.17 Deriving the Coxeter Relation ( 2 ; 4)

(53) . CCXQ] ~CCX012 'CCXLZ 'CCXO.Q 'CCXO,I

(8) 11y 2 Xo-CX5.1 -CCXo, - CXay X

ﬂ CCXoyl ~CCX0V2 ~CCX112 -+ 00,1 'CCXLQ - 00,1 ~CCXO‘1

14 _
u>CCX().1 - 00,1 -CCX1A2~6().1 -CCX]J-G()A’[ -CCXLZ'G()J -CCX().I

& CCX()V] - 00,1 ~CCX112 'CCXO,Q 'CCXLQ - 00,1 ~CCXO‘1

Si} CCXg,1-00p,1-CCX15-CCXp2-CCX - 0p,1-00,1-CCXo,1 - 0p,1

E—A) CCX()"] - 00,1 -CCXl,z 'CCX()VZ 'CCX]VZ -CCX()"] - 00,1
2, o1 -CCXo 1 -Gt - Gt -CCX 12 -CCXo2 - CCX 2 -CCXq - Gy

E—4> 00,1 'CCX())] 'CCX],Z 'CCX()J 'CCX]‘z 'CCX()J + 00,1

L3—2)—> 00,1 - 00,2 -CCXLQ - 00,2 ~CCX1'2 ~CCX0A’2 ~CCX112 -CCX()‘l - 00,1

N -
i} 00,1 - 00,2 -CCXLQ - 00,2 ~CCX1'2 - 00,2 'CCXO‘Z - 00,2 ~CCX1'2 ~CCX0A’1 - 00,1

32 I
u 00,1 ' 00,2 'CCX|>2 'CCX())] 'CCXO,Z - 00,2 ~CCX172 'CCX()?] - 00,1

L3—2)—> 00,1 - 00,2 -CCXLQ ~CCXO’1 ~CCXO.2 - 00,2 ~CCX112 - 002 ~CCX1.2 - 00,2 00,1

32 -
u 00,1 * 00,2 'CCX|>2 'CCX())] 'CCX(),Z 'CCX()J 'CCX]; + 00,2 00,1

ES—) 0p.1 00,2 ~CCX0V1 ~CCX0A’2 ~CCX()11 < 00,2 - 00,1

£ -
Q 00,1 - 00,2 CCXo,1-CCXp2-0p2-CCX 13- 002002 00,1

Lis, 00,1 00,2 -CCXo,1-CCX2-0pp-CCX1 00,1

32 _
Q 00,1002 00,2 CCX1-0p2-CCXpp- 002 CCX17 00,1

E
‘16—> 00,1 * CCX]; < 00,2 -CCX()ﬁz 002 CCX]_yz - 00,1

&9 641 -CCX15-CCXga - CCX 1+ 0p

14 -
u> 00,1 'CCXLZ 00,1 'CCX]\Z - 00,1 'CCXI‘Z 00,1

Y 601 -CCX 1200, -CCX 12 -CCXoz 2 CCXo, - CCX 15 - CCXo,

B Xy CXay - CCXo - X CXay

L X0 X CCXo, X CXoy

&2.¢x,,-CX19-CCXo, -CX19-CXa

c -
=2, CX2>1 -CCXp1-CX 12 -CXL() ~CX1,0 ~CX2=1



66

Supplement: A Sound and Complete Equational Theory for 3-Qubit Toffoli-Hadamard Circuits

B Xy CCXoy - CX 15 CXoy

E; JE——
& CX51-CCXp1-CX12-CX21 -CXLQ ~CX152

8 _
& CX2>1 -CCXo‘l -01.2 ~CX1‘2

Si>CX2.1 -CCXo,1-012-012-CX21-012 m>CXz,l -CCXop,1-CX2,1-012

D, 9) —_—
(610) 101214 =% 612-CXo,1 -CXo2-CCX1,-CXo,-CXo,1 —> 612-CXo,1-012-CXo1-012-CCX12-CXpa-CXo

9) —
& CX()’Z -CX())] -012 -CCX1_2 -CX(); -CX()J

220, CXp2-CXp,1-012-012-CCX15-012-CXp2-CXo,1

E
Z1o, CXp2-CXp,1-CCX12- Ol ~CX012 'CX()"]

) I o S —
— CXp-CXp-CCX12-012-012-CXo,1-012-CXo1

Ei) CXO‘Z 'CX()J 'CCXLZ 'CX()J +012 'CX()_yl

E
0 CXp,-CXo1-CCX12-CXoy-012-CXo1-Gi2 012

9 _
& CX()‘Z 'CX()J -CCXLZ 'CX(),l 'CX()‘Z -012

22—> CX(),Z 'CX()J -CClez 'CX(),Z -CX()}] <012

Cy =—F—— D,
ﬁ CX())] ~CXO,2 'CCX1>2 -CX()Q 'CX()}] + 012 <—4 T4 O12

(511) : CXZ"] ~CCXO.’1 ~CX271 Ty

ﬂ) CX5,1-CCXp,1-CX2,1-CXo,1-CXpp-CCX12-CXp2-CXo,1
2, €X,1-CCXoy -CXay -CXoa - CXo 1 -CCX 2 -CXo2 - CXoy

el CX51-CCXp1-CXpp-CXp1-CCX1p-CXpp-CXo

Sor, CX51-CCXq,1-CXpp-CCX12-CX20-CX21-CXp2-CXo,1

& CX51-CCXg,1-CXpp-CCX12-CX20-CXp2-CX2 1

Cli> CX5,1-CCXo,1 -CXpp-CX20-CCX12-CXpp-CXp

B 0Xy,-CCX o - CXoa-CX20-CXoa - CXoz - CCX 12 -CXop - CXa g

K, CXy1-CCXo,1 -CXo2 - CXag-CXos - CCXo 1 -CCX 12 -CCXo,1 -CXa

&CXy1-CCXo 1 -CXoa - CXap-CXoa-CCXo 1 -CXay - CXay -CCX 12 -CCXo1 -CXa

61, €X5.1 -CCXo,1 -CXo2-CXa0-CXo2-CCXo, -CXa1 -CCX12-CXa0-CXa1-CCXo, - CXa

&2 X0 -CXo1 -CXa1 -CCXo,y - CXoa - CXa-CXoa - CCXo 1 -CXap -CCX 1 -CXa-CXay -CCX o -CXa g
95, X1 -CXo.1 - CX1 -CXoa - CCXoy - CXa0-CX02 - CCXo 1 -CXay -CCX 12 CXa-CXa 1 -CCX 1 -CXa g
D, X1 -CXa1 - CXo1 - CXoa - CCXo 1 -CXa0-CXoa-CCXo1 -CXat -CCX 12+ CXa-CXay - CCXo 1 -CXay
S5, CXp1 -CXoa CXay - CCXo,1 CX20-CXoa2-CCXqy -CXag -CCX 12 -CX20-CXay -CCX - CXay

& CXOJ -CXp2-CXp -CCXO‘VI -CX20-CXo2 -CCXO‘VI ~CX2Y1 -CX21 ‘CCXLZ ~CCX0,1 ~CX211
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E—9> CXop,1-CXp2-CX21-CCXp,1-CX20-CXpp-CCXp,1 -CCX15-CCXp1-CXa g
(—Eli CXO’I -CXp2-CXq ~CCXO’1 'CXQ’O -CXo2 -CCXOJ -CCX17-CXp2-CXpr-CCXp1-CXop

C N —
i LA CXo,1-CXp2-CX21-CCXo1-CX20-CCXp,1-CXp2-CCX15-CXop-CXop-CCXp,1-CX2 1

l—4> CX()_]] ~CX012 ~CX211 ~CCX0_]1 ~CX21() ~CCX0,1 ~CCX0)1 -CCXLZ -CCXo,1 'CXO,Z -CCXp1-CX21

il18—> CXo,1-CXp2-CX2,1-CCXp,1-CX20-CCX15-CCXp,1-CXpp-CCXp,1-CXa 1

& CXOJ ~CX012 -CX21 ~CCX011 ~CX211 ~CX2Y1 -CX2p -CCXLZ ~CCX0,1 ~CX0.’2 ~CCX0)1 ~CX2,1

ﬁ) CX()J ~CX012 'CCX(),Z ~CCX())1 -CCXpr-CXp g -CX2>0 -CCX1,-CCXp 1 'CXO,Z -CCXp,1-CX21
& CXop,1-CXp2-CCXpp-CCXp,1 -CCXpp-CX21-CCX12-CXr0:-CCXp,1-CXpp-CCXp,1-CXa g
Ci) CXO"] ~CXO,2 ~CCX012 ~CCXO,1 -CCXo2 ‘CCXLQ ~CX2’0 -CX51:-CXap ‘CCXOJ -CXp2-CCXp1 ~CX2’1

&7—) CXo,1-CXp2-CCXp2-CCXp1-CCXp-CCX1p-CX2-CX20-CX21-CCXp,1-CXpp-CCXp,1-CXa )

Ei> CXo,1-CXp2-CCXpp-CCXp,1-CCXpp-CCX15-CXa1-CCXo1-CXpp-CCXop-CX2

LN CXo,1-CXp2-CCXpp-CCXp1-CCXpp-CCX 1o CCXpp-CCXo-CCXpp-CXr1-CXpp-CCXo-CX2

12
SN CXop,1-CXp2-CCXpp-CCXp-CCX15-CCXgp-CCXpp-CXr1-CXpp-CCXo-CXa

E—7> CXOJ ~CX012 ~CCX0,2 ~CCX0,2 CCX12-CXy1-CXo2 ~CCX0,1 -CX21
E—7> CX()J ~CX012 ~CCX112 ~CX211 ~CX012 ~CCX0,1 ~CX211
Ci) CXQJ ~CX012 ~CCX112 ~CX012 ~CX2Y1 -CXo1 ~CCX011 ~CX211

& CXOJ -CXpo -CCXLQ ~CX012 -CXp1-CX2 -CCXOJ ~CX2Y1

& CXp,1-CXp2-CCX12-CXp1-CXp2:-CX21-CCXop1-CX2

2, X1 -CXo2-CCX 1,5 -CXoz - CXop-CXay CCXo1-CXay 4 75-CXa1-CCXo1 -CXa

8o S S 8o
(812) 11214 = CXap1 -CCXo1 -CXa1- 01274 —% CX21-CCXo1-CXa1 T4 012 —3 74 -CXp1 -CCXo 1 -CXa1 Ol 41473

[T p— (2:2) (4:4)
rp-ra-ry-rg —> T4 Ip-rg ——>rq-14g — €

1.7.18 Deriving the Coxeter Relation (2 ; 5)

21 —— D, N —
r2~r5~r2-r5urz‘r5-r2~r75~X0‘X0—6>r2~r5-r72~X1~CCX0,1~X1~X0~XO

&) rn-rs -X() 'CXZ,I ~CCX()>1 -CXZJ 'X() 'Xl ~CCXO)1 'Xl 'X() ~X0

I~
S

'XO'CXZ,I ~CCXO_1 ‘CX2_1 .71 -Xo

Xo-Te-r1-Xo

=1 s
3
&

S

- X1 ‘CCX()J - X1-Xo-1r6-11-Xo
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D—2>X0-CX2>1 -CCXp,1-CX21-Xo-X1-CCXp,1-X1-Xo-16-11-X0

&XO'CXZ‘] 'CCX()’] 'CX2,1 ‘T re-11-Xo

D, 6;6 ;1 21
<—6X0-E‘r1‘r6-r1-X0 (5—6X0‘r1-r5-r6~r1-X0 u>X0-r1‘r1-X0 u>X0~X0u>€

1.7.19 Deriving the Coxeter Relation (2 ; 6)

(513) n 'rj&)rl'CXz)] ‘CCX()\] 'CX2>] %X()-CXZJ ~CCX()7| 'CX2_| -X() 'Cer] ~CCX()‘1 ~CX2>]

&L Xy CXay - CCXo,y - CXay - CXay Ko+ CCXop -CXa
&L X1 Xy CCXo,y - CXay - CXay - Xo - CCX gy - CX oy
B, cXy1 X0 -CCXo, - Xy CCX oy - CXa g

EB Xy Xy CCX o, Xy CCXop X1 X; - CXo
E50xy1 Xy CCXo,y - Xo - X1 X1 -CCXo1 - X1 - X) - CXay

Dg _
;CXZJ ‘X0~CCX011 ~XQ‘X] -r5-X1 ~CX2=1

I8 Xy X Xn - Xo-CCXot - Xo-Xi - 75 - X1 -CXat
By X0y X1 X1 Xo-CCXo, X1 Ko 75 X; -CXag

& Xy X0 Xg X CCXoy Xy Xo s Xy - CXpy E5 CXoy Xy 775 Xp -CXo g

d d
rre-T2 T i>r2~r6-CX271 ‘X111 -1r5-X1-CXo g B CXo Xy -11-15- X1 “CX21-CXo1-Xi-r1-15-X1-CX2

E
—Q)CXZVI 'Xl s ~r5~X1 'Xl Al ~r5~X1 ~CX2‘1

1:5 9
B0y O Xy 1 ors 1 ors Xp - CXay 2 CXo Xy X1 -CXoy 25 CXay Oy e

1.7.20 Deriving the Coxeter Relation (2 ;7 )

(814) : CZp1-CXp1-CCXp1-CXp g X_(>> CZp,1 -CCXpp-CCXp,1-CCXo2 &0% CCXp2-CZp,-CZpyp-CCXp,1 -CCXo2

&L) CCXpp-CZp, -CCXop,1 - CZy,1 - CZys - CCXop

95, €CXos-CCXo - CZo1 - CZo,1 - CZos - CCX o2

B, 0CXo,-CCXo - CZo, -CCX o

C
5, CCX o, - CCXo,1 -CCXo4 - CZo, &5 TXp, -CCXo, - CXa1 -CZo2

Eg —
(515) : CZO,Z ~CX2,1 -CCXo,1 ~CX2’1 <—9 CX21-CX2 -CZ(),Z -CX»2 1 -CCX()J ~CX2,1

(fﬁ CX51-CCXp,1-CCXo,1 -CX21-CZpp-CX21-CCXp1 -CX21

E —

<—9 CX»21 ~CCX071 ~CX211 -CX21 ~CCX0_]1 ~CX211 -CZp» 'CX271 -CCXp,1-CX21

& CX»21 ~CCX011 ~CX211 -CZp ~CZ()>1 ~CX2}1 -CCXp1-CXq 'CZO4,2 -CX21 ~CCX011 ~CX211
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13
RN CX51-CCXo,1-CX2,1-CZy) -CX2,1 -CCXp,1 -CX21-CZp CZpr - CX21-CCXp1 -CXa )

E;UCX;] -CCXo,1 - CX3,1-CZy,1 -CX21-CCXp, -CX21-CX2,1 -CCXp,1 - CX2 g

E} CXZA’] 'CCX()J -CX211 -CZp-CX21-CCXp ~CCX0A’1 ~CX2,1

B8, 0,1 -CCX o - CXoy -CZyy -CXay - CXay 225 CX oy - CCXoy Xy - CZ,y

D B E—
(516) trp-ry —2>X0'CX2,1 -CCXp,1-CX21-Xo 17 —I>X0-CX2‘1 -CCXop 1 -X0~CX2?1 -ry

(B—I CX2>1 'X() 'CCX()‘I 'XO ~CX2?1 -y

&2.¢xy)-CX19-CCXo, - CX19-CXa - 17

ﬁz—> CX51-CCXp,1-CX12-CX10-CX1,0-CX21-17

B €Xyy - CCXoy - CX 1 CXay 17

C —
=2 CX2,1 - CCX01-CXa1-C1217

D
= CXZJ ~CCX0,1 ~CX2=1 <012 ‘CZQJ ~CX211 ~CCX0,1 ~CX2=1 -CZp

S
<i CX»21:-CCXp-CX21 -0'1.’2~CZ()'1 -CZpr-CX2 -CCX()J -CX2 1

<—E£CX2.1 -CCX1-CXp1-012-CZp1-0612-612-CZpp-CXp1-CCXop,1-CX2 1

8 __
Y Xy, -CCXoy - CXat - CZo2- 012 -CZos - CXay -CCXo 1 -CXa

18 -
u)CXz,l -CCXOA’[ 'CXZA’] -CZ().Z +012:012 ~CZ(),1 012 ~CX2.1 ~CCXO,1 -CX2‘1

Ei> CX5,1-CCXp,1-CX2,1-CZyp-CZp,-012-CX21-CCXp1-CXa 1

&CZOJ -CX91-CCXp 1 -CXz,l ~CZ()11 <012 -CX91-CCXp 1 -CXz,l

& 77-012-CX2 1 ~CCXO’1 -CXo1

(ﬂ ry ~CX2_]1 ~CX271 <012 ~CX2>1 -CCXp1-CX2q
& r7-CX21-CX12 -CXzyl -CX2,1 -CCXop,1-CX2,1

B 1y CXpy - CX 15 CCX g, - CXo

LY Xy Ko Xo-CX12-CCXoyt - CXay

56, - CXp1 - Xo-CCX o Ko - CXa i

(B—I r7 ~CX271 ~X0 ~CCXO‘1 'CX211 'X() B—I> r7 'X() 'CX211 'CCX()J 'CXZ‘I 'X() & r7 E

[T — (2;2) (7:7)
rpry-r-rp ——ry-1r-r:rp——ry-rp ——E&

1.7.21 Deriving the Coxeter Relation (2 ; 8)

(817) : CXp1 - rg 42 Xy - rg-CXay -CXa g

2, CXo1-Kip-X1-Xo-CZpp-CCX12-CZpp-Xp- X1 -Ki12-CXoy -CX2 )

CH“ CXZ,I 'K1.2 ‘Xl 'Xz .CZO,Z 'CCXlz .CZO,Z ‘X2 'Xl ‘CXLZ ‘K112 'CXZI
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C -

% Ki2-CX12-X1-X2-CZp2-CCX12-CZon - Xo- X1 -CX12-Ki2-CXa 1

Ci) KI,Z 'CXI,Z 'Xl 'X2 ‘CZO,Z ‘CCXLZ ‘CZOQ 'X2 ‘CXLQ ‘Xz 'Xl 'KI,Z 'CXZ,I

C P

LK1 X1 X2 CX12-X2-CZ02-CCX12-CZ0s-Xa-CX12-X2- X1 -Ki2-CXa 1

C e —
& K]}z 'X] 'X2 'CX1‘2 'CZO,Z 'Z() 'Xz 'CCX],Z 'CZ()72 'Xz 'CX],Z 'X2 'X] 'K]_Z 'CX2‘|

C -
B Ki2X1-Xa-CX12-CZo2-Zy-X2-CCX12-Xp - Zo - CZ0o2-CX12-X2- X1 -K12-CXa

C -
B Kia- X1 Xo CX12-CZo2+Zy-CCX1,2-CX10-X2-X2-Z0-CZp2-CX12-X2- X1 - K1 2-CX2 1

E
L Kip- X1 X ‘CX12-CZypZy-CCX12-CX 102y CZpp-CX12-X5-X1-K12-CX2 1

&9% Kl,z -X1-X2-CX12-CZy> ~CCX1,2 'CZ]AVQ -Z0 'CXI,O -Zo -CZ()’Z -CX1,2 X5 X1 ~K1,2 -CX21

LN Kip-X1-X2-CX12-CZpp-CCX12-CZ12-CX10-2Z1-Zy-Zo-CZpp-CX12-X2-X1-K12-CX2 g

5, Kip-X1-X2-CX12-CZpp-CCX12-CZ12-CX10-2Z1-CZpp-CX12-X2-X1-K12-CX2 )

&1—>K112-X1 Xy CZypCZp - CX12-CCX12-CZ15-CX10-Z1-CZpp-CX12-X2-X1-K12-CX2 g

& KI,Z 'X] ‘X2 ‘CZO‘Z ‘CXLZ ‘CZO,] ‘CCXIZ .CZI,Z 'CXI,O ‘Zl .CZO,Z 'CXI,Z ‘Xz 'Xl ‘Kl"z 'CXZ]

C -
l> Kl,z 'X] 'Xz 'CZO‘Q 'CXI,Z 'CCXLQ ‘CZIQ 'CZO,I 'CZLQ ‘CXI,O 'Zl 'CZO.Q ‘CXI,Z 'Xz 'Xl 'KI,Z 'CXZ,I

40 [
QKI,Z X1 X2:CZpp-CX12-CCX12-CZ12-CZ1p-CZy-CX10-Z1-CZp2-CX12-X2- XK1 2-CX2

B Ky Xy Xo - CZon CX 12 CCX1n-CZoy - CX 1021 -CZoa - CX 12 Xo Xy K12 - CXa g
8, Ky X1 XpCZys - CX 12 CCX 12 CZo,y - Z1 CX 10+ CZo2 - CX12-Xa X, K12 CXo
2, Ky X1 Xa-CZos - CX12-CCX12-CX19-CZo 1 -CZos - CX12-Xo - X1 K2 -CXa g

G0, K5 X1 Xa CZonCX12-CCX 15 CX 10+ CZoy - CX12-CZo1 - CZos Xa - X1 K12 CXa,y
I Ki2-X1-X2-CZp2-CX12-CCX12-CX10-CZo1-CZo1-CX12-CZo2-Xa- X1 -Ki12-CX2,
B, Kip-X1-Xp-CZpp-CX1-CCX12-CX10-CX12-CZon-X2-X1-Ki2-CXa

(#4)

— KLZ ‘X1 -Xo ‘CZO‘Z ~CCX1_]2 ~CX110 ~CX112 ~CX1‘0 ~CX1‘2 -CZ()‘Z -Xo - Xy ‘KI‘Z ~CX2‘1

Ci> K1‘2 - X1-Xo ~CZO>2 'CCXLZ ~CX1>2 'CXI,O ‘CXI,O ~CX1,2 ~CZ()‘2 Xy X 'K1>2 ~CX2,1

E
—l) Kl,Z X1-Xo ~CZO_2 ‘CCX]VZ -Clez ‘CX]_Q ‘CZOQ X5 - X ~K1’2 ‘CX2,1

B Ky X1 XaCZ02-CCX12-CZ0n Xo X1 K12 CXay 5 75 CXa,y

(2:8):rp-rg-ra-r3 D—%Q-rg-X()-CXQ,] -CCXo,1-CX21-Xo-13

%X()-CXN -CCXo,1-CX21-Xo-13-X0-CX21-CCXp,1-CX21-Xo- 18

E4—>X0~CX2'1 ~CCX011 'CXz,l -Xo-rg-Xo-CX21:-CCXp1-CXp1-13-Xo

iX()'CXz‘] 'CCX()J ~CX2‘| - rg 'X0~X0~CX2‘1 'CCX()’] ~CX211 -rg - Xo

2
gXO'CXZ,l 'CCX()J 'CXZ.I -r3~CX2,1 ~CCXO‘1 'CXZ,I ~r3~X0

S -
27, Xo-CX 2,1 -CCXo1-CXa,1 15 -CX21-CCXo,1 -7 -CXa1 - Xo

S -
i)X()~CX2,1 ~CCX()‘1 -r3~CX2,1 ~CX211 ~CCX051 ~r3~CX211 ~XQ



M. Amy, N. J. Ross & S. Wesley

5, Xo-CXpy -CCXo 1 15 -CCXo1 15 -CXa 1 - Xo

58—>X0-CX211 -CCXg1-1rg-13-CCXo,1-CX21-Xo

8,38
u)X()'CXL] -CCXo,1 -CCXp,1 -CX21 - Xo

21
ﬂg—)X() -CXZ"] -CXZ"] -Xo E)X() - Xo L—l) €

1.7.22 Deriving the Coxeter Relation (3 ;4 )

(B1g) : 314 = Xo-CCXo 1 Xo -1y &2 CX1-CCXo; CX 101y 2 CCXo1 -CX12-CX10-CX1 074

By cexor - Cxipon

D4y cexXo -CX 15 TRy - CXoa-CCX 12 -CXoa  CXo
&7 ¢CXo1-CXo1 - CX12-CCX 12 - CXo2 - CXo,

922, T 1 -CXo, - CCXp 1 - CX 12+ CCX 12 CXoy - CXoy
G0, CX 1 -CXoa-CX12-CCXo1 -CCX12-CXoa - CXol
&8 0Xg, - CX12-CXoa-CCXo - CCX12-CXoa - CXo,y

(Cl& CXop,1-CX12-CCXp,1-CXpp-CCX12-CXpp-CXo,1

ﬁ) CXo,1-CX12-CCXp,1 ~CCX0A’1 'CCXLZ -CCXp1-CXo1

B8, X1 CX15-CCX 1,5 -CCX o,y - CXo

13
F3Tr4T3F4cr3ry £>r3-r4-r3-r4-CX011 -CX12-CCX1,-CCXyp1-CXp

S
28, ry-14-CXo1-CX1,2-CCX12-CCXo1-CXo1-CXo1-CX12-CCX12-CCXo1-CXo1
22
—>( ) r3-rq ‘CXQ([ ~CX1A2 ~CCX1?2 <CCX071 -CXsz -CCXLz -CCX().l -CX().l
44 -
B, sy CXoy -CCX12-CX10-CX12-CCXoy1 -CX12-CCX12-CCXo,t - CXo

ﬂ r3-74-CX,1-CCX12-CX10-CX12-CX12-CCXq,1-CCX1-CCXp,1-CXo1

E) r3-r4-CXo1-CCX12-CX10-CCXp 1 -CCXLZ 'CCX()J 'CX()A’]

98—) r3-r4 -CXOJ -CX10-CCX1,-CCXop -CCXl,z -CCXOJ 'CXOJ

KIIN r3-14-CX,1-CX10-CCX1p-CCX15-CCXp1-CCX1n-CXop,1

Y,y ryCXo1-CX10-CCXo,y -CCX 14 -CXo

ﬂs—>CX0‘1 -CX12-CCX15-CCXop1-CXop,1-CXp1-CX10-CCXo,1-CCX15-CXo1

B, X1 -CX12-CCX12-CCXoy1 -CX19-CCXo1 -CCX 12 CXoy

& CX0,1:CX12-CCX12:-CX19-CX1p0 ~CCX011 -CX1p ~CCX011 ~CCX1,2 ~CX011

CLZ) CXo,1 ~CX1’2 ‘CCX12:-CX10-CCX0,1:CX12-CX10:-CX1,0-CCXp 1 -CCXLZ ~CX011
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ﬂ)CX()J +CX12-CCX12-CX10-CCXp,1-CX12-CCXp,1-CCX12-CXp,

Clﬁ> CXp,1-CX12-CCX12-CX10-CX12-CCXp,1-CCXp,1 -CCX12-CXo,1

94, €Xg1-CX 12 CCX 15 -CX 15 CX1g-CCX, -CCX 1 -CCX 15 -CXo,

518, X0, -CX12-CCX 15 -CX15-CX10-CCX 15 CXo

), CXo,1-CCX12-CX10-CX12-CX12-CX10-CCX12-CXo,

B CXo.1-CCX12-CX19-CX10-CCX12-CXoy 25 CXo,y -CCX12-CCX12-CXoy 25 CXoy -CXoy e

1.7.23 Deriving the Coxeter Relation (3 ;5)

(810) : 7315 25 Xo-CCXo1 -Xo - 15 &% CX19-CCXo.1 -CX 1075 25 CCXo1 -CX12-CX10-CX1 075

B ccxor-CXigers

Do, cCXoy-CX 12 X1 -CCXo1 X1

& X, -CXy, CXoy -CCXo1 -CXoy

G2, 0CX, -CX 12+ CXo,) - CXo, -CXoa - CCXo 1
2, X, -CX 12+ CXoa - CCXo

5, €, - T, - CX 15 - CCXo

&2 0CXo,y - CXon - CXoy - CXoy-CX1a-CCXo,

£ EXo1-CCXo -CXo1 -CX 14 -CCXq

8, X, -CCXo, - X1 -CX12-CCXo,
Lo 75.cx1,-CCXq,

L9 s CCXo1 CX12

L s .cCXo - CX 15Ty CX1p

£2 1 X0 CCXo1 - CX 10 2 15 Xo-CCX oy Xo 42 1575

819 (3:3) (5:5)
r3rs-r3-rs —>T5: 731315 —>I51s —> €

1.7.24 Deriving the Coxeter Relation (3 ;6 )

D, D
(820) 17316 —> 13-CX2,1 -CCXp,1 -CXa1 —> Xo-CCXo1 - Xo-CX2,1-CCXo,1-CXa,1
&2 CX14-CCXo,1 -CX1-CXp1 -CCXo1 -CXa

% CCXO,I 'CXLZ .CXI,O 'CXI,O ‘CX2‘1 'CCXO,I .CXZ,I

B 0CXo1-CX 1, -CXa1 - CCXo 1 -CXa

10, CCXg1-CX12-CX12-CCXo4-CX 12

5, 0CXo1-CCXon - CX1n
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(_Eﬁ CCXg,1-CCXgp-CCXg,1 -CCXp1-CX1 0

& CCXy,-CCXo1 - CCXoa-CCXo, -CX 1o

(ﬁ CX7 ~CCX011 'CX2Y1 ~CCX()11 ~CX112

(ﬂ CX»2 ~CCX0,1 -CX21 ~CCX011 ~CX112 -CX10-CX1p0

Cn

——=CX,1-CCXp,1:CX21-CX10:-CCXp1-CX1p

- D, D
2, CX,y)-CCX 1 -CXa1 - Xo-CCXo, - Xo <= 75+ Xo-CCXo1 - Xo <= rg - T3

S0

(3:3)

(656)

(3;6):r3~r6-r3-r6—>r6~r3~r3~r6—>r6‘r6—>8

1.7.25 Deriving the Coxeter Relation (3 ;7)

D -
(821):CZo,1 - 13 = CZy 1 - X - CCXo1 - Xo

Cor v——F75—

<—X() -Zl -CZ().l -CCX().I -Xo

C -
5 Xo-71-CCXo 1 -CZo1 - Xo

Ceo -
2 X071 -CCXo1-Xo-Z1 -CZo,
B X271 -CCX oy 71 X0 - CZo,

C [
5 X0 -CCXo,1 - Z1-Z1 - Xo-CZo1

E D
=5 Xo-CCXo1-Xo-CZo1 > 73-CZo

1.7.26 Deriving the Coxeter Relation (3 ;8 )

(022) 113 &Q‘X] X
D —
23X -CCXo 1 -Xo- X1 - X,

Ej3 —
(—HXI - X ~X0-CCXO‘1 -Xo-X1-X

E X XX CCXo X0 X1 - X

ﬁ)Xl - Xo - X1 'CCX()"] ‘X1 -Xo- X1 (ﬂ X171 X1

1.7.27 Deriving the Coxeter Relation (4 ; 5)

r3‘r7-r3-rl§—3>r3-rl-r3~CZoJ-rﬁ-CZQJ

é—3> r3-CZo1-16-CZo1-13 ‘CZ(),] -r6-CZp 1

o, r3-CZy 1613 CZo1CZo 16 CZo,

& CZO_1 3t 13 ~CZ()‘1 ~CZO‘1 * e 'CZO,I

E:
—2> CZO‘I *r3:rg-r3-reg 'CZOJ

B, 701 -C2Zo,

2
— &

[ v
r3-rg-r3-rg —>r73~rg‘X1'r1-X|~rg

%XVFI'X]*IB-X]'}‘]'X]'IQ

£7—>X1-r1-X1-rg-X1-r1»rg-X1

5—7>X1~r1-rg'X1'X1~r1~rg-X1

E 1:8 E
43%X|~r1-rg-r1-r3‘X1 L—))X|-X1 ‘]3—>8

V4 ¥5:-T4-F5 V4 15 &}’4'}’5'}’44’5-6‘)(0‘1 ~CCXO'1 'CCXLQ'CXOJ

&) r4-rs ~CX011 ~CCX0.’1 -CCX12-CXo, 'CXOJ -CCXo.1 ‘CCXLQ -CXo.1

(22)

— 4715 ~CX011 ~CCX0‘1 -CCX 1, ~CCX()71 -CCX|>2 ‘CX()J

ﬂ) r4-15-CX0,1-CCX15-CCXp,1 -CCX15-CCX12-CXo,1
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Y,y rs-CXo1 -CCX 12 -CCXo 1 -CXo,

2, CX, -CCXo -CCX 12 -CXo1 -CXo,1 -CCX12-CCXo - CXo
(22)
= CXg,1-CCXg -CCX 12 -CCX 15 -CCXo 1 -CXo,y

1.7.28 Deriving the Coxeter Relation (4 ;6 )

(823) : CCXo,1 - CCXg2-CCX o1 - CXog 42 CXga-CXoa - CCXo,1 -CCXo - CCXo1 -CXo i
£ x5 -CCXoy - CXoz - CCXoa-CCXo1 -CXo,y
4, CXg-CCXo 1 -CCXo2-CXoy - CXoa - CCXo.1 -CXo,

& CXp2-CCXp,1 -CCXpp-CXp,1-CCXo,1-CXop-CXo,
&2 x4, CCXo, - CCXg5 - CXgy - CCXo1 - CXoy - CXoa
119, €5 CCXo1 - CCXg - CCXo1 -CXoa - CXop - CXo 1 - CXo

2, X0 -CCXo,1 - CCXo-CCXoy - CXoa - CXoa 25 CXo-CCXo1 -CCXo - CCXo 1

(84) : CCXg2-CCX1 -CCXo2 - CXon <22 TRy -CXoy - CCXo.2 - CCXo,1 - CCXo12 - CXo2

& X1 -CCXos-CXo 1 -CCXo, - CCXo - CXoa

&) CXq,1-CCXpp-CCXp,1-CXp2-CXo,1-CCXopp-CXop

C; e —
&4—> CXp,1-CCXgp-CCXq1-CCXpp-CXp-CXpp-CXo,1-CXop

£, X,y - CCXo, -CCXo, -CCXg - CXoa - CXo 1 - CXo,t - CXo2

22
2, X1 -CCXo - CCXo,y -CCXo2 - CXo2-CXoa 215 CXo,y - CCXo2 - CCXo.1 - CCXo12

(85) : ra 16 =% r4-CXa1 -CCXo 1 -CXag 2 CXo1 -CXo2-CCX15-CXg2-CXo 1+ CXap - CCXo 1 -CXa g

Ho, CXo,1-CXp2-CCX15-CXpp-CXo, -CCXpo-CCXp,p -CCXo2

& CXQ] ~CX012 ~CCX1,2 'CX()"z -CCXp2-CCXp1-CCXpn ‘CXO’Z

ﬁ) CXo,1-CXp2-CCX15-CXpp-CCXg,1-CCXpp-CCXp,1-CXop

gﬁ CXo,1-CXp2-CCX15-CCXop,1-CCXpp-CCXp1-CXp-CXo

&Y €Xp1-CXop-CCX 12 CCXp 1 -CCXoa-CCXo1 -CCX 12 -CCX 14 CXoy1 -CXo

is> CXp,1-CXpp-CCXo,1-CCXpp-CCXp1-CCX1p-CXop1-CXoo

& CX()J ~CCX0,1 -CCXo2 ‘CCXoyl -CX()J -CCX 1 -CXoyl ‘CXOWZ
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& CXp,1-CCXpp-CCXp,1-CCXp-CXp,1 -CCX12-CXop,1-CXop

& CCXpp-CCXo, -CCXpp-CXpp-CXo1-CCX12-CXo,1-CXop

Ci> CCXpp-CCXp1-CCXpp-CXpp-CXp1-CCX1p-CXpp-CXo

& CCXpp-CCXp,1-CCXp2-CXp1-CXpp-CCX12-CXpo-CXo 1

LL X, CCXo ) - CCX oo 75 &5 CXay CCXo CXay 1y £ Tory

4:4 6,6
(4;6)2f4-r6-r4~r6A%525 W'f4're—>< ) 76'r6‘—>( he

1.7.29 Deriving the Coxeter Relation (4 ;7)

C;
(826) : CZo1 - 14 22 CZo,y -CXo1 -CXoa - CCX 15 - CXoa - CXoy <28 CXoy Zo - CZo, - CXoa - CCX 1 -CXoa - CXoy

&4 0Xo,) 2o CXoa CZo1 - CCX 1, -CXos - CXoy

& cxXo1-CXoaZo-CZo1 - CCX12-CXon - CXo

Cl> CXoyl ‘CXO,Q -Zy ~CCX112 -CZ15-CZy1-CXpp ‘CXOJ

&9—> CX,1:CX02-CCX12-CZ1p-Zy-CZ12-CZp,1 -CXop-CXp,1

ﬁ]—> CXo,1-CX02-CCX 122y CZ12-CZ15-CZy,-CXp2-CXo,
& CXo,1-CX02-CCX1-Zy-CZp, -CXp2-CXp,1

& 0Xg, - CXoa-CCX12Zy-CXoa-CZo1 - CXo,y

E0 Xy X CCX 15 CTxoa Zo-CZo - CXo,y

&8 X1 X CCX 15 -CXo - CZoy Zo-CXo,y

1o .
&8 CXoyl -CXop-CCX 15 ~CX0Y2 -CZOJ ~CX071 -Zy

&CX().I -CX02-CCX12-CXo2-CXo,1-Zo-CZp,1-Zy

8 CXo1-CXoa-CCX12-CXor-CXot-CZorZo-Zo

B, CXo.1 - CXop-CCX 15 CXoa-CXoy - CZo

Dy
(—4 r4 -CZOJ

r4-r7-r4-rl§—3>r4-ri-r4~C20,1 16 CZo 1 é) r4-CZy1 16 CZo,1-r4-CZo 16 -CZp,)

LN r4-CZo,1 16 14-CZo, -CZo, - 16 - CZo,1

K3 CZoy-14-16-14-CZy 1 -CZo1 16 CZo,

E. 4:6 E
iCN CZOJ 14161416 CZp u} CZ()"] 'CZ(),I e

1.7.30 Deriving the Coxeter Relation (4 ; 8)

D
(627) : CX(),l 1y —8> CXOJ 'KI,Z X1-Xp ~CZO,2 ~CCX1‘2 'CZO4,2 ‘X7 X1-Ki12
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Cyy —
L Kip-CZyy1-X1-X2-CZpp-CCX12-CZpn-Xo- X1 - Ky

Lo Kip-X1-Zy-CZp - X2-CZpp-CCX1p-CZop-X2-X1 - K12

B -
(l K1>2 -X1Zy-Xo 'CZOJ ‘CZO,Z ~CCX172 ~CZ()'2 -Xp - X ~K1,2

& Kip-X1-Xy-Zy-CZyy-CZyp CCX12-CZon-Xo-X1-Ki2
C N
LO) Klz ‘Xl ‘XZ 'ZO .CZO,Z 'CZO’I ‘CCXI,Z ‘CZO‘Z ‘Xz ‘Xl 'K1,2

& Kio-X1-X2-CZp2-2y -CZ(),l ~CCX112 -CZpo-X2- X1 ~K112

C -
T Kia-X1-Xo-CZo2-Zy-CCX12-CZ12-CZo1-CZo2- X2 - X1 -Ki 2

Lo, Kip-X1-X2-CZpp-CCX12-CZ1p-Zy-CZ15-CZo -CZop-X2-X1 - K2

B, Kip-X1-X2-CZpp-CCX12-2y-CZyp-CZyp-CZoy) - CZop-Xo- X1 - K12

E
5 Kip-X1 X2 CZoy-CCX15-Zy-CZy1 - CZon - Xo - X1 K2

Ce -
X Kia-Xi-XoCZo2-CCX12-Z0-CZ02-CZo1 - X2 X1 - K2

C -
8 Ky X1-X2-CZo2-CCX12-CZo2 Zo-CZo1 - X2 X1 - Ki2

& Ki2-X1-Xo ‘CZ()12 ~CCX112 CZo2Zy- X -CZO,l - X1 ~K1,2

& Ki2-X1-X2-CZpp-CCX12-CZpr-Xo-Zoy-CZp - X1 - K12

C -
2Ky X1 X2 CZop-CCX12-CZ02-Xa-Zo- X1 Zo-CZo1 - K2

B -
B Kia-Xi X2 CZo2-CCX12-CZo2-X2-Zo-Zo- X1 -CZo 1 - K2

E
—3> KLZ - X1-Xo -CZ(),Z 'CCXI,Z ~CZO>2 X5 - X ~CZ()'1 ‘K12

c D
% Kin-X1-X2-CZop - CCX12-CZoo - Xa- X1 -Kip-CXo T3 -CXo)1

D
(828) 1 CXop 18 —> CXo2 - Kip X1 X2 CZoo -CCX1,-CZos X2 X1 K2
Cog ——
&K]VZ'CZO‘Z'Xl 'XZ'CZOVZ‘CCXI2'CZOV2'X2'X1 ‘Klz

B -
&8 Kip-X1-CZop-X2-CZyp-CCX12-CZpr-Xo- X1 - Ky 2

C [

& K1,2-X1 - X2 -2y ‘CZ()‘Z'CZ()VZ ~CCX1,2 ~CZO’2 XXy ‘K]ﬁz
C -

2 Kip-Xi X2 CZosZo-CZos - CCX12-CZos - Xo - X1 K12

C -
10y K15 X1 X2 -CZo2Zo-CCX12-CZ12-CZ02-CZo2 X2 X1 - K2

C. -
i> K1,2 'Xl 'X2 ‘CZO‘Z ‘CCXLZ ‘Cle 'ZO ‘CZIZ .CZO,Z 'CZO.Z ‘Xz 'Xl ‘Kl,z
El_) K]‘z 'Xl X2 'CZ(),Z CCXl,z 'Z() 'C212 'CZLZ CZ()‘Z 'CZ(),z 'X2 'Xl K1.2

E
2 Kia-Xi - Xo-CZon-CCX12-Zo-CZo2-CZon - Xo- X1 -Ki2

& K1_2 'X] 'X2 'CZ().Z 'CCX],Z 'CZ()’Z 'Z() 'CZ().Z 'X2 'X] 'KIA,Z
C, -
B Ky X1-Xa-CZop - CCX12-CZ02Zo-Xa - Zo-CZon - X1 - Ki 2
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E
= Kip-X1-X2-CZpp-CCX12-CZpp-X2-CZpo- X1 - Ky

B _
& Kio-X1-X2-CZo» -CCXl,z ~CZO’2 ‘X2 X ‘CZO‘,Z Ky

LN Kip-X1-X2-CZpp-CCX15-CZpo-Xo-X1-K12-CXop2 &E-Cxo,z

Coy —o
(829) : K12-CXo2-CCX12-CXo2-Kin-CCX 12 +2 CZos Kin-CCX12-CXop-Kiz-CCX 12
&8 70y Kip CCX15-Kis-CZos - CCX1n

(25) —_—
—CZpp-K12-CCX15-K12-CZpp-CCX 15 -Ko,1 - Ko,

C -
2, CZ05-K12-CCX15-K12-CZps Ko 1 -CCXo2 Ko

& CZo>Ki12-CCX15-Kip-Ko1-CX20-CCXo2-Ko 1

S, CZp2 K12 CCX12-Ky2-Ko 1 -CCXp2-CX21-CX2p- Ko,

(25) S
—CZpp-Ki12-CCX12-Ki2-Ko1-CCXpp-CX21-Ko1-Ko1-CX20- Ko

C -
3 CZoa-Ki12-CCX12-K12-Ko1-CCXo2-CX21-Ko1-CZos Ko -Kox
(25)

—CZp-K15-CCX 2 ~M‘CCX0>2 -CX21-Ko1-CZpp

(39) N
—CZpp-Kip-CCX12-Ko1-Kip-CCXop-CX21-Ko1-CZopo

&8 CZo> Ki12-CCX12-Kp1-CCXo1-Ki2-CX21-Koj1-CZpp

C
—%CZps - K12-CCX 12 Ko -CCXo1-CX1,2 - Kip Ko CZop

39 -
&2 0705 K15-CCX1 5 Koy -CCXo1 -CX 12 Koy Kia - CZoa

G .
—25CZy, K12-CCX 1Ko, -CCXo,1-CX12-Ko 1 -CXoz Kiz
C —_

2, CZp2-K12-Ko1 - CCX02-CCXo1-CX12-Ko1-CXoa Kia
Cro7

——CZpp-Ki2-Ko, 1 -CCXp2-CX12-CCXo,1-Ko1-CXop-Kip

E: N —
2 CZps K1 Koji-CX12-CX12-CCXop-CX1-CCXo,1 Ko -CXoa-Kin

l—7> CZpo ‘K12 Ko CX1 ~CCX011 'CCX(),Z -CCXp,1-CCXo,1 Ko 1 ~CX012 -Kipo

E
=8, CZ02 K12 -Ko1 -CX12-CCXo1-CCXo2 Ko -CXoa - K2
c _

70, "Ki12-Ko1-CX12-CCXop,1-Ko,1 -CCX12-CXop-Kip

(39) S
—CZpp-Ko1-Ki2-CX12-CCXp,1-Ko,1 -CCX12-CXp2 K2

C -
0 CZps Ko1-CXa1-Kia-CCXo1-Kog-CCX12-CXoa-Kio

RN CZpp-Ko,1-CX21-CCXo2-Kip-Ko1-CCX15-CXo2-Kip

(39) —_—
—CZp2- Ko, 1 -CX21-CCXp2 Ko -K1p-CCX12-CXp2-Ki2

C -
4 CZo2-CZ15 Koy -CCXo2-Ko1-Ki2-CCX12-CXoa-Ki2

C -
2 CZp2CZ12-CCX 14 Ko1-Koi1-Kiz-CCX12-CXoa-Ki
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25
u> CZy2-CZ15-CCX1p-K12-CCX15-CXp2 K2

S0 CCX 5 CZos K1 CCX 12 -CXoa Ko 225 CCX 15 Kia CXoa - CCX 15 -CXo - Kia

D.
(330) :CCX 12 -rfg—8>CCX1.2 Ky X1-X2-CZyp-CCX1-CZop-Xp- X1 - Ky n

@3) o

<—) Kip-Kip-CCX15-Ki2-X1-X2-CZyr-CCX15-CZop-X2-X1-Ki2

E. _
EKip-Kin-Zi-Z1-CCX12-Kia-X1-Xa-CZo2-CCX12-CZo2-Xo - X1 -Ki 2

C
=, Kip-Ki2-Z-CCX 122y -K1p-X1-X2-CZp2-CCX12-CZpp- X2 X1 - Ky 2

c _
L Kia-Ki2-Z1-CCX12-Z1-Z1 - Ki2-X2-CZp2-CCX12-CZo2-X2-X1 - Ki2

E

2 Ki2-Kia-Z1-CCX12-Kia-Xa-CZo2-CCX12-CZo2-Xo- X1 -Ki2
C .

<Kz X ‘K12 CCX 12 Ki12-X2-CZpo-CCX12-CZpp X2 X1 K2

c .
5 Kip-X1-Kip-CCX12Z Ki2CZos-CCX15-CZos-Xo - X1 - K 2

c
2 Kip-Xi K272 CCX 12 -Ki2+CZos-CCX12-CZos - X2 - X1 - Ki 2

C [
S Kip- XX Kip-CCX12-Kip-CZop - CCX12-CZoo X2 X1 -Kin

C __
==, Kip-X1-X2-K1p-CCX12-CXp2-Ki12-CCX15-CZpp-X2-X1-Ki2

E _
EBKip-Xi-Xa-Ki2-CXoa-CXop-CCX12-CXoa-Ki2-CCX12-CZos-X2-X1-Ki2

C -
acia Kip-X1-X2-CZpp-Kyp-CXop-CCX15-CXpp- K12 -CCX1p-CZop-Xo-X1- K12

LN Kip-X1-X2-CZpp-CCX1p-Ki2-CXo2-CCX12-CXop-Kip-CZop-X2-X1-Ki2

C -
25 Kip-X1-X2-CZo-CCX 15 Ki2-CXon-CCX15-CXop-CXop Kip-Xo- X1 K

E
=, Kiz-X1-X5-CZpp-CCX15-K15-CXpp-CCX15-Ki2-Xp-X1-Kyn

& Ki7-X1-X0-CZpp-CCX12-CZpp-Ki15-CCX15-Ki2-X-X1- K2

C: -
% Kip-X1-X2-CZo,-CCX12-CZos - Ki2-CCX15-Z5 Kip-Xi-Kip

c .
X Kia-Xi - Xo-CZy2-CCX12-CZos-Ki2-Z2-CCX12-Kia-X1 - Ki2

c _
8 K15-X1-X2-CZp2-CCX12-CZoar-Xa - Ki12-CCX12-Ki2-X1-Kia

E _
E K- X1-X2-CZoy - CCX12-CZo2 - Xo-Ki2-Z1-Z1-CCX12-Ki2- X1 -Ki 2

c __
=25 Ki2-X1-X2-CZo2-CCX12-CZop X2 K12 Z1-CCX 12 Z1 K12 - X1 - K12

c .
a2 Kip-X1-X2-CZpp-CCX12-CZpp-X2-Kip-Z)-CCX1-K1p-X1-X1 - K12

E
2By Kip-Xi-X2-CZoa-CCX12-CZoa-Xa-Ki2-Z1 -CCX12-Ki2- K12

c .
<2 Kip-X1-X2-CZyy-CCX15-CZo2-Xo - X1 K12 CCX12-Kip Ko

23
u} KLZ X1-Xo -CZOQ -CCXLZ ‘CZO,Z X5 - X ~K1‘2 ~CCX1'2

(&E-CCXLZ
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D,
F4-1g8-rq-rg —4>ri-rg ~CX()_| ~CX()12-CCX1_2~CX()_2'CX()_| - rg

D—4>CX0?1 +CXpp-CCX12-CXpp-CXp,1-rg-CXp,1 - CXo2-CCX12-CXop-CXo, 78

ﬂ CXop,1-CXp2-CCX12-CXp-CXp,1-13-CX1 -CXg2-CCX12-CXop-13-CXo,

O, X1 -CXop-CCX 1 -CXoa 75 CXoyp -CXo1 -CXop-CCX 15+ CXop - CXo

22
Q CXo,1-CXp2-CCX15-CXgp-13-CXg2-CCX15-CXpp-13-CXo 1

%) CXO,I 'CXO,Z 'CCXLZ ~CXO‘2 - rg 'CXU,Z ~CCX1'2 - rg 'CXU,Z ~CX071

2, CXo.1-CXop-CCX 1475 CXoa-CXo2-CCX12-r5-CXo2 - CXoy

E) CXp,1-CXpp-CCX1p-13-CCX15-13-CXp2-CXo,1
@) CXOY] -CXpo-13-CCX12 ~CCX112 -r3-CX02-CXo,1

24
il CXo,1-CXo2-r3-r3-CXp2-CXo1

8.8 22
B, eXp1-CXoa CXoa-CXot 25 CXoy - CXoy P e

1.7.31 Deriving the Coxeter Relation (5;6)

(831) : 75 rg =% r5-CX51 - CCXo1 - CXag 25 X1 -CCXo1 X1 -CX 1 -CCXo 1 -CXa g
2 .
&X} 'CCX()Vl - X 'CXZ,I ~CCXO)1 'CXZJ - Xo - Xo

21
Q X1 -CCXp1-X1-Xo-Xo-CX21-CCXo,1 -CX21-Xp-Xo

D
2 X -CCXo1 - X1 - X0 T2+ Xo

21) ———
(uX(yX()'Xl -CCXo,1-X1-Xo-1m2-Xo &Xo‘ﬁﬂ’z'Xo

[ e & [
(5;6)2)‘5'}”6'}”5-}”6-}’5-1’6 A—>31 r5-r6~r5»r6-X0-r1-r2»X0—31—>r5~r6»X0-r1-r2~X0-X0»r1-rz-Xo

21
2, rs-re-Xo-ri-ra-ri-r2-Xo

LTI —
— Xo-r1-m-Xo-Xo-r1-1r2-1r1-12-Xo

21 1;2 21
u>X()-F1-r'2-r'1-I‘2~}’1-i”2'X0 L‘LXO'XOL‘Le

1.7.32 Deriving the Coxeter Relation (5 ;7)

D, C, C —_—
(832) 1 CZo,1 15 =% CZo 1 - X1 -CCXo1 - X1+ X1 - Zo-CZo,1 - CCXo,1 - X1 = X1 -Zy-CCXo1 - CZo1 - X

L2 X 70-CCXo 1 - X1 Zo-CZ01

B
=55 X, -2y -CCXo,1 - Zo X1 -CZo

C: -
24 X, -CCXo,1 Zo-Zo-X1-CZo

By X -eCxo X, - CZoy 28 75-CZ0,
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r5-r7~r5~r7~r5-rl§—3>r5~r7-r5'r77~r5-CZO<’1 ~}’6~CZ()71 5—3>}’5~7'7-r'5~CZ()>1 -r6~CZ()V1 -r5'CZO>1 -r6~CZ()'1
832 7
—>r5‘r7~r5~CZ0‘1 *re 15 ~CZQ7| ~CZ()‘1 'rﬁ'CZ(L]

E;
—2>r5-r77~r5-CZO,1 ~r6~r5~r6-CZOV1

ii}-CZ()J -r(,-CZ()Al ~r5-CZ().1 -r6-r5-r(,-CZ(),1

S -

2 r5-CZo,1 1615 CZo1 - CZo1 1615 -1 CZo 1
Sy —

& CZOJ *¥r5:Tg-Fs ~CZO‘1 'CZOJ Yo Trs5-rg ~CZO’1

E 5:6 E:
—Z)CZ()J “¥5-rg-Fs-re s 'rﬁ'CZ().] u>CZ()A1 'CZ().l —2> €

1.7.33 Deriving the Coxeter Relation (5 ; 8)

21 21) —
(833) 75 2 s Ko Xo 25 X -CCXo X1 - Xo - Xo o Xg Ko - X; - CCXo,y - X1 -Xo - Xo 28 X - 77 Xo

I I _—
r5-rg-rs-rg i>;;5<rg-X()-r1-X0-rg i>X0-r1-Xo<rg-X0-r1-X0-rg E4—>X0-r1-X()-rg-Xo-rl-rg-Xo
5—4>X0-r1-rg<X0-X0-r| 18- Xo

21 1;8 21
QX0~r1'r8~r1~r8~X0 u)X()-X()ug

1.7.34 Deriving the Coxeter Relation ( 6 ;7))

C, —
re-r7-re-17 & re 17 'CZ()J ~CZ()7| ﬂ} CZ()‘z ~CZO,1 'CZ(),z ~CZO‘| LO} CZ()‘z 'CZ()‘z 'CZ()7] 'CZ()‘l ﬂ) CZ()T] 'CZ()‘l E—2> €

1.7.35 Deriving the Coxeter Relation ( 6 ; 8)

(834) : 16 2L 16 - Ko Ko 2% CXy - CCXo1 -CXay - Xo - Xo <2 Xg Ko - CXay -CCXo 1 - CXay - Xo - Xo &2 Xo 73 Xo

& 84— e
(6;8):"6"‘8";6"'8 ﬁ>r76~r3~X0-r2~X0~rg i>X0-V2~X()~}"3~X0-r2~X0~rg 5—4>XO-1'2~X0~r8‘X()~}’2-V8~X()

5—4>X0-r2~r3~X0~X0~r2-r8'X0

(21) (2;8) (21)
—Xo-rprg-r-rg-Xo —>Xo-Xo —> €

1.7.36 Deriving the Coxeter Relation (7 ; 8)

D
(835): Xo- X1 -K12-CZo,1 -CZoa 15— Xo- X1 -K12-CZo,1 CZ02 K12 X1 -Xa-CZos-CCX12-CZos X2 - X1 - K12

&Xz X1 -CXo,1-K12-CZpp K1p-X1-X2-CZpp-CCX15-CZpp- X2 X1 Ky 2

C -
=% XX -CXo1-CXoa Ki2-Ki2-Xi-Xa-CZy2-CCX1,2-CZon-Xa- X1 - K2
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23
2, X, X1 -CXoy - CXoa X1 -Xa-CZos-CCX15-CZ02 X2 - X1 K12
By Xy X1 CXoy X1 -CXos - Xo - CZo2 - CCX 15 -CZos - Xo - X1 Ky
G, X, Ty X1 X1 CXop - Xa - CZon - CCX 15 CZos - Xo X1 Ky

i13—> X5 -CXo,1-CXp2-X2-CZpy-CCX 12 -CZ()’Z ‘X2 X ~K1,2

Big —

&9 CXo1 Xz -CXoa-Xa-CZo2-CCX12-CZos-Xo - X1 K2
C, -

%, CX01-X2-X2-CXo2-CZy2-CCX12-CZo2-X2- X1 - K2

LN CXo,1-CXp2-CZp2-CCX12-CZop-X2-X1 - K12

(536) : CX()’l ~CCX0)1 ~CZL’2 ~CCX112 ~CCX051 ~CX0,1 -CCX 12
Ci) CXOJ ~CCX0)1 -CCX 12 -CZLz ~CCX051 ~CX0,1 ~CCX1>2
% CXOJ -CCXp1-CCX1,-CCXo 1 ~CZO,1 'CZI,Z -CXo1 ~CCX172

40 [
Q)CX(),I -CCXy,1-CCX1,-CCXo,1-CZ1-CZp)-CXp,1-CCX 1

&8 X1 - CCXo 1 -CCX 15 CCXo1 -CZy - CXoy Zo-CZoy - CCX 1

Bi) CXo,1-CCXp,1 -CCX2-CCXp,1-CXo,1-CZyp-Zy-CZ13-CZy-CCX

40 —_—
&9 Cx1 - CCXoy -CCX 1 CCXo1 -CXo,y-CZo2 - Zo-CZo1 -CZ12-CCX 15

Ciie

— CXy,1-CCX,1-CCX1,-CCXp1-CXp1-CZpr-Zy-CCX15-CZp,

Cﬁ> CXo,1-CCXg,1-CCX12-CCXq,1-CXg,1-CZpp-CCX1-CZ12-Zy-CZy,

&7 X1 - CCXp 1 -CCX 15 CCXoy - CXo, - CZos - CZy-CCX 15 - Zy - CZo

& CXop,1-CCXp,1 -CCX15-CCXg,1-CXp,1 -CCX12-CZyn-Zy-CZy,
Xi} CXo,1-CCX 12 ~CCX011 'CCXLZ 'CX()"] -CCX 12 ‘CZ(),Z -2y ‘CZ()"]
(22)

— CXo,1 - CCX12-CXg1-CXg,1 -CCXp,1 -CCX12-CXg,1 -CCX12-CZyp-Zy-CZy,

G0, X -CCX 15+ CXo,1 - CCXoy - CXoa - CXoy - CCX 12+ CXo,y - CCX 12 CZo2 - Zo - CZoy

X—l> CXop,1-CCX1-CXp,1 -CCXp,1 - CXp2-CCXpp-CCX12-CCXpp-CCX1n-CZon-Zy-CZy,

A2, CXo,1-CCX15-CXp,1 -CCXp,1 - CXp2-CCX12-CCXpp-CCX1p-CCX15-CZyo-Zy-CZp,

24
(—)>CX0,1 -CCX12-CXop,1-CCXo,1 - CXp2-CCX12-CCXpp-CZp2 Zy-CZp,

<_E£ CXO_] 'CCXI,Z 'CXO,I ‘CCXO,[ .CXO,Z ‘CCX]Z ‘CXO,Z ‘CXOVZ ‘CCXOZ 'CZO_Z ‘ZO 'CZ()‘]

X_4> CXop,1-CCX1-CXp,1 -CCXp,1 -CCXg,1 -CCX12-CCXo,1 - CXpp-CCXop-CZoo-Zy-CZy,

ﬂs—) CXo,1-CCX12-CXp,1 -CCXl,z ~CCX011 'CXOA,Z 'CCX()‘VZ -CZpo-Zy-CZp,

x—l> CCXpp CCX1p-CCXpp-CCX1p-CCXp,1-CXop-CCXop-CZop - Zy-CZy,

ﬁ) CCX 1 ‘CCXO"Z 'CCXLZ -CCX1,-CCXp,1-CXop -CCX()YZ 'CZ()}Q -Zy ~CZ()>1
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(2—4)> CCX15-CCXpp-CCXo,1-CXpp-CCXp-CZyn-Zy-CZyp,

%El*] CCX12-CZpp-CZpp-CCXpp-CCXo,1 -CXop-CCXop-CZon-Zy-CZy,

Eﬁ% CCX 13- CZOQ . CCX()‘VZ -CZp» ~CCX011 . CXO,Z ~CCX()12 -CZp2-Zy-CZp,

Cﬂ> CCX1-CZpp - CCXpp-CCXo,1-CZp2-CZy -CXop-CCXop-CZyn-Zy-CZo,

&4 00Xy, CZyn - CCXon - CCXo1 -CZos - CXoa - CZo1 - CCXo2 - CZo2 - Zo - CZo.1

&O—> CCX 13- CZOAVQ -CCXpp-CCXq 1 - CZOA,Z . CXO,2 'CCXO(]Q -CZp1-CZy>- CZOAVQ -Z0 -CZQJ
ﬂl—) CCX12-CZpp-CCXpp-CCXg,1-CZpp-CXop-CCXop-CZo,1-Zy-CZy,

§8—> CCX15-CZp - CCXpp-CCXo,1-CZp2 - CXp2 - CCXop-Zy-CZp,1-CZp,

E—2> CCX1-CZpp-CCXpp-CCXo,1-CZpp-CXop-CCXo2 -2y
%El*] CCX12-CZpp-CCXpp-CCXo,1-CZpp-CXop-CZyp-CZyn-CCXo2-Zp

& CCX 12 'CZO4,2 . CCX()J -CCXo1- CZO4,2 . CZO,Z -Zy - CXOZ . CZO,Z -CCXo2-Zo

ﬂl—) CCXl,z -CZ()’Z -CCXp2-CCXo1-2Zp- CXO‘,Z -CZp» 'CCXOAVZ -2
<—C& CCX 13- CZOQ -CCXp2-CCXo1-CXpn-Zy-CZps - CCXO’Z -Zy

& CCX15-CZpp-CCXp-CCXo-CXpp-CZyn-Zy-CCXp-Zy

S8, CCX 15 CZos - CCX g - CCXo1 -CXo2 - CZo2 - CCX 02 Zo - Zo

E—3> CCX1-CZpp - CCXpp-CCXo,1-CXpp-CZpy-CCXo

(537) : CCX(),Z -CCXOJ 'CXOA,Z 'CCX()‘VZ ‘X5 X1 <—BL) CCXO,Z -CCXOJ 'CXOA,Z 'CCX()‘VZ -X1-Xo

&L CCX,-CCXo1 - CXoo - X1 -CCXo2 - Xa

&5 0CXgy X1 CCXo 1 -CCXon - Xs

&7 X CCXy, - CCXop -CCX o2 Xs

S ¥, .CCX,-CCXo X5 CXo, -CCX o2
&2 X, .CCXo» X5 -CCXo 1 - CXo.1 -CCXo2

9 ¥ X -CXo,-CCXos-CCXo1-CXo.1 -CCXo
& XX, CCXo,-CXo, - CCXo.1 -CXo.1 - CCXo

C]i)Xl - X5-CCXpp-CCXp,1-CXop-CXo,1-CXop,1-CCXpn

2, X1 X, - CCXo-CCXoy - CXo2 - CCXo3

05, X, X, - CCX o2 - CXo2 - CCXo 1 -CCX 02
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C -
(838) 173 -CZop - CZo,y 13 +2 15 -CZo 1 -CZon 13

ﬂ) KL,Z -X1-Xo ~CZ()’2 -CCX12-CZpn-X2-X1-K12-CZp 1 ‘CZO"z - T8

5
& Kip-X1-X2-CZpp-CCX12-CXo,1-CZp2-CXo2-CZpr CCX1p-CZop-X2-X1 - K12

C e
< Kip-X X2 CZyo-CCX1p-CXo,1 - CZop-CZoo-Zy-CXpp-CCX12-CZon-Xo- X1 - K12

ﬂ>K112 X1 X2 CZpp-CCX12-CX1-Zy-CXpCCX12-CZpr- X2 X1 Ky

Cﬁ> Kip-X1-X2-CZpp-CCX 12+ Zp-CXo,1-CXop-CCX12-CZpo-Xo- X1 - Ky

C: -
=L K12-X1-X2-CZ02-Z-CZ12-CCX12-CXo,1-CXoa2-CCX12-CZoa-Xa- X1 -Ki2
N 705 -CZ0 Ki12-X1-X2-CZo2-Zo-CZ12-CCX12-CXo,1 -CXo2-CCX12-CZo2-X2-X1-Ki2

. Zpy Kz CXoa X1 -Xo-CZoy - Zo-CZ1 2 CCX 15 CXo - CXo - CCX 12 CZon X - X K1

i CZO‘Z ‘KLZ ‘Xl ‘CXO‘Z 'X2 ‘CZO‘Z ‘ZO ‘CZLZ ‘CCXI’Z ‘CXO,I ‘CXO.Z ‘CCXI,Z ‘CZOZ 'X2 ‘Xl 'K1,2

&5—> CZoo-Ki2-X1-X2-CXop-CZop-Zy-CZ12-CCX15-CXo,1-CXop-CCX12-CZp2-Xo- X1 - Ky
%CZ().Z Ky X1-X2-CXop-2y-CZpp-CZy15-CCX15-CXp1-CXpp-CCX12-CZpp-Xo- X1 K2
Cy —_——

=2 CZoo-Ki2-X1-X2-Zy-CXp2-CZy2-CZ12-CCX15-CXo,1-CXop-CCX12-CZp-Xo- X1 - Ky

fL‘ CZoo-Kip-X1-X2-CZpp-CZyp-Zy-CXop-CZpp CZ15-CCX12-CXo,1 - CXop2-CCX12-CZpp- X2 X1 K2

Ce S
L}> CZO.’Z ‘K- X1-Xo -CZO’Q ~CX0,2 ~CZQ'2 'CZO,Z ‘CZL,Z ~CCX1,2 ~CX0,1 ~CX0=2 -CCX 12 ~CZO"2 X7 X1-K12

& CZO,Z ~K1=2 ‘X1-X2-CZpo-CZy 3 ‘CZO,I -CXo2 ~CCX112 ~CX011 ~CX012 ~CCX112 -CZpo- X2 X1 ~K112

&2—> CZoo K12 X1-X2-CZyp-CZyp-CZp - CXp-CCX15-CXpp-CXo,1 -CCX12-CZpo-Xo-X1- Ky

x—4> CZp2 ‘KLZ - X1-X2-CZpy> ‘CZLQ -CZp ~CCX011 ~CCX112 ~CCX0,1 ~CX011 -CCX 12 ‘CZOZ ‘X7 X1-K12

ﬁ)CZO.z ‘KI’Z'X] ‘XZ'CZO_Z ‘CCX(]'] ‘CZ],Z ‘CCX]_Z 'CCXO,I 'CXO,I ‘CCX],Z ‘CZO’z ‘X2 ‘X] ‘K]A’z

& CZy1-CZy1-CZo2 K12-X1-X2-CZpp-CCXo1 - CZ12-CCX15-CCXo1-CXo1-CCX12-CZo2-X2-X1-Kia
Ceo, CZo1-CZys-CZo) -Kip-X1-X2-CZps-CCXo,1 - CZy2-CCX12-CCXo 1 -CXo,1-CCX12-CZos-Xo- X1 -Ki2
Gas, CZp,1-CZooKi2-CXo1-Xi-X2-CZo2 - CCXo,1-CZyp-CCX12-CCXo,1-CXo,1-CCX12-CZos X X1 -Ki 2
& CZo1-CZopKi2-Xi -CXo1-X2-CZo2-CCXo,1-CZy2-CCX12-CCXo1-CXo,1-CCX12-CZon X2 X1-Ki2
Bie, CZo1-CZos-Ki2-X1-X2-CXo1-CZp2-CCXo1-CZ12-CCX12-CCXo,1-CXo1-CCX12-CZoar Xo- X1 K12

C: [ —
=2 CZ0,1-CZo, K12 X1 -X2-CZy2 -CXo1 - CCXo,1 - CZ12-CCX 12 -CCXo,1 - CXo,1 -CCX12-CZon X2 - X1 - K12

&
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