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If a set G of quantum gates is countable, then the operators that can be exactly represented by
a circuit over G form a strict subset of the collection of all unitary operators. When G is universal,
one circumvents this limitation by resorting to repeated gate approximations: every occurrence of
a gate which cannot be exactly represented over G is replaced by an approximating circuit. Here,
we introduce catalytic embeddings, which provide an alternative to repeated gate approximations.
With catalytic embeddings, approximations are relegated to the preparation of a fixed number of
reusable resource states called catalysts. Because the catalysts only need to be prepared once,
when catalytic embeddings exist they always produce shorter circuits, in the limit of increasing
gate count and target precision. In the present paper, we lay the foundations of the theory of
catalytic embeddings and we establish several of their structural properties. In addition, we provide
methods to design catalytic embeddings, showing that their construction can be reduced to that of a
single fixed matrix when the gates involved have entries in well-behaved rings of algebraic numbers.
Finally, we showcase some concrete examples and applications. Notably, we show that catalytic
embeddings generalize a technique previously used to implement the Quantum Fourier Transform
over the Clifford+T gate set with O(n) gate approximations.

I. INTRODUCTION

Certain gate sets in quantum computing have become particularly distinguished due to their rich mathematical
structure, prominence in proposals for scalable quantum computing, and practical convenience. To perform tasks
reliably on a quantum computer, it is often important to understand the expressivity of a given gate set G. This is
done by characterizing the unitary operators which can be exactly implemented as a circuit over G. In the context of
fault-tolerant quantum computation, such characterizations have been possible through constructive number-theoretic
methods [1–4]. These characterizations of expressivity enabled major progress in the theory of quantum circuits,
including exact synthesis algorithms for circuits on one or more qubits [1–6], powerful circuit optimization strategies
[7], and optimally efficient approximation methods [8, 9]. Evidenced by this growing body of work, number-theoretic
characterizations of expressivity have come to play a central role in a large number of practical frameworks and
strategies for quantum compilation.

Number-theoretic characterizations are particularly crucial in the development of efficient approximation methods.
Gate sets that are well-suited for fault-tolerant quantum computation are finite and, as a result, can only express
a countable set of distinct operators. This is in contrast to arbitrary unitary evolution, where operators may come
from an uncountable continuum. In order to perform universal quantum computation, one therefore needs to rely on
approximations to extend the expressivity of a gate set: if an operator U cannot be implemented exactly over the
gate set G, then one looks for a circuit V over G which approximates U for a desired norm and precision. A number-
theoretic characterization of the gate set simplifies this process by allowing the operator U to be approximated by a
matrix with entries in the number ring R associated with G. In practice, this approximation process is then repeated
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as often as the operator U is needed.
Here, we revisit the problem of extending the expressivity of a gate set. We introduce the method of catalytic

embeddings which provides an alternative to repeated gate approximations in a number of important contexts. For a
unitary operation U and a quantum gate set G, a catalytic embedding of U over G is given by a circuit φU over G
and a quantum state ∣χU ⟩ called a catalyst such that, for all quantum states ∣ψ⟩ of appropriate dimension, we have

∣ψ⟩
φU

U ∣ψ⟩

∣χU ⟩ ∣χU ⟩ .

The power of such a construction becomes evident in the case where U does not normally have an exact circuit
representation over G. Suppose we wish to implement the composite unitary operation V = GkUGk−1U⋯G1UG0 to
a target precision ε, where each Gj is a unitary with an exact implementation over the gate set G. If V acts on
more than a few qubits and there are no additional obvious circuit optimizations, we are left with few options besides
replacing each U independently.

The standard approach to this problem is to use repeated approximations. The operator U is approximated by
some circuit U ′ over G up to ε/k, which then guarantees that the circuit below implements V to the desired precision.

⋯∣ψ⟩ G0 U ′ G1 U ′ Gk V ∣ψ⟩ +O (ε)

Using the Solovay-Kitaev algorithm, or an improved method if it is available for G, we can find such a U ′ with
O (logc(k/ε)) gates in G, where c is a constant that depends on G and the chosen approximation technique. Writing
T for the gate count of the k + 1 circuits Gj after exact synthesis, the total gate count of the entire circuit is given by

T + k ⋅O (logc(k/ε)) = T +O (k logc(k/ε)) .

Now suppose that φU and ∣χU ⟩ define a catalytic embedding for U over G. Then, for any ∣ψ⟩, we have:

⋯

⋯

∣ψ⟩ G0

φU

G1

φU

Gk V ∣ψ⟩

∣χU ⟩ ∣χU ⟩

That is, in the presence of the catalyst ∣χU ⟩, the above circuit implements V on its top register. Importantly, no
elements in the circuit are dependent on ε. In practice, we cannot assume to have direct access to the catalyst ∣χU ⟩,
but we can instead consider the action of this circuit on an approximate catalyst ∣χ⟩ +O (δ). By linearity, we then
have:

⋯

⋯

∣ψ⟩ G0

φU

G1

φU

Gk

V ∣ψ⟩⊗ ∣χU ⟩ +O (δ)
∣χU ⟩ +O (δ)

Thus, we get the desired action if we take δ = ε, and so we must approximate ∣χU ⟩ to precision ε. Writing N for
the gate count of the fixed circuit φU and, as before, T for the gate count of the k + 1 circuits Gj , and applying the
Solovay-Kitaev algorithm (or an alternative) to approximately prepare ∣χU ⟩, we find the total gate count to be

T +Nk +O (logc(1/ε)) = T +O (k + logc(1/ε)) .

Thus, given a circuit where k approximations need to be made and an overall precision of ε is desired, catalytic
embeddings will incur the asymptotic cost savings

O (k logc(k/ε))→ O (k + logc(1/ε)) .

In other words, when catalytic embeddings exist, they will always outperform repeated gate approximations, as k and
1/ε increase.

In the present paper, we lay the foundations of the theory of catalytic embeddings. We define a very general notion
of catalytic embedding and study its abstract properties. We then progressively endow catalytic embeddings with
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additional structure, culminating in the notion of linear catalytic embedding. This provides an axiomatization of a very
general type of catalytic embedding that is well-suited for gate sets admitting a number-theoretic characterization,
such as the Clifford+T , Clifford+CS, or Toffoli-Hadamard gate sets. We then introduce a method to design linear
catalytic embeddings and we show that their construction can be reduced to that of a single fixed matrix when the
gates involved have entries in well-behaved rings of algebraic numbers. Throughout, we showcase concrete examples
and applications.

Because catalytic embeddings have clear connections to algebraic number theory, they provide a convenient frame-
work through which to study and compare gate sets that admit a number-theoretic characterization. In the present
paper, we define the framework of catalytic embeddings and study its applications to the synthesis of quantum cir-
cuits. We believe, however, that catalytic embeddings may find applications in other areas of the theory of quantum
circuits, such as the study of the Clifford hierarchy [10] or the classification of certain subgroups of the unitary group
[11, 12].

The remainder of the paper is organized as follows. In Section II, we define notation and provide the reader
with a very brief introduction to topics from algebraic number theory and the theory of quantum computation.
In Section III, we formally define catalytic embeddings. Afterwards, we introduce linear catalytic embeddings in
Section IV and study their properties in Section V. We introduce a particularly convenient method for constructing
linear catalytic embeddings of unitary matrices in Section VI. Finally, we provide some concluding remarks and outline
avenues for future work in Section VII.

II. PRELIMINARIES

We begin by introducing some notation and terminology. We assume that the reader has some familiarity with
algebraic number theory and the theory of quantum computation. Further details on these topics can be found in
[13, 14] and [15], respectively.

A. Kroneckerian Number Rings

Recall that a number field is a finite degree field extension of the field Q of rational numbers. An injective field
homomorphism from a number field K into the field C of complex numbers is an embedding of K into C.

We will be interested in the number fields which can be endowed with an unambiguous notion of complex conjuga-
tion. These are precisely the Kroneckerian number fields.

Definition 1 (Kroneckerian Number Field). A number field K is Kroneckerian if there exists an involution c ∶ K → K
such that, for any embedding σ ∶ K → C, the following diagram commutes:

K K

C C

c

σ σ

(.)†

The involution c in Definition 1 is uniquely determined by the number field K and can be interpreted as the analogue
of complex conjugation in K. For this reason, and by a slight abuse of notation, we use (.)† to denote c in what
follows.

Remark 1. Let K be a number field. Then K is said to be totally real if σ[K] ⊆ R for every embedding σ of K, and
totally imaginary if σ[K] /⊆ R for every embedding σ of K. Moreover, K is said to be CM if it is a degree two totally
imaginary extension of a totally real field. Kroneckerian number fields can also be defined as number fields that are
either totally real or CM. The latter definition of Kroneckerian number fields is the standard one in the literature
(see, e.g., [14]) and is equivalent to Definition 1. We choose to define Kroneckerian number fields as in Definition 1
because this definition emphasizes the fact that Kroneckerian number fields are those in which complex conjugation
can be unambiguously defined.

We will not only be interested in number fields but also in number rings, which we take to be subrings of number
fields (viewed as rings). Recall that the field of fractions of a number ring is the smallest field (up to isomorphism)
containing that ring. We introduce a notion of Kroneckerian number ring to deal with complex conjugation in number
rings.
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Definition 2 (Kroneckerian Number Ring). A number ring R is Kroneckerian if its field of fractions Frac (R) is a
Kroneckerian field and if r† ∈R for every r ∈R.

An injective ring homomorphism from a number ring R into the ring C of complex numbers is an embedding of R
into C.

We assume in the remainder of this paper that all number rings and number fields exist in some ambient field L,
which is not required to be Kroneckerian. For concreteness, one can consider all of the rings and fields used in this
paper as existing in the field of algebraic numbers.

B. Matrices and Unitary Groups

The addition, multiplication, direct sum, and tensor (or Kronecker) product of matrices are defined as usual. If
R is a ring, we write Mn (R) for the associative R-algebra of n × n matrices with entries in R and M (R) for the
collection of all square matrices with entries in R. That is,

M (R) = ⋃
n>0

Mn (R) .

If R is a Kroneckerian number ring, we can extend conjugation componentwise from R to M (R). We then write
U † for the conjugate transpose (or adjoint) of U ∈ M (R) and we say that U is Hermitian if U = U †, unitary if
U−1 = U †, and normal if UU † = U †U .

For a fixed positive integer n, the collection of n × n unitary matrices over a Kroneckerian number ring R forms a
group known as the unitary group of degree n over R.

Definition 3 (Unitary Group). Let R be a Kroneckerian number ring. The unitary group of degree n over R, denoted
Un (R), is the group whose elements are n-dimensional unitary matrices over R. That is,

Un (R) = {U ∈Mn (R) ∣ U †U = UU † = I }.

We write U (R) for the collection of all unitary matrices over R. That is,

U (R) = ⋃
n>0

Un (R) = {U ∈M (R) ∣ U †U = UU † = I }.

Definition 3 is the reason for our interest in Kroneckerian number rings. Indeed, because conjugation is well-defined
in Kroneckerian number rings, one can meaningfully talk about unitary matrices and unitary groups over these rings.

Note that any embedding ρ ∶ R → C extends componentwise to a group homomorphism ρ ∶ Un (R) → Un (C)
satisfying ρ(Un (R)) = Un (ρ(R)). Note moreover that U (R) is closed under direct sum and tensor product. In other
words, if U,V ∈ U (R), then U ⊕ V,U ⊗ V ∈ U (R).
Remark 2. The collection U (R) is equipped with a partially defined operation of composition (the multiplication of
matrices), a tensor product, and a dagger (the conjugate transpose). These operations can be shown to endow U (R)
with the structure of a strict dagger symmetric monoidal groupoid [16–18].

C. Quantum States and Quantum Evolution

Quantum states are described by vectors in a Hilbert space. Throughout the paper, we denote the Hilbert space of
dimension m by Hm, assuming that the underlying field is C unless otherwise stated.

We assume the existence of a preferred orthonormal basis called the computational basis and we represent the
computational basis for Hm by the collection of quantum states Bm = { ∣a⟩ a ∈ {0,1, . . . ,m − 1}}. We further assume
that the computational basis for the Hilbert space Hm⊗Hn ≅Hmn is given by

{ ∣a⟩⊗ ∣b⟩ = ∣an + b⟩ ∣a⟩ ∈ Bm, ∣b⟩ ∈ Bn }.

The evolution of a quantum state is described by a norm-preserving linear transformation on a Hilbert space. Thus,
in any orthonormal basis, and in particular in the computational basis, this evolution can be represented by a unitary
matrix. A simple but ubiquitous example of this kind of evolution is the transformation swap(m,n) ∶ Hm⊗Hn →
Hn⊗Hm whose action on computational basis elements ∣a⟩ ∈ Bm and ∣b⟩ ∈ Bn is given by:

swap(m,n) ∶ ∣a⟩⊗ ∣b⟩↦ ∣b⟩⊗ ∣a⟩ .
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D. Circuits

We now introduce circuits, which are a widespread notation for building complex linear operators in quantum
information (see, e.g., [15]). Our presentation differs slightly from the standard one and, in particular, emphasizes
the distinction between a circuit and the matrix it represents.

Definition 4 (Gates). A gate is a symbol. Every gate G is associated with a positive integer n, called the dimension
of G, and an n-dimensional unitary matrix eval(G), called the evaluation of G. A gate set is a set of gates.

Definition 5 (Circuits). Let G be a gate set. Circuits over G and their dimension are defined inductively as follows.

• For every n ∈ N∗, In is a circuit over G of dimension n.

• For every m,n ∈ N∗, swap(m,n) is a circuit over G of dimension mn.

• If G is a gate in G of dimension n, then G is a circuit over G of dimension n.

• If C and D are circuits over G of dimension n, then (C ○D) is a circuit over G of dimension n.

• If C and D are circuits over G of dimensions m and n, respectively, then (C⊗D) is a circuit over G of dimension
mn.

We write C(G) for the collection of circuits over G and Cn(G) for the circuits over G whose dimension is n.

In Definition 5, In, swap(m,n), ○, and ⊗ are treated as uninterpreted symbols. From this perspective, a circuit
over a gate set G is nothing but a word over the alphabet

G∪{ In ∣ n ∈ N∗ } ∪ { swap(m,n) ∣m,n ∈ N∗ } ∪ { ○,⊗, (, ) }

satisfying the constraints stated in Definition 5. For example, if G = {A,B,C } and the gates A, B, and C, have
dimension 1, 2, and 4, respectively, then ((I2 ⊗ ((A ⊗ I2) ○ B)) ○ C) is a circuit over G of dimension 4. In what
follows, we always omit the outermost bracket around a circuit. That is, we write (I2 ⊗ ((A⊗ I2) ○B)) ○C instead of
((I2 ⊗ ((A⊗ I2) ○B)) ○C).

By Definition 4, every gate in a gate set comes with an evaluation. We now extend this evaluation from gates to
circuits containing these gates.

Definition 6 (Evaluation). Let G be a gate set. The evaluation function e ∶ C(G) → U(C) is defined inductively as
follows.

• For every n ∈ N, e(In) = In.

• For every m,n ∈ N, e(swap(m,n)) = swap(m,n).

• If G is a gate in G, then e(G) = eval(G).

• If C and D are circuits over G, then e(C ○D) = e(C) ○ e(D).

• If C and D are circuits over G, then e(C ⊗D) = e(C)⊗ e(D).

Definitions 4, 5 and 6 are meant to carefully distinguish between a circuit (which is a word over some alphabet)
and the unitary matrix it denotes (its evaluation). Note that while Definition 5 treated In, swap(m,n), ○, and ⊗ as
uninterpreted symbols, Definition 6 fixes the evaluation of these symbols to be natural one: In is evaluated as the
identity matrix of dimension n, etc.

A common alternative to Definition 5 is to denote circuits using diagrams, rather than words. In diagrammatic
notation, the circuit In is represented by a wire labelled by n on both sides, and the circuit swap(m,n) is represented
by two crossing wires labelled m and n:

n n and m n

n m.

For every G ∈ G of dimension n, the circuit G is represented by a box:

n G n.
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Finally, if C and D are circuits respectively represented as

m1

C

m′
1...

...
m` m′

`

and
n1

D

n′1...
...

n`′ n′`′ ,

then the circuits C ○D and C ⊗D are respectively represented as

m1

D C

n′1...
...

m` n′`′

and

m1

C

m′
1...

...
m` m′

`

n1

D

n′1...
...

n′` n′`′ ,

where C ○D is well-defined if and only if ` = `′ and m′
j = nj for every 1 ≤ j ≤ `. We omit the wire labels if they are

unimportant or can be inferred from context.

Example 1. The {X,CX,CCX } gate set consists of the gates X, CX, and CCX, where

e(X) = [0 1
1 0

] e(CX) = diag(I2, e(X)) and e(CCX) = diag(I4, e(CX)).

Example 2. The Clifford+T gate set consists of the gates H, T , and CX, where X ∶=H ○ (T ○ (T ○ (T ○ (T ○H)))) and

e(H) = 1√
2
[1 1
1 −1

] , e(T ) = [1 0

0 eiπ/4
] , and e(CX) = diag(I2, e(X))

The Clifford+T circuit C = ((I2 ⊗ H) ○ CX) ○ (T ⊗ T ) can be diagrammatically represented as follows (using the
standard convention for the CX gate)

T

T H

and the circuit C evaluates to

e(C) = 1√
2

⎡⎢⎢⎢⎢⎢⎢⎢⎣

1 eiπ/4 0 0

1 −eiπ/4 0 0

0 0 eiπ/4 eiπ/2

0 0 −eiπ/4 eiπ/2

⎤⎥⎥⎥⎥⎥⎥⎥⎦

.

Remark 3. The notion of circuit introduced in this section differs from the usual one (as defined, say, in [15]). Firstly,
the circuits introduced here can act (when evaluated) on Hilbert spaces of arbitrary dimensions, whereas circuits in
the quantum computing literature are often restricted to spaces of dimension 2n for some nonnegative integer n. The
reader familiar with quantum circuits can think of the circuits described above as acting not only on qubits but, more
generally, on a mixture of qudits of varying (finite) dimensions. Secondly, circuits are traditionally considered up to
certain transformations. For example, according to Definitions 5 and 6, if A and B are two gates of dimension 2, then
A⊗B, (A⊗I2)○(I2⊗B), and (I2⊗B)○(A⊗I2) are three distinct circuits representing the same matrix. In contrast,
circuits in the literature are often defined in a way that equates these three circuits.

Definition 7. Let C be a collection of circuits. We define U(C ) as the image of C under the evaluation function e.
That is, U(C ) = e[C ]. We further define Un(C ) as Un (C ) = U (C ) ∩ Un (C).

The set U(C(G)) is the collection of all unitary matrices that can be represented by a circuit over G. If U is
a collection of unitary matrices, then we sometimes interpret U as a gate set by introducing, for every U ∈ U of
dimension n, a gate GU of dimension n with e(GU) = U . In such a case, we then have U ⊆ U(C(U )). If U is closed
under composition and tensor products, and contains all identities and swaps, then we in fact have U = U(C(U )).

By definition, the evaluation function e ∶ C → U(C ) is surjective. It is not injective, however, since many different
circuits evaluate to the same unitary matrix. An exact synthesis function for C is a function which assigns, to each
unitary matrix in U(C ), a unique circuit representing that matrix.
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Definition 8 (Exact Synthesis). An exact synthesis function for a collection of circuits C is a function s ∶ U(C )→ C
such that e ○ s = IU(C ). An algorithm computing an exact synthesis function is an exact synthesis algorithm.

The notion of exact synthesis introduced in Definition 8 is sometimes known as ancilla-free exact synthesis.

Example 3. Several exact synthesis algorithms have been introduced in the literature. In particular, exact synthesis
algorithms exist for the gate sets {X,CX,CCX } and {H,T,CX } discussed in Examples 1 and 2 (see [2, 19]). In
both cases, the exact synthesis algorithm relies on (and in fact establishes) a characterization of the unitary matrices
that can be represented over the gate set. In particular, for n ≥ 4,

• the elements of U2n(C({X,CX,CCX })) are exactly the permutations matrices of dimension 2n that have
determinant 1 (i.e., U2n(C({X,CX,CCX })) = A2n), and

• the elements of U2n(C({H,T,CX })) are exactly the elements of U2n(Z[1/2, e2πi/8]) that have determinant 1.

The exact synthesis functions of [2, 19], and the accompanying exact synthesis algorithms, can be adapted to n < 4
by varying the condition on the determinant. In fact, as we will discuss below, the conditions on the determinant can
be lifted altogether through the use of ancillas.

III. CATALYTIC EMBEDDINGS

Recall from Section I that we are interested in the problem of constructing a circuit that, in the presence of a
well-chosen resource state, implements a desired operator. To make this intuition precise, we now introduce catalytic
embeddings.

Definition 9. Let C be an n-dimensional circuit and let C be a collection of circuits. A k-dimensional catalytic
embedding of C in C is a pair (φ,Π) consisting of an (nk)-dimensional circuit φ ∈ C and a nonzero orthogonal
projector Π on Hk satisfying the following catalytic condition:

e(φ)(I ⊗Π) = e(C)⊗Π .

If (φ,Π) is a k-dimensional catalytic embedding of a circuit C, and ∣χ⟩ is such that Π ∣χ⟩ = ∣χ⟩, then the catalytic
condition ensures that for any ∣ψ⟩ we have

e(φ) ∣ψ⟩ ∣χ⟩ = e(φ)(I ⊗Π) ∣ψ⟩ ∣χ⟩ = (e(C)⊗Π) ∣ψ⟩ ∣χ⟩ = (e(C) ∣ψ⟩)(Π ∣χ⟩) = (e(C) ∣ψ⟩) ∣χ⟩ . (1)

The circuit φ therefore acts as C in the presence of ∣χ⟩. Moreover, ∣χ⟩ remains unchanged by the application of φ. For
these reasons, and in accordance with related work [20], we refer to any quantum state ∣χ⟩ ∈Hk with Π ∣χ⟩ = ∣χ⟩ as a
catalyst for C over C . Moreover, if (φ,Π) is an embedding of a circuit C, we sometimes refer to φ as the embedding
and to Π as the catalytic projector. Note that a catalytic embedding can be constructed from a catalyst. Indeed, if φ
and ∣χ⟩ jointly satisfy Equation (1) and ∣χ⟩ is a unit vector, then (φ, ∣χ⟩⟨χ∣) is a catalytic embedding of C.

As the propositions below show, the (evaluation of the) embedding of a circuit C can always be written as a
block-diagonal matrix, up to a change of basis.

Proposition 1. Let C be a circuit and C be a collection of circuits. If (φ,Π) is a catalytic embedding of C in C ,
then (I ⊗Π)e(φ) = e(C)⊗Π.

Proof. Note that (e(C)⊗ I)(I ⊗Π) = e(C)⊗Π = (I ⊗Π)(e(C)⊗ I). The catalytic condition therefore yields

e(φ)(I ⊗Π)(e(C)† ⊗ I) = I ⊗Π .

Since Π is orthogonal, applying (.)† on both sides of the above equation gives (e(C)⊗ I)(I ⊗Π)e(φ)† = I ⊗Π, which
then implies the desired equation by left-multiplication with e(φ).

Proposition 2. Let C be a circuit and C be a collection of circuits. If (φ,Π) is a catalytic embedding of C in C ,
then there exists a unitary U such that

e(φ) ∼ e(C)⊕ e(C)⊕⋯⊕ e(C)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

rank(Π)

⊕U,

where ∼ denotes equality up to conjugation by a unitary.
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Proof. Suppose that C is an n-dimensional circuit and that (φ,Π) is a k-dimensional catalytic embedding, so that
e(φ) acts on H =Hnk. Consider the projectors P = I ⊗Π and P ⊥ = I − P . Note that PP ⊥ = P ⊥P = 0. Note moreover
that, by the catalytic condition and Proposition 1, Pe(φ) = e(φ)P . We can therefore decompose the action of e(φ)
on H into its action on the subspaces associated with P and P ⊥ as follows:

e(φ) = (P + P ⊥)e(φ)(P + P ⊥)
= Pe(φ)P + Pe(φ)P ⊥ + P ⊥e(φ)P + P ⊥e(φ)P ⊥

= Pe(φ)P + e(φ)PP ⊥ + P ⊥Pe(φ) + P ⊥e(φ)P ⊥

= Pe(φ)P + P ⊥e(φ)P ⊥,

Now let r be the rank of Π and let Q = diag(Ir,0k−r). By the spectral theorem, there exists a unitary matrix V such
that V ΠV † = Q. Let W = (V ⊗ In) ○ swap(n, k). Then W is unitary and

We(φ)W † =WPe(φ)PW † +WP ⊥e(φ)P ⊥W † = Q⊗ e(C) + [(I −Q)⊗ I]We(φ)W †[(I −Q)⊗ I],

since Pe(φ)P = e(φ)P = e(C) ⊗Π. Thus We(φ)W † = diag(Ir ⊗ e(C), U) for some matrix U . Since e(φ), Ir ⊗ e(C),
and W are unitary, U must also be unitary.

Rather than focus on the embedding of a single circuit, we will focus on the embedding of collections of circuits.

Definition 10. Let C and C ′ be two collections of circuits. A catalytic embedding of C in C ′ is a collection
{ (φC ,ΠC) C ∈ C }, where, for each C ∈ C , the pair (φC ,ΠC) is a catalytic embedding of C in C ′.

A catalytic embedding { (φC ,ΠC) C ∈ C } as in Definition 10 implicitly specifies two functions. The function
φ ∶ C ↦ φC , which assigns an embedding to every circuit in C , and the function Π ∶ C → ΠC , which assigns a catalytic
projector to every circuit in C . For brevity, we sometimes write (φ,Π) ∶ C → C ′ to refer to the catalytic embedding
{ (φC ,ΠC) C ∈ C } of C in C ′.

Definition 11. We say that a catalytic embedding (φ,Π) ∶ C → C ′ is homogeneous when ΠC = ΠD for every C,D ∈ C .

If (φ,Π) ∶ C → C ′ is a homogeneous catalytic embedding, then there exists an integer k such that, for every C ∈ C ,
(φC ,ΠC) is a k-dimensional catalytic embedding. We then call k the dimension of (φ,Π). A catalytic embedding
(φ,Π) ∶ C → C ′ can always be homogenized when C is finite. This can be done, for example, by replacing Π by ⊗ΠC

and amending φ appropriately.

Example 4. An exact synthesis function in the sense of Definition 8 is a 1-dimensional catalytic embedding of U(C )
(viewed as a gate set) in C . More generally, exact synthesis results that rely on ancillas, such as the most gen-
eral algorithms introduced in [2, 19], can also be viewed as catalytic embeddings: [19] introduces a 2-dimensional
catalytic embedding of S2n in C2n+1({X,CX,CCX }), and [2] introduces a 2-dimensional catalytic embedding of

U2n(Z[1/2, e2πi/8]) in C2n+1({H,T,CX }). In both cases, the embeddings are homogeneous. The embedding of [2]
uses the projector ∣0⟩⟨0∣, whereas that of [19] utilizes the projector I2.

Definition 12. The concatenation of two catalytic embeddings (φ,Π) ∶ C → C ′ and (φ′,Π′) ∶ C ′ → C ′′ is the catalytic
embedding (φ′,Π′) ○ (φ,Π) ∶ C → C ′′ defined by

(φ′,Π′) ○ (φ,Π) = (φ′ ○ φ,Π⊗Π′).

It is straightforward to verify that the concatenation of two catalytic embeddings is indeed a catalytic embedding. If
(φ,Π) and (φ′,Π′) are two catalytic embeddings of dimension k and k′, respectively, then (φ′,Π′)○(φ,Π) is a catalytic
embedding of dimension kk′. Moreover, the concatenation of embeddings is associative and preserves homogeneity.

We will be especially interested in catalytic embeddings when C = C(G) and C ′ = C(H), for some gate sets G and
H. One often thinks of the gates in a gate set G as generators for the circuits in C(G). It is therefore natural to
expect that a catalytic embedding of G in some collection of circuits C ′ might extend to a catalytic embedding of
C(G) in C ′. This is indeed the case, as the following example illustrates.

Example 5. Consider the following circuit F over some gate set G = {A,B,C,D }:

a

A
D

A

a

b B b

c C c.
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Suppose that we have a catalytic embedding of G in C such that (φA,Π1), (φB ,Π1⊗Π3), (φC ,Π1⊗Π2), and
(φD,Π1⊗Π3⊗Π2) are catalytic embeddings of A,B,C, and D in C with Π1 ∶ Hd → Hd, Π2 ∶ He → He, and
Π3 ∶Hf →Hf . We can then embed F in C as (φ,Π) where Π = Π1⊗Π2⊗Π3 and φ is the circuit below.

a

φA φA

a

b

φD

b

c

φB φC

c

d d

e e

f f

A catalytic embedding (φ,Π) ∶ G → C can always be extended to a catalytic embedding C(G) → C , e.g., as in
Example 5. Such an extension takes a particularly nice form when the catalytic embedding (φ,Π) is homogeneous.
In this case, the same catalyst can be used for any circuit over G.

Definition 13. Let (φ,Π) ∶ G → C be a homogeneous catalytic embedding of dimension k of a gate set G in a
collection of circuits C and let C be a circuit over G. Then the catalytic embedding of C in C induced by (φ,Π) is

the pair (φC ,ΠC) where ΠC = Π and φ is defined by induction on C as follows.

• If C = In for some n ∈ N, then φC = In ⊗ Ik.

• If C = swap(n,m) for some n,m ∈ N, then φC = swap(n,m)⊗ Ik.

• If C = G for some G ∈ G, then φC = φG.

• If C = (C1 ○C2), then φC = (φC1
○ φC2

).

• If C = (C1 ⊗C2), with C1 of dimension m and C2 of dimension n, then

φC = (((Im ⊗ φC2) ○ (Im ⊗ swap(k,n))) ○ (φC1 ⊗ In)) ○ (Im ○ swap(n, k)).

We write (φ,Π) for the catalytic embedding { (φC ,ΠC) ∣ C ∈ C(G) } ∶ C(G)→ C .

It can be verified that the induced catalytic embedding introduced in Definition 13 is a well-defined homogeneous
catalytic embedding.

Example 6. Consider the circuit F from Example 5 and assume that F was given as

F = A ○ ((D ⊗ Ic) ○ ((Ia ⊗ (B ⊗C)) ○A)).

We can define a homogeneous catalytic embedding of G in C of dimension g = d ⋅ e ⋅ f via

(φ′,Π) = {(φ′A,Π), (φ′B ,Π), (φ′C ,Π), (φ′D,Π)}

where Π = Π1⊗Π2⊗Π3 and

φ′A = φA ⊗ Ief
φ′B = (Ibd ⊗ swap(f, e)) ○ ((φB ⊗ Ie) ○ (Ibd ⊗ swap(e, f)))
φ′C = φC ⊗ If
φ′D = (Iabd ⊗ swap(f, e)) ○ (φD ○ (Iabd ⊗ swap(e, f))).

The corresponding circuit diagram for the image of F under the action of the catalytic embedding induced by (φ′,Π)
is the circuit depicted below.

a

φ′A
φ′D

φ′A

a

b
φ′B

b

c
φ′C

c

g g
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It is a straightforward exercise to show that this circuit is equivalent to the näıve construction of Example 5 by using
well-known properties of swap operations.

Induced catalytic embeddings can be used to concatenate embedings of gate sets. Suppose, for example, that F, G,
and H are three gate sets and that (φ,Π) ∶ F→ C(G) and (φ′,Π′) ∶ G→ C(H) are catalytic embeddings. We can then
define a catalytic embedding (φ′′,Π′′) ∶ F→ C(H) by setting

(φ′′,Π′′) = (φ′,Π′) ○ (φ,Π).

Of course, the catalytic embedding (φ′′,Π′′) itself induces a catalytic embedding (φ′′,Π′′) ∶ C(F)→ C(H).

IV. LINEAR CATALYTIC EMBEDDINGS

Catalytic embeddings, as introduced in the previous section, are very general. In principle, a catalytic embedding
can be defined for arbitrary collections of circuits C and C ′ and is not required to preserve any structure, beyond that
imposed by the catalytic condition. This generality can make it rather daunting to construct catalytic embeddings
that might prove useful in any way. We thus turn our attention to catalytic embeddings that preserve the structure
that may be present in underlying the collections of matrices U(C ) and U(C ′).

Definition 14. We say that a catalytic embedding (φ,Π) ∶ C → C ′ is strong when,

e ○ φ(C) = e ○ φ(D) ⇐⇒ e(C) = e(D)

for all C,D ∈ C .

Proposition 3. Let (φ,Π) ∶ C → C ′ be a catalytic embedding. Then (φ,Π) is strong if, and only if, there exists an
injective function µ ∶ U(C )→ U(C ′) such that the following diagram commutes:

C C ′

U (C ) U (C ′) .

φ

e e

µ

Moreover, the function µ ∶ U(C )→ U(C ′) is uniquely determined by φ.

Proof. For the left-to-right direction, let s ∶ U (C )→ C be any exact synthesis function and define µ = e ○ φ ○ s. Then,
for any C ∈ C , we have µ○e(C) = e○φ○s○e(C). The function s is an exact synthesis function, so that e○s is trivial and
therefore that e○ (s○e)(C) = (e○s)○e(C) = e(C). Because (φ,Π) is strong, this implies that e○φ○s○e(C) = e○φ(C)
and therefore that µ ○ e(C) = e ○ φ(C), so that the diagram in Proposition 3 commutes. Reasoning similarly, we get

µ(U) = µ(V ) Ô⇒ e ○ φ ○ s(U) = e ○ φ ○ s(V ) Ô⇒ e ○ s(U) = e ○ s(V ) Ô⇒ U = V,

so that µ is injective.
For the right-to-left direction, assume that there exists an injective function µ ∶ U(C )→ U(C ′) making the diagram

in Proposition 3 commute. The equality e(U) = e(V ) implies µ○e(U) = µ○e(V ), which implies e○φ(U) = e○φ(V ) by
commutativity of the diagram. Conversely, the equality e○φ(U) = e○φ(V ) implies µ○e(U) = µ○e(V ) by commutativity
of the diagram, which implies e(U) = e(V ) by injectivity of µ. Hence, (φ,Π) is strong.

To see that µ is uniquely defined, note that if µ′ ∶ U (C ) → U (C ′) makes the diagram in Proposition 3 commute

then, for any U ∈ U (C ′), we have µ′(U) = µ′ ○ (e ○ s)(U) = µ′ ○ e(s(U)) = e ○ φ(s(U)) = µ(U).

Note that in defining the function µ in Proposition 3, one can choose any exact synthesis function. Indeed, if s and
s′ are two such functions, then the uniqueness of µ implies that e ○ φ ○ s = e ○ φ ○ s′.

In practical contexts, one typically studies collections of circuits of the form C(G) and C(H), for some gate sets G
and H of interest. In these cases the collections C(G) and C(H) are closed under several circuit-building operations.
Consequently, the collections U (C(G)) and U (C(H)) are endowed with some structure. The next proposition shows
that, for collections of this form, the map µ associated with a strong induced catalytic embedding preserves much of
this structure.
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Proposition 4. Let G and H be two gate sets, let (φ,Π) ∶ C(G) → C(H) be a strong induced k-dimensional catalytic
embedding, and let µ ∶ U(C(G)) → U(C(H)) be as in Proposition 3. Then, for any U,V ∈ U (C(G)) with rank(U) = `
and rank(V ) =m,

1. µ(U)(I` ⊗Π) = U ⊗Π,

2. µ(In) = Ikn for any positive integer n,

3. µ(V U) = µ(V )µ(U) if ` =m, and

4. µ(V ⊗U) = (swap(`,m)⊗ Ik) (I` ⊗ µ(V )) (swap(m,`)⊗ Ik) (Im ⊗ µ(U)).

Proof. Recall from Proposition 3 that for any exact synthesis function s ∶ U(C(H)) → C(H), we have µ = e ○ φ ○ s.
We take advantage of this here by choosing a convenient exact synthesis function for each one of the assertions to be
established. For the first assertion, let s be arbitrary. By the catalytic condition and the fact that e ○ s is trivial, we
have

µ(U)(I` ⊗Π) = e ○ φ ○ s(U)(I` ⊗Π) = e ○ s(U)⊗Π = U ⊗Π

so that the assertion follows. For the second assertion, take an exact synthesis map s such that s(In) is the circuit
In. Then, µ(In) = e ○ φ ○ s(In) = e ○ φ(In) = e(In ⊗ Ik) = Ink by Definition 13, since (φ,Π) is an induced catalytic
embedding. For the third assertion, let s be a synthesis map such that s(V U) = s(V ) ○ s(U). Then, writing µ as
µ = e ○ φ ○ s, we get

µ(V U) = e ○ φ ○ s(V U) = e ○ φ(s(V ) ○ s(U)) = e((φ ○ s(V )) ○ (φ ○ s(U))) = (e ○ φ ○ s(V )) ○ (e ○ φ ○ s(U)) = µ(V )µ(U),

using Definitions 6 and 13. For the final assertion, note that V ⊗U = (V ⊗ I`)(Im⊗U) = (Im⊗U)(V ⊗ I`). Thus, the
fourth assertion follows from the third, as long as we can show that µ(Im ⊗U) = Im ⊗ µ(U) and that

µ(V ⊗ I`) = (swap(`,m)⊗ Ik) (I` ⊗ µ(V )) (swap(m,`)⊗ Ik) .

To show that µ(Im ⊗ U) = Im ⊗ µ(U), let s be such that s(Im ⊗ U) = Im ⊗ s(U). We then have, using Definitions 6
and 13, and properties of the unitary swap(n, k),

µ(Im ⊗U) = e ○ φ ○ s(Im ⊗U)
= e ○ φ(Im ⊗ s(U))
= e(((Im ⊗ φ(s(U))) ○ (Im ⊗ swap(k,n))) ○ (Imk ⊗ In)) ○ (Im ○ swap(n, k))
= e(Im ⊗ φ(s(U)))
= Im ⊗ e(φ(s(U)))
= Im ⊗ µ(U).

To show that µ(V ⊗ I`) = (swap(`,m)⊗ Ik) (I` ⊗ µ(V )) (swap(m,`)⊗ Ik), one can reason analogously, choosing an
exact synthesis function s satisfying s(V ⊗ I`) = s(V )⊗ I`.

Remark 4. Both U (C(G)) and U (C(H)) have the structure of a groupoid. Proposition 4 shows that the map µ is a
faithful groupoid functor from U (C(G)) to U (C(H)).

It is natural to seek a converse statement to Proposition 4. Indeed, this would provide conditions under which a
function U (C(G)) → U (C(H)) can be used to define a catalytic embedding C(G) → C(H). This is the goal of the
following proposition.

Proposition 5. Let G and H be two gate sets and let s ∶ U(C(H)) → C(H) be an exact synthesis function. If
Π ∶Hk →Hk is an orthogonal projector of nonzero rank and µ ∶ U(C(G)) → U(C(H)) is a function such that, for any
U,V ∈ U (C(G)) with rank(U) = ` and rank(V ) =m,

1. µ(U)(I` ⊗Π) = U ⊗Π,

2. µ(In) = Ikn for any positive integer n,

3. µ(V U) = µ(V )µ(U) if ` =m, and

4. µ(V ⊗U) = (swap(`,m)⊗ Ik) (I` ⊗ µ(V )) (swap(m,`)⊗ Ik) (Im ⊗ µ(U)),
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then (φ,Π), where φ = s ○ µ ○ e, is a strong and homogeneous k-dimensional catalytic embedding of C(G) in C(H).

Proof. Write φ = s ○ µ ○ e. For G ∈ G, we have

e(φ(G))(I ⊗Π) = e ○ s ○ µ ○ e(G)(I ⊗Π) = µ(e(G))(I ⊗Π) = e(G)⊗Π

so that (φ,Π) ∶ G→ C(H) is a homogeneous catalytic embedding of dimension k. Write (φ,Π) for the induced catalytic

embedding. To show that (φ,Π) is strong, we use Proposition 3. By the condition 1, µ is injective so that we only
need to show that the diagram of Proposition 3 commutes. Let U ∈ C(G). By Definition 5, U is a well-formed word

over G∪{ In ∣ n ∈ N∗ }∪{ swap(m,n) ∣m,n ∈ N∗ }∪{ ○,⊗, (, ) } and φ(U) is the word obtained from U by Definition 13.
Note that, for G ∈ G, we have

e ○ φ(G) = e ○ φ(G) = e ○ s ○ µ ○ e(G) = µ ○ e(G),

so that e ○φ and µ ○ e agree on G. Since e is multiplicative and behaves trivially with respect to identities and swaps,
conditions 2–4 ensure that

e ○ φ(U) = µ ○ e(U).

Hence, the diagram commutes as desired.

Definition 15 (Lifting). Let µ and φ be as in Proposition 5. The catalytic embedding φ is called the lifting of µ.

Proposition 5 suggests that to find a catalytic embedding between C(G) and C(H), we can turn to the corresponding
collection of matrices. Note that for any gate set G, we can always find a number ring S such that U (G) ⊆ U (S).
In fact, as discussed earlier, some important gate sets in quantum computing can be identified as exactly the set of
unitary matrices of appropriate size which have entries in a particular number ring. These gate sets, such as the
Clifford+T gate set, are often used for the fault-tolerant implementation of unitary operations. These properties
naturally motivate the study of maps between unitary matrices over number rings, paying particular attention to
maps into number rings associated with fault-tolerant gate sets. We thus consider what additional structure can be
added to facilitate studying such maps. Unitary groups over rings are only closed under multiplication. However,
when representing the elements of these groups in the computational basis as matrices over number rings, it is often
convenient to use the additive structure of the underlying algebra of matrices. We thus focus on maps which respect
this additive structure on matrices whilst also preserving unitarity.

Proposition 6. Let R and S be Kroneckerian number rings with Frac (R) ,Frac (S) ⊆ K for a field K, T = R⋂S,
A,B ∈M (S), and C ∈M (T ). Suppose that Φ ∶M (S)→M (R) satisfies the following conditions:

1. Φ(AB) = Φ(A)Φ(B) when AB is defined

2. Φ(A +B) = Φ(A) +Φ(B) when A +B is defined

3. Φ(In) = Ikn for some fixed k

4. Φ(A†) = Φ(A)†

5. Φ(C ⊗A) = C ⊗Φ(A)

6. There exists an orthogonal projector Π ∶ Hk → Hk with rank(Π) > 0 such that Φ(M)(I ⊗ Π) = M ⊗ Π where
dim(M) = dim(I) for all M ∈M (S)

Then Φ(U (S)) ⊂ U (R) and the map µ ∶ U (S) → U (R) with µ(U) ∶= Φ(U) can be lifted to a homogeneous, strong
catalytic embedding of C(S) in C(R) of dimension k.

Proof. Let U ∈ U (S). By conditions 3 and 4 we have

Φ(U)Φ(U)† = Φ(U)Φ(U †) = Φ(UU †) = Φ(I) = Ik,

and so Φ maps unitary matrices to unitary matrices and µ is well-defined. Next, we would like to show that µ satisfies
the conditions presented in Proposition 5 so that we can lift it to a strong and homogeneous catalytic embedding. By
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inspection, we see that the only condition not immediately satisfied by our assumptions is the action of µ on V ⊗ U
for U,V ∈ U (S). For rank(U) = ` and rank(V ) =m, we calculate

µ(V ⊗U) = µ(swap(l,m) ○ (I` ⊗ V ) ○ swap(m, l) ○ (Im ⊗U))
= µ(swap(l,m))µ(I` ⊗ V )µ(swap(m, l))µ(Im ⊗U)
= µ(swap(l,m))⊗ I1)µ(I` ⊗ V )µ(swap(m, l)⊗ I1)µ(Im ⊗U)
= (swap(l,m))⊗ µ(I1))(I` ⊗ µ(V ))(swap(m, l)⊗ µ(I1))(Im ⊗ µ(U))
= (swap(l,m))⊗ Ik)(I` ⊗ µ(V ))(swap(m, l)⊗ Ik)(Im ⊗ µ(U))

and thus all conditions of Proposition 5 hold. Therefore, we can lift µ to a homogeneous and strong catalytic
embedding of C(S) over C(R) of dimension k.

As it might not be immediately obvious from the proof of Proposition 6, it is worth considering one consequence
of condition 5. Let U,V ∈ C(S) be such that e(V ) ∈ U (R) with dim(V ) = ` and dim(U) = m. Lifting µ as in
Proposition 5 to φ, we get

e ○ φ(V ⊗U) = (swap(`,m)⊗ Ik) (I` ⊗ e ○ φ(V )) (swap(m,`)⊗ Ik) (Im ⊗ e ○ φ(U))
= (swap(`,m)⊗ Ik) (I` ⊗ µ ○ e(V )) (swap(m,`)⊗ Ik) (Im ⊗ µ ○ e(U))
= µ(e(V )⊗ e(U))
= Φ(e(V )⊗ e(U))
= e(V )⊗Φ(e(U))
= e(V )⊗ µ ○ e(U)
= e(V )⊗ e ○ φ(U).

The above derivation shows that any lifting of µ acts trivially on the elements of C(R) which are equivalent to an
element of C(S). This is consistent with the type of action we might desire in practice: we have no obvious need to
embed gates or circuits which we already have direct access to.

We focus on studying maps that satisfy the conditions in Proposition 6 for the remainder of this document and so
we present the following definitions.

Definition 16 (Linear catalytic embedding, Pre-embedding). Let Φ and µ be defined as in Proposition 6 and let φ
be the catalytic embedding that results from lifting µ. We say that φ is a linear catalytic embedding and that Φ is
the pre-embedding of φ.

While we have introduced embeddings with varying amounts of structure, we might wonder whether such con-
structions exist in practice. In fact, there are distinct instances of each type of embedding, as the following example
highlights.

Example 7. Let α be a primitive third root of unity. Consider the gate set

G = {R,X } with e(R) = [1 0
0 α

] , e(X) = [0 1
1 0

] .

Below are different examples of catalytic embeddings of R and X in C(Q).

1. e(φR) = [I3 0
0 Λ

], e(φX) = [ 0 I3
I3 0

], Π = 1
3

⎡⎢⎢⎢⎢⎢⎣

1 α α2

α2 1 α
α α2 1

⎤⎥⎥⎥⎥⎥⎦
, for Λ = 1

3

⎡⎢⎢⎢⎢⎣

−2 −2 1
1 −2 −2
−2 1 −2

⎤⎥⎥⎥⎥⎦

2. e(φR) = [I3 0
0 Λ

], e(φX) = [ 0 I3
I3 0

], Π = 1
3

⎡⎢⎢⎢⎢⎢⎣

1 α α2

α2 1 α
α α2 1

⎤⎥⎥⎥⎥⎥⎦
, for Λ =

⎡⎢⎢⎢⎢⎣

0 0 1
1 0 0
0 1 0

⎤⎥⎥⎥⎥⎦

3. e(φR) = [I4 0
0 Λ

], e(φX) = [ 0 I4
I4 0

], Π = 1
6

⎡⎢⎢⎢⎢⎢⎢⎢⎣

3 1 + 2α 1 + 2α 1 + 2α
1 + 2α2 3 1 + 2α 1 + 2α2

1 + 2α2 1 + 2α2 3 1 + 2α
1 + 2α2 1 + 2α 1 + 2α2 3

⎤⎥⎥⎥⎥⎥⎥⎥⎦

, for Λ = 1
2

⎡⎢⎢⎢⎢⎢⎢⎣

−1 −1 −1 −1
1 −1 −1 1
1 1 −1 −1
1 −1 1 −1

⎤⎥⎥⎥⎥⎥⎥⎦

Each of these embeddings is homogeneous, and induces a catalytic embedding (φ,Π) from C(G) to C(Q). These
induced embeddings highlight the different properties a catayltic embedding may have:
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• Embedding 1 is not strong: e(R ○R ○R) = e(X ○X) while e(φR ○ φR ○ φR) ≠ e(φX ○ φX).

• Embedding 2 is strong, but not linear: e(R ○X ○R) + e(R ○R ○X ○R ○R) = −e(X) while
e(φR ○ φX ○ φR) + e(φR ○ φR ○ φX ○ φR ○ φR) ≠ −e(φX)

• Embedding 3 is linear.

These statements can be verified by direct computation.

We conclude this section with a number of simple properties of pre-embeddings and linear catalytic embeddings.
First, we start with two lemmas that aid in characterizing possible constructions for linear catalytic embeddings.

Lemma 1. Let R and S ⊂ T be Kroneckerian subrings of a number field. If Φ ∶M (T )→M (R) is the pre-embedding
for a linear catalytic embedding, then Φ∣S ∶M (S)→M (R) is the pre-embedding for a linear catalytic embedding.

While Lemma 1 may appear rather trivial, it is nonetheless quite useful for proving the (non-)existence of certain
linear catalytic embeddings. For example, the contrapositive of Lemma 1 implies that if no such Φ∣S can be con-
structed, then Φ cannot exist. This is especially powerful in instances where the elements of T are simpler to describe
than those of S (or vice-versa).

Lemma 2. Let R and S be Kroneckerian subrings of a number field. If a pre-embedding Φ ∶M (S) →M (R) for a
linear catalytic embedding exists, then S ∩R = S ∩Frac (R).

Proof. We have S ∩R ⊆ S ∩Frac (R), and so we just need to show that there is no s ∈ S ∩Frac (R) with s /∈ S ∩R.
Suppose that such an s existed. There always exists some nonzero t ∈ S ∩R such that ts ∈ S ∩R, which simultaneously
implies

Φ(ts) = tΦ(s) and Φ(ts) = tsI.

As R is an integral domain, by assumption we would conclude that Φ(s) = sI, which is absurd as s ∈ S ∩Frac (R) but
s /∈ S ∩R implies s /∈R. Thus, there can be no such s.

Lemma 2 precludes “reducing” the set of denominators that appear in number rings via embedding. This has
implications for embedding to restricted gate sets such as Clifford+T, whose corresponding unitaries only permit
particular denominators. We end this section with two important results for the implementation of linear catalytic
embeddings. First, we show that linear catalytic embeddings respect the direct sum operation.

Proposition 7. Let R and S be Kroneckarian number rings and Φ ∶M (S) →M (R) be the pre-embeddding of a
linear catalytic embedding. Then, for A,B ∈M (S),

Φ(A⊕B) = Φ(A)⊕Φ(B).

Proof. Let Eij the standard basis matrices for M(S). We can write

A =
k

∑
i,j=1

AijEij and B =
m

∑
i,j=1

BijEij

for k and m the dimension of A and B respectively. Then

A⊕B =
k

∑
i,j=1

AijEij +
m+k

∑
i,j=k+1

BijEij

and

Φ(A⊕B) =
k

∑
i,j=1

Eij ⊗Φ(Aij) +
m+k

∑
i,j=k+1

Eij ⊗Φ(Bij).

We also have

Φ(A) =
k

∑
i,j=1

Eij ⊗Φ(Aij) and Φ(B) =
m

∑
i,j=1

Eij ⊗Φ(Bij).

and so

Φ(A)⊕Φ(B) =
k

∑
i,j=1

Eij ⊗Φ(Aij) +
m+k

∑
i,j=k+1

Eij ⊗Φ(Bij) = Φ(A⊕B).
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Proposition 7 is useful when considering the action of linear catalytic embeddings with respect to controlled opera-
tions. When lifting a pre-embedding to a linear catalytic embedding φ, we can always construct a lift that preserves
the controlled unitary structure between the control and target registers. In other words, for a gate G which applies
U to a target register conditioned on a control register being in state ∣a⟩, we can lift to the gate φ(G) which applies
φ(U) to the target and catalyst registers conditioned on the control register being in state ∣a⟩.

Finally, we show that the concatenation of two linear catalytic embeddings is a linear catalytic embedding, under
a minor assumption.

Proposition 8. Let R, S, and T be Kroneckarian subrings of a number field with T ∩R ⊆ S and Φ1 ∶M (T )→M (S)
and Φ2 ∶M (S) →M (R) be pre-embeddings for linear catalytic embeddings. Then the concatenation Φ2 ○ Φ1 is a
pre-embedding for a linear catalytic embedding.

Proof. We show that the composition Φ2 ○Φ1 satisfies the conditions of a pre-embedding.

1., 2. Properties 1 and 2 follow from the composition of ring homomorphism being a homomorphism.

3. Let k1 and k2 be such that Φ1(In) = Ik1n and Φ2(In) = Ik2n for all n. Then Φ2 ○Φ1(In) = Φ2(Ik1n) = Ik1k2n for
all n.

4. Let A ∈M(S). Then Φ2 ○Φ1(A†) = Φ2(Φ1(A)†) = (Φ2 ○Φ1(A))†.

5. Let C ∈M(T ∩R). Then C ∈M(T ∩S) and C ∈M(S ∩R) as T ∩R ⊂ S implies C ∈M(R),M(S),M(T ). So

Φ2 ○Φ1(C ⊗A) = Φ2(C ⊗Φ1(A)) = C ⊗Φ2 ○Φ1(A).

6. Let Π1 and Π2 be the projectors that satisfy the catalytic condition for Φ1 and Φ2 with dimension k1 and k2

respectively. Then Π1 ⊗Π2 ∶Hk1k2 →Hk1k2 with rank(Π1 ⊗Π2) = rank(Π1) rank(Π2) > 0, and

(Π1 ⊗Π2)†(Π1 ⊗Π2) = (Π†
1 ⊗Π†

2)(Π1 ⊗Π2) = (Π†
1Π1)⊗ (Π†

2Π2) = Π1 ⊗Π2

so that Π1 ⊗Π2 is a nonzero orthogonal projector on Hk1k2 . Checking that it satisfies the catalytic condition
for A ∈M(T ), we have

Φ2 ○Φ1(A)(I ⊗ (Π1 ⊗Π2)) = Φ2(Φ1(A))((I ⊗ Ik1)⊗Π2)((I ⊗Π1)⊗ Ik2)
= (Φ1(A)⊗Π2)((I ⊗Π1)⊗ Ik2)
= (A⊗Π1)⊗Π2

= A⊗ (Π1 ⊗Π2).

Proposition 8 allows us to concatenate sequences of linear catalytic embeddings together to simplify circuits. We
will give an example of this process in the following section.

V. PROPERTIES OF LINEAR CATALYTIC EMBEDDINGS

In this section, we establish several important properties of linear catalytic embeddings. We show that linear
catalytic embeddings can often be thought of as linear representations. We also prove that a linear catalytic embedding
can be associated with a family of catalysts which can be used to perform non-trivial transformations of circuits.
Finally, we provide a few simple examples to highlight the construction of linear catalytic embeddings.

Recall that if T is a subring of S, then S is a T -module, and that a generating set for S over T is a set Γ ⊆ S such
that every element of S can be written as a finite T -linear combination of elements of Γ. We begin this section by
showing that a linear catalytic embedding is determined by its action on a generating set.

Proposition 9. Let R and S be Kroneckarian number rings with T = R∩S and let Φ ∶ M (S) → M (R) be a
pre-embedding. If Γ is a generating set for S over T , then the action of Φ on M (S) is completely determined by its
action on Γ.

Proof. Let Γ be a generating set for S over T . Since Γ generates S as a T -module, for s ∈ S we can write

s = ∑
g∈Γ

t(g)g,
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for t(g) ∈ T . For each i, j, let Eij ∈M (S) be the standard basis matrix, i.e., the matrix whose (i, j) entry is 1 and
whose other entries are all 0. Suppose that M ∈M (S). Then, for each i, j, we can write the i, j-th entry of M as

Mi,j = ∑
g∈Γ

t
(g)
i,j g.

By applying the properties of a pre-embedding and the fact that scalar multiplication is equivalent to taking the
tensor product with a 1 × 1 matrix, we then have

Φ(M) = Φ
⎛
⎝∑i,j

Mi,jEi,j
⎞
⎠
= Φ

⎛
⎝∑i,j

∑
g∈Γ

t
(g)
i,j g ⋅Ei,j

⎞
⎠
=∑
i,j

∑
g∈Γ

Φ (t(g)i,j Ei,j ⊗ g) =∑
i,j

∑
g∈Γ

t
(g)
i,j Ei,j ⊗Φ(g).

Hence, for all M ∈M (S), Φ(M) is completely determined by the action of Φ on Γ.

In much the same way that linear operators are determined by their action on a basis, linear catalytic embeddings
are determined by their action on a small set that generatesM(S). However, unlike linear operators, linear catalytic
embeddings are not free to act in any way on a generating set. The set of matrices M(S) has more structure than
than that of a module and linear catalytic embeddings have to preserve this additional structure. Our next theorem
addresses this additional structure and shows that, in many important cases, a linear catalytic embedding is completely
determined by a single element. In proving this result we use the the Galois closure of a field extension F /E , which
is the smallest field in which irreducible polynomials in E with a linear factor in F can be factored completely. For
further details, we direct the interested reader to [21].

Theorem 1. Let R and S be Kroneckarian number rings with T =R∩S. Let α ∈ S such that Frac (S) = Frac (T ) [α]
with minimal polynomial p ∈ Frac (T ) [x] over Frac (T ). We can construct the pre-embedding of a linear catalytic
embedding of C(S) in C(R) if and only if we can construct Λ ∈M(R) satisfying the following properties:

1. Λ is normal

2. p(Λ) = 0

3. Λ has α as one of its eigenvalues

4. there exists a generating set Γ for S over T such that for every g ∈ Γ, written uniquely as the sum over powers
of α as

g =
d−1

∑
j=0

cjα
j

for some cj ∈ Frac (T ), the matrix

d−1

∑
j=0

cjΛ
j

is a matrix over R.

Proof. (⇒) Let Φ ∶M(S)→M(R) be a pre-embedding of a linear catalytic embedding. Let Λ = Φ(α).

1. By the properties of linear catalytic embeddings and commutativity of S,

Φ(α)Φ(α)† = Φ(α)Φ(α†) = Φ(αα†) = Φ(α†α) = Φ(α†)Φ(α) = Φ(α)†Φ(α)

and so Λ is a normal matrix.

2. Let p ∈ Frac (T ) [x] be the minimal (monic) polynomial of α over Frac (T ). There exists nonzero t ∈ T such
that t ⋅ p = q ∈ T [x] by clearing denominators. By the properties of linear catalytic embeddings

0 = Φ(0) = Φ(q(α)) = q(Φ(α)) = t ⋅ p(Φ(α)).

As Frac (T ) is an integral domain, p(Λ) = 0.
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3. Because Φ is the pre-embedding of a linear catalytic embedding, there exists a nonzero projector Π such that
Φ(α)(I ⊗Π) = α⊗Π. Let v ≠ 0 be in the image of Π. We have

Φ(α)(I ⊗Π)v = (α⊗Π)v
Φ(α)v = αv

Λv = αv.

Thus, α is an eigenvalue of Λ.

4. Let Γ be a generating set for S over T and g ∈ Γ. There exist cj ∈ Frac (T ) such that

g =
d−1

∑
j=0

cjα
j .

There exists nonzero t ∈ T such that t ⋅ cj ∈ T for all cj by clearing denominators. By the properties of linear
catalytic embeddings and by Frac (T ) an integral domain, we have

tg =
d−1

∑
j=0

tcjα
j

Φ(tg) = Φ
⎛
⎝
d−1

∑
j=0

tcjα
j⎞
⎠

tΦ(g) =
d−1

∑
j=0

tcjΦ(α)j

Φ(g) =
d−1

∑
j=0

cjΦ(α)j

=
d−1

∑
j=0

cjΛ
j ∈M(R)

because Φ(g) ∈M(R).
(⇐) Suppose there exists Λ that satisfies the properties listed above and let Γ be a generating set for S over T for

which property 4 is satisfied. As Λ is such that p(Λ) = 0, all eigenvalues of Λ are roots of p. We define the function
Φ ∶M (S)→M (R) as follows:

Φ(g) =
d−1

∑
j=0

c
(g)
j Λj where g =

d−1

∑
j=0

c
(g)
j αj for all g ∈ Γ and

Φ(M) =∑
i,j

∑
g∈Γ

t
(g)
i,j Ei,j ⊗Φ(g) where M =∑

i,j

∑
g∈Γ

t
(g)
i,j Ei,j ⊗ g.

The function Φ is well-defined as each element of S can be written uniquely as a linear combination of powers of α
over Frac (T ). By extension, we can also uniquely write each element ofMn (S) as a linear combination of powers of
α over Mn (Frac (T )). Thus for arbitrary M ∈Mn (S), we can always write

Φ ∶M =
d−1

∑
j=0

Mjα
j ↦

d−1

∑
j=0

Mj ⊗Λj

for some unique Mj ∈ Mn (Frac (T )). We show that Φ satisfies the properties of the pre-embedding of a linear
catalytic embedding. Let A,B ∈M(S), and C ∈M(T ).

1. The space Hk is spanned by any linearly independent choice of eigenvectors of Λ. Since p(Λ) = 0, each such
eigenvector has a corresponding eigenvalue σ(α) for σ a Frac (T )-fixing automorphism of the Galois closure of
Frac (S) as an extension of Frac (T ). For arbitrary ∣v⟩ ∈Hn and eigenvector ∣σ(α)⟩ of Λ, we have

Φ(M)(∣v⟩⊗ ∣σ(α)⟩) =
d−1

∑
j=0

Mj ∣v⟩⊗Λj ∣σ(α)⟩ =
d−1

∑
j=0

Mj ∣v⟩⊗ σ(α)j ∣σ(α)⟩ = σ(M) ∣v⟩⊗ ∣σ(α)⟩ .

Because σ is a homomorphism and vectors of the form ∣v⟩⊗ ∣σ(α)⟩ span Hkn, we conclude Φ(AB) = Φ(A)Φ(B)
when AB is defined.
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2. By definition of Φ and linearity of the tensor product, Φ(A +B) = Φ(A) +Φ(B) when A +B is defined.

3. In has the unique decomposition as a linear combination of powers of α over Frac (T ) of Inα
0. Thus

Φ(In) = In ⊗Λ0 = In ⊗ Ik = Ikn.

4. For any M ∈Mn (S) we write M = ∑d−1
j=0 Mjα

j for unique Mj ∈Mn (Frac (T )). This implies

M † =
d−1

∑
j=0

M †
j (α

†)j =
d−1

∑
j=0

Njα
j

again for some unique Nj ∈Mn (Frac (T )) since M † ∈Mn (S) by S Kroneckerian. Consider eigenvector ∣σ(α)⟩
of Λ for σ a Frac (T )-fixing automorphism of the Galois closure of Frac (S) as an extension of Frac (T ). As S
and T are Kroneckerian, the Galois closure of Frac (S) as an extension of Frac (T ) is necessarily Kroneckerian.
As Λ is normal, Λ† has the same eigenvectors as Λ with Λ† ∣σ(α)⟩ = σ(α)† ∣σ(α)⟩ = σ(α†) ∣σ(α)⟩ where we have
used the defining property of Kroneckerian fields. For arbitrary ∣v⟩ ∈Hn we have

Φ(M)†(∣v⟩⊗ ∣σ(α)⟩) =
d−1

∑
j=0

M †
j ∣v⟩⊗ (Λ†)j ∣σ(α)⟩ =

d−1

∑
j=0

M †
j ∣v⟩⊗ σ(α

†)j ∣σ(α)⟩ = σ(M †) ∣v⟩⊗ ∣σ(α)⟩ .

On the other hand,

Φ(M †)(∣v⟩⊗ ∣σ(α)⟩) =
d−1

∑
j=0

Nj ∣v⟩⊗Λj ∣σ(α)⟩ =
d−1

∑
j=0

Nj ∣v⟩⊗ σ(α)j ∣σ(α)⟩ = σ(M †) ∣v⟩⊗ ∣σ(α)⟩ .

We conclude Φ(M)† = Φ(M †) since vectors of the form ∣v⟩⊗ ∣σ(α)⟩ span Hkn.

5. By definition of Φ, Φ(C ⊗A) = C ⊗Φ(A).

6. We have α is an eigenvalue of Λ. Let Π be the projector onto the eigenspace of Λ corresponding to α. Then

Φ(M)(I ⊗Π) =
d−1

∑
j=0

Mj ⊗ΛjΠ =
d−1

∑
j=0

Mj ⊗ αjΠ =M ⊗Π.

Theorem 1 provides necessary and sufficient conditions for producing a linear catalytic embedding. More pertinently,
it gives us a road map for constructing linear catalytic embeddings. If we are able to find a matrix Λ with the properties
listed above, we can extend the map α ↦ Λ to a linear catalytic embedding on all of M(S). Alternatively, if we
can show that no such Λ exists, then this likewise precludes the existence of a linear catalytic embeddings. While
Theorem 1 shows how a linear catalytic embedding is determined by its action on a single element, the following
theorem gives a complete description of the image of a catalytic embedding.

Theorem 2. Let R and S be Kroneckarian number rings, K be the Galois closure of Frac (S) /Frac (S ∩R), Φ ∶
M (S) → M (R) be the pre-embedding of a k-dimensional linear catalytic embedding, and {τm}nm=1 be the set of

automorphisms on KFrac (R) fixing Frac (R). There exists a set of automorphisms {σ`}j`=1 on K fixing Frac (S ∩R)
and corresponding projectors {Π`}j`=1 ⊂Mk(KFrac (R)) with 1 ≤ j ≤ [K∩Frac (R) ∶ Frac (S ∩R)] such that

1. {τm(Π`) ∣ 1 ≤ ` ≤ j,1 ≤m ≤ n} is a complete set of mutually-orthogonal projectors,

2. Φ(M) (I ⊗ τm(Π`)) = (τm ○ σ`(M))⊗ τm(Π`), and

3. Φ(M) = ∑j`=1 trFrac(σ`(S)R)/Frac(R)(σ`(M)⊗Π`).

Moreover, the action of the circuit Φ(M) is completely determined by its action on the set {Π`}j`=1.

Proof. Let α ∈ S such that Frac (S) = Frac (S ∩R) [α] with minimal polynomial p ∈ Frac (S ∩R) [x] with degree d.
By the definition of Galois closure, K is the splitting field of p. Suppose p splits into irreducible factors p = p1p2 . . . pr
over Frac (R). We shall bound this r value later. As p cannot have repeated roots, no p` has repeated roots nor can
two factors share any common roots. Let λ` be any single root of p` for 1 ≤ ` ≤ r. Without loss of generality, we
can assume λ1 = α. For each λ`, there exists an automorphism σ` ∶ K → K that fixes Frac (S) ∩ Frac (R) such that
σ`(α) = λ`. Without loss of generality, we take σ1 to be identity.
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By Theorem 1, there exists a normal matrix Λ ∈M(R) such that

p(Λ) = 0,Φ(α) = Λ, and Φ(M) =
d−1

∑
i=0

Mi ⊗Λi where M =
d−1

∑
i=0

Mi ⊗ αi and Mi ∈M(Frac (R)).

Let q ∈ R[x] be the characteristic polynomial of Λ with degree k. Since p(Λ) = 0, without loss of generality we can

take q = ±pd11 p
d2
2 . . . p

dj
j with d` > 0 and j ≤ r. This is consistent with our choice to make α a root of p1, as Φ(α) = Λ

and thus α is an eigenvalue of Λ. For 1 ≤ ` ≤ j, observe that the eigenvector equation

(Λ − λ`I)v = 0

has coefficients in the field Frac (R) [λ`] = Frac (σ`(S)R) ⊆ KFrac (R). As Frac (σ`(S)R) is Kroneckerian, we can find

a spanning set for all such v over Frac (σ`(S)R)k and apply the Gram-Schmidt procedure to obtain (unnormalized)

eigenvectors {v(`)i }d`i=1 with v
(`)
i ∈ Frac (σ`(S)R)k. This basis can be used to define the projector onto the eigenspace

of λ`,

Π` =
d`

∑
i=1

v
(`)
i (v(`)i )

†

⟨v(`)i , v
(`)
i ⟩

∈Mk(Frac (σ`(S)R)) ⊆Mk(K∩Frac (R)),

which is necessarily orthogonal. This immediately implies that application of any Frac (R)-fixing KFrac (R)-
automorphism τ to any Π` must also be an orthogonal projector, as

τm(Π`)†τm(Π`) = τm(Π†
`)τm(Π`) = τm(Π†

`Π`) = τm(Π`).

As KFrac (R) /Frac (R) is a Galois extension with intermediate field Frac (σ`(S)R), Gal(KFrac (R) /Frac (R))
has a subgroup G` which fixes Frac (σ`(S)R). By definition, G` necessarily acts as identity on λ`. Let τa, τb ∈
Gal(KFrac (R) /Frac (R)). We necessarily have

τaG` = τbG` ⇐⇒ τ−1
b τa ∈ G` ⇐⇒ (τ−1

b τa)(λ`) = λ` ⇐⇒ τa(λ`) = τb(λ`).

By the fundamental theorem of Galois theory, we have

∣Gal(KFrac (R) /Frac (R)) ∶ G`∣ = [Frac (σ`(S)R) ∶ Frac (R)]

distinct cosets of G` in Gal(KFrac (R) /Frac (R)), implying there are precisely [Frac (σ`(S)R) ∶ Frac (R)] elements
of {τm(λ`)}nm=1, each corresponding to exactly one root of p`. By application of the automorphism τm to the
eigenprojector equation for Λ, we find

Λτm(Π`) = τm(Λ Π`) = τm(λ`Π`) = τm(λ`)τm(Π`)

so that not only is τm(Π`) an orthogonal projector, it is an eigenprojector of Λ with eigenvalue τm(λ`). As τm is
invertible, τm(Π`) must project onto the full eigenspace of τm(σ`). Note that again there are only [Frac (σ`(S)R) ∶
Frac (R)] distinct elements for the set {τm(Π`) ∣ 1 ≤m ≤ n}, one for each root of p`.

As Λ is normal, its eigenspaces are mutually orthogonal, and hence we conclude that {τm(Π`) ∣ 1 ≤ ` ≤ j,1 ≤m ≤ n}
is a set of pairwise orthogonal projectors. Moreover, as there is a maximal projector for each root of q and hence
eigenvalue of Λ, this set must also be complete, which proves the first part of the theorem. For the second statement,
direct computation yields

Φ(M) (I ⊗ τm(Π`)) = (
d−1

∑
i=0

Mi ⊗Λi)(I ⊗ τm(Π`)) =
d−1

∑
i=0

Mi ⊗ (Λiτm(Π`)) =
d−1

∑
i=0

Mi ⊗ τm(σ`(α))iτm(Π`)

=
d−1

∑
i=0

Miτm(σ`(α))i ⊗ τm(Π`) =
d−1

∑
i=0

τm(σ`(Miα
i))⊗ τm(Π`) = τm ○ σ` (

d−1

∑
i=0

Miα
i)⊗ τm(Π`)

= τm ○ σ`(M)⊗ τm(Π`).

Choosing one coset representative τ (`)m for each coset of Gal(KFrac (R) /Frac (R))/G`, completeness of our projectors
implies

I =
j

∑
`=1

deg(p`)

∑
m=1

τ (`)m (Π`).



20

Using this relation alongside the second statement, we conclude

Φ(M) = Φ(M)(I ⊗ I) = Φ(M)
⎛
⎝
I ⊗

j

∑
`=1

deg(p`)

∑
m=1

τ (`)m (Π`)
⎞
⎠

= Φ(M)
⎛
⎝

j

∑
`=1

deg(p`)

∑
m=1

I ⊗ τ (`)m (Π`)
⎞
⎠
=

j

∑
`=1

deg(p`)

∑
m=1

Φ(M) (I ⊗ τ (`)m (Π`))

=
j

∑
`=1

deg(p`)

∑
m=1

τ (`)m (σ`(M))⊗ τ (`)m (Π`) =
j

∑
`=1

trFrac(σ`(S)R)/Frac(R)(σ`(M)⊗Π`)

by definition of the field trace, and hence we have proved the third major statement. Note that Φ(M) is completely
decomposed into its action on orthogonal subspaces of the catalyst space by this statement, each determined by an
automorphism of KFrac (R) and one projector from {Π`}j`=1. Again, completeness allows us to determine the action
of Φ(M) for any input state for the catalyst space, proving the fourth statement.

Finally, we bound j ≤ r, the number of irreducible factors of p over Frac (R). As K is Galois over Frac (S ∩R),
there is a subgroup H ≤ Gal(K /Frac (S ∩R)) that fixes K∩Frac (R). Because H fixes K∩Frac (R), elements of H
can only permute the roots of irreducible polynomials over K∩Frac (R). Therefore, because σ`1(α) and σ`2(α) are
roots of different polynomials when `1 ≠ `2 by assumption, σ`1H ≠ σ`2H and each σ`H defines a different coset of
H. By the fundamental theorem of Galois theory, there are precisely [K∩Frac (R) ∶ Frac (S ∩R)] cosets, and hence
j ≤ r = [K∩Frac (R) ∶ Frac (S ∩R)].

Breaking down Theorem 2, we see a complete characterization of the structure of a linear catalytic embedding.
Given a linear catalytic embedding, statement one says that the catalyst subsystem naturally decomposes into an
orthonomal basis of “catalyst-like” states. The second statement shows that embedded circuits fix this basis of the
catalyst subsystem. In other words, the embedded circuit is a controlled operator in the “catalyst basis.” But how
does the embedded circuit behave in the presence of the other basis states? The second, third, and fourth statements
tell us that an embedded circuit acts like the original circuit composed with an automorphism of a Galois field. These
automorphisms map S to an isomorphic copy of S, thereby changing the original unitary to some isomorphic copy.
These automorphisms also relate many of the projectors, so that at most [K∩Frac (R) ∶ Frac (S ∩R)] need to be
computed separately. This bound is a measure of how polynomials factor over Frac (R) as opposed to Frac (S ∩R).
If certain irreducible polynomials over Frac (S ∩R) factor over Frac (R), more states will need to be computed. We
can characterize precisely when the construction simplifies, as the following corollary shows:

Corollary 1. Let R and S be Kroneckarian number rings, K be the Galois closure of Frac (S) /Frac (S ∩R), Φ ∶
M (S) → M (R) be the pre-embedding of a linear catalytic embedding, and {τm}nm=1 be the set of automorphisms
on KFrac (R) fixing Frac (R). If Frac (S ∩R) = K∩Frac (R), then there exists a single orthogonal projector Π ∈
M (Frac (S R)) such that

1. {τm(Π) ∣ 1 ≤ m ≤ n} is a complete set of mutually-orthogonal projectors with [Frac (S) ∶ Frac (S ∩R)] distinct
elements,

2. Φ(M) (I ⊗ τm(Π)) = τm(M)⊗ τm(Π) and,

3. Φ(M) = trFrac(SR)/Frac(R)(M ⊗Π).

Moreover, the action of the circuit Φ(M) is completely determined by its action on Π.

Proof. As K is a Galois extension of Frac (S ∩R) = K∩Frac (R), K and Frac (R) are linearly disjoint as extensions of
their intersection K∩Frac (R). Any subfield of K is necessarily also linearly disjoint with Frac (R) as an extension of
K∩Frac (R), and thus [Frac (S R) ∶ Frac (R)] = [Frac (S) ∶ Frac (S ∩R)]. Applying Theorem 2 with Frac (S ∩R) =
K∩Frac (R), we have 1 ≤ j ≤ [K∩Frac (R) ∶ Frac (S ∩R)] = 1, and so j = 1 such that the only automorphism of
K∩Frac (R) fixing Frac (S ∩R) is identity. We can thus write σ1(M) =M and Π1 = Π, and the corollary follows by
noting the number of distinct projectors is precisely [Frac (S R) ∶ Frac (R)] given the proof of Theorem 2.

The hypothesis Frac (S ∩R) = K∩Frac (R) is satisfied in most cases of practical interest. For example, this
condition holds trivially when R ⊂ S, which coincides with the notion that our goal with linear catalytic embeddings
is to “simplify” the ring over which we apply circuits. When Frac (S ∩R) ≠ K∩Frac (R), we are not so much
simplifying circuits as we are working (at least partially) over an isomorphic copy of S. For the remainder of this
section, we thus focus on illuminating the consequences of Theorem 1 and Corollary 1 with some examples to show
linear catalytic embeddings at work.
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Example 8. Let S = Q[
√

5] and R = Q so that R,S are both their own field of fractions. The element
√

5 plays the
role of α in Theorem 1 with minimal polynomial p = x2 − 5. We need to find a normal matrix Λ such that Λ2 − 5I = 0.
The matrix

Λ = [1 2
2 −1

]

has characteristic polynomial p, and so Λ2 − 5I = 0. Additionally, Λ has
√

5 as an eigenvalue and the set {1,
√

5} is

a generating set satisfying condition 4 of Theorem 1. The pre-embedding Φ ∶M(Q[
√

5]) →M(Q) is constructed by

extending the map
√

5↦ Λ as:

Φ(M) =M0 ⊗ [1 0
0 1

] +M1 ⊗ [1 2
2 −1

] ,

where M = M0 +M1

√
5 with M0,M1 ∈M(Q). As every quadratic number field extension is Galois, we have K =

S = Q[
√

5], whose automorphisms as an extension of Q are given by {id, τ} for τ ∶
√

5 ↦ −
√

5 since −
√

5 is the only
remaining root of p. Additionally, R ⊂ S implies we can apply Corollary 1 to determine the projectors and action of
this embedding. We can easily compute the projector onto the eigenspace of Λ corresponding to

√
5:

Π =
⎡⎢⎢⎢⎢⎣

1
2
(1 +

√
5

5
)

√
5

5√
5

5
1
2
(1 −

√
5

5
)

⎤⎥⎥⎥⎥⎦
.

Checking the action of our embedding, we thus have

Φ(M)(I ⊗Π) =M0 ⊗ (IΠ) +M1 ⊗ (ΛΠ) =M0 ⊗Π +M1 ⊗ (
√

5Π) =M ⊗Π

as expected. Per Corollary 1, we should have that

Π =
⎡⎢⎢⎢⎢⎣

1
2
(1 +

√
5

5
)

√
5

5√
5

5
1
2
(1 −

√
5

5
)

⎤⎥⎥⎥⎥⎦

τÐ→
⎡⎢⎢⎢⎢⎣

1
2
(1 −

√
5

5
) −

√
5

5

−
√

5
5

1
2
(1 +

√
5

5
)

⎤⎥⎥⎥⎥⎦
= τ(Π)

is itself a projector so that {Π, τ(Π)} is a mutually orthogonal and complete set of projectors with cardinality

[Q[
√

5] ∶ Q] = 2. It is indeed clear that τ(Π) ≠ Π, and furthermore it is straightforward to verify that Π†Π = Π,
τ(Π)†τ(Π) = τ(Π), τ(Π)†Π = 0, and Π+τ(Π) = I as expected.

We can also check that our embedding suffices for extraction of the matrix τ(M) =M0 −
√

5M1 via τ(Π). Indeed,

we have that Λτ(Π) = −
√

5τ(Π) so that

Φ(M)(I ⊗ τ(Π)) =M0 ⊗ (Iτ(Π)) +M1 ⊗ (Λτ(Π)) =M0 ⊗ τ(Π) +M1 ⊗ (−
√

5τ(Π)) = τ(M)⊗ τ(Π).

Finally, by completeness of our projectors Π and τ(Π), we have

Φ(M) = Φ(M)(I ⊗ (Π + τ(Π))) =M ⊗Π + τ(M)⊗ τ(Π) = trQ[
√

5]/Q(M ⊗Π)

which confirms that the image of M under Φ is given by the expected field trace.

Example 9. Let ω = e2πi/8 and R = D = Z[1/2], S = D[i = ω2], and T = D[ω]. We will construct the pre-embeddings
of linear catalytic embeddings Φ1 ∶ M (T ) → M (S) and Φ2 ∶ M (S) → M (R) to construct the pre-embedding
Φ2 ○ Φ1 ∶M (T ) →M (R). In light of number-theoretic characterizations of certain fault-tolerant gate sets [2, 4],
this construction yields a structure-preserving map from the Clifford-T gate set (D[ω]) to subsets D[i] and D of the
Clifford+CS and Hadamard+Toffoli gate sets, respectively.

We begin by finding the pre-embedding Φ1 ∶M(T ) →M(S). In this case, Frac (D[ω]) = Q[ω] and Frac (D[i]) =
Q[i]. The element ω plays the role of α from Theorem 1 with minimal polynomial p1 = x2 + i, and the set {1, ω} plays
the role of Γ. The normal matrix

Λ1 = [0 1
i 0

]

has p1 as its characteristic polynomial, and so satisfies p1 as required. In addition ω is an eigenvalue of Λ1 and so
Λ1 satisfies all the properties of Theorem 1. The linear catalytic embedding Φ1 ∶M(T ) →M(S) is constructed by
extending the map ω ↦ Λ1 as follows:

Φ1(M) =M0 ⊗ I +M1 ⊗Λ1 where M =M0 +M1ω with M0,M1 ∈M(S).
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We have that the extension Q[ω]/Q[i] is Galois so that there are two distinct automorphisms of Q[ω] which fix
Q[i]. These are given by

{id ∶ ω ↦ ω, τ1 ∶ ω ↦ −ω,} .

As we have S ⊂ T , we can apply Corollary 1. The projector Π1 is the projector onto the subspace of Λ1 corresponding
to ω given by

Π1 =
1

2
[1 ω7

ω 1
] .

It is a straightforward exercise to check that τ1(Π1) is the projector onto the eigenspace of Λ1 corresponding to
τ1(ω) = −ω, and furthermore that these projectors are mutually orthogonal, complete, and satisfy their respective
catalytic conditions.

Constructing the pre-embedding Φ2 ∶M(D[i])→M(D) is remarkably similar. As Frac (D) = Q, the element i plays
the role of α from Theorem 1 with minimal polynomial p2 = x2 + 1, and the set {1, i} plays the role of Γ. The normal
matrix

Λ2 = [ 0 1
−1 0

]

satisfies the conditions of Theorem 1, and so we can define Φ2 ∶M(S)→M(R) by

Φ2(M) =M0 ⊗ I +M1 ⊗Λ2 where M =M0 +M1i with M0,M1 ∈M(R).

Again, the extension Q[i]/Q is Galois so that there are two distinct automorphisms of Q[i] which fix Q. These are

{id ∶ i↦ i, τ2 ∶ i↦ −i,} .

Since R ⊂ S, we can again apply Corollary 1. The projector Π2 projects onto the subspace of Λ2 corresponding to i
given by

Π2 =
1

2
[1 i3

i 1
] .

As before, τ2(Π2) projects onto the eigenspace of Λ2 corresponding to τ2(i) = −i, and the projectors are mutually
orthogonal, complete, and satisfy their respective catalytic conditions.

We now check that the concatenation Φ2 ○Φ2 behaves as expected and yields a pre-embedding Φ ∶M (T )→M (R)
for a linear catalytic embedding. Given

M =M0 + ωM1 + ω2M2 + ω3M3

for the basis {1, ω, ω2, ω3} of T as an R module we have

Φ(M) = Φ2 ○Φ1(M)
= Φ2((M0 + ω2M2)⊗ I2 + (M1 + ω2M3)⊗Λ1)
=M0 ⊗ I4 +M1 ⊗Φ2(Λ1) +M2 ⊗ I2 ⊗Λ2 +M3 ⊗Φ2(iΛ1).

Computing Φ2(Λ1), we have

Φ2(Λ1) = Λ =

⎡⎢⎢⎢⎢⎢⎢⎣

0 0 1 0
0 0 0 1
0 1 0 0
−1 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎦

.

In fact, we have Λ2 = I2 ⊗Λ2 and Λ3 = Φ2(iΛ1) so that really

Φ(M) =M0 ⊗Λ +M1 ⊗Λ +M2 ⊗Λ2 +M3 ⊗Λ3.

We thus identify Λ as the normal matrix Φ(ω), and indeed the characteristic polynomial of Λ is x4 + 1, which is
precisely the minimal polynomial of ω over Q. Furthermore, the projector

Π1 ⊗Π2 = Π = 1

4

⎡⎢⎢⎢⎢⎢⎢⎢⎣

1 ω6 ω7 ω5

ω2 1 ω ω7

ω ω7 1 ω6

ω3 ω ω2 1

⎤⎥⎥⎥⎥⎥⎥⎥⎦



23

projects onto the ω eigenspace of Λ as expected. The automorphisms of Q[ω] which fix Q are

{id ∶ ω ↦ ω,σ1 ∶ ω ↦ ω3, σ2 ∶ ω ↦ ω5, σ3 ∶ ω ↦ ω7} .

and their action on Π yield orthogonal projectors which are mutually orthogonal, complete, and satisfy the appropriate
catalytic conditions. Thus we have constructed the desired pre-embedding via concatenation.

VI. STANDARD CATALYTIC EMBEDDINGS

Ring extensions are often built by taking quotients. This is especially true in the context of the number rings
encountered in fault-tolerant quantum computing [4]. In these cases, there is a convenient method to build linear
catalytic embeddings, which can be seen as a simplification of Theorem 1. We call the linear catalytic embeddings
defined in this way standard catalytic embeddings.

A. Definitions and Properties

We start by introducing a generalization of the notion of companion matrix which will play, in the context of
standard catalytic embeddings, the role of matrix Λ in Theorem 1, as seen in Examples 8 and 9.

Definition 17 (Pseudo-Companion Matrix). Let R be a number ring and let p ∈R[X] be a monic polynomial over
R. A matrix Λ ∈M (R) is a pseudo-companion matrix for p if the characteristic polynomial of Λ is ±pc, for some
positive integer c.

Proposition 10. Let R ⊂ R[α] be a Kroneckerian, integral extension of number rings such that α has minimal
polynomial p ∈ Frac (R) [x] with coefficients in R and degree d. Suppose Λ ∈M(R) is a normal pseudo-companion
matrix for p. If A ∈M(R[α]), then:

1. there exist unique Ai ∈M(R) such that

A =
d−1

∑
i=0

Aiα
i,

2. the map Φ ∶M(R[α])→M(R) given by

A↦
k

∑
i=0

Ai ⊗Λi

is the pre-embedding for a linear catalytic embedding as defined in Proposition 6.

This result follows from Theorem 1, but we outline the proof here.

Proof. Let A,B ∈M(R[α]) and C ∈M(R). Because p is irreducible over Frac (R) and has coefficients in R, R[α] is
a free module over R with basis {αi}d−1

i=0 . Therefore, for each A ∈M(R[α]), there exist unique Ai ∈M(R) such that

A =
d−1

∑
i=0

Aiα
i.

We now show that Φ satisfies the conditions of a pre-embedding of a linear catalytic embedding.

1. Because Λ is normal and has characteristic polynomial ±pm for some positive integer m, the eigenvalues of Λ
are all the roots of p, each occurring with multiplicity m. In addition, the eigenvectors of Λ span Hk. Let ∣x⟩ be
an eigenvector of Λ with eigenvalue λ and ∣v⟩ ∈Hn be an arbitrary state. Because p is irreducible, there always
exists a ring isomorphism σ ∶R[α]→R[λ] that fixes R and maps σ(α) = λ. Then

Φ(M)(∣v⟩⊗ ∣x⟩) =
d−1

∑
i=0

Mi ∣v⟩⊗Λi ∣x⟩ =
d−1

∑
i=0

Mi ∣v⟩⊗ λi ∣x⟩ =
d−1

∑
i=0

Mi ∣v⟩⊗ σ(α)i ∣x⟩ = (σ(M) ∣v⟩)⊗ ∣x⟩ .

Because σ is a ring isomorphism and vectors of the form ∣v⟩⊗∣x⟩ spanHkn, we conclude that Φ(AB) = Φ(A)Φ(B)
when AB is defined.
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2. Φ(A) +Φ(B) =
d−1

∑
i=0

Ai ⊗Λi +
d−1

∑
i=0

Bi ⊗Λi =
d−1

∑
i=0

(Ai +Bi)⊗Λi = Φ(A +B).

3. Φ(In) = Φ(Inα0) = In ⊗Λ0 = Ink.

4. Because Λ is normal, if λ is an eigenvalue of Λ with eigenvector ∣x⟩, then λ† is an eigenvalue of Λ† with eigenvector
∣x⟩. We have

M † =
d−1

∑
i=0

M †
i (α

i)† and M † =
d−1

∑
i=0

Niα
i

for some unique Ni ∈R. If ∣v⟩ ∈Hn is some arbitrary state and σ is defined as above,

Φ(M)†(∣v⟩⊗ ∣x⟩) =
d−1

∑
i=0

M †
i ∣v⟩⊗ (Λi)† ∣x⟩ =

d−1

∑
i=0

M †
i ∣v⟩⊗ (λi)† ∣x⟩ =

d−1

∑
i=0

M †
i ∣v⟩⊗ σ(α

i)† ∣x⟩ = (σ(M †) ∣v⟩)⊗ ∣x⟩ .

On the other hand,

Φ(M †)(∣v⟩⊗ ∣x⟩) =
d−1

∑
i=0

Ni ∣v⟩⊗Λi ∣x⟩ =
d−1

∑
i=0

Ni ∣v⟩⊗ λi ∣x⟩ =
d−1

∑
i=0

Ni ∣v⟩⊗ σ(α)i ∣x⟩ = σ(M †) ∣v⟩⊗ ∣x⟩ .

We conclude that Φ(M)† = Φ(M †), since vectors of the form ∣v⟩⊗ ∣x⟩ span Hkn.

5. Φ(C ⊗A) = Φ(
d−1

∑
i=0

C ⊗Aiαi) =
d−1

∑
i=0

C ⊗Ai ⊗Λi = C ⊗Φ(A).

6. Because Λ is a pseudo-companion matrix for p, it has α as an eigenvalue. Let Π be the projector of onto the
eigenspace of Λ corresponding α. Then

Φ(A)(I ⊗Π) = (
d−1

∑
i=0

Ai ⊗Λi)(I ⊗Π) =
d−1

∑
i=0

Ai ⊗ (αiΠ) =
d−1

∑
i=0

Aiα
i ⊗Π = Φ(A)⊗Π.

Corollary 2. Let R, α, Λ, and Φ be defined as in Proposition 10. If U ∈ U(R[α]), then Φ(U) ∈ U(R).

Proof. By Proposition 10, Φ(U †) = Φ(U)†, Φ(UV ) = Φ(U)Φ(V ), and Φ(I) = In for some n. Suppose U ∈ U(R[α]),
then

Φ(U)Φ(U)† = Φ(U)Φ(U †) = Φ(UU †) = Φ(I) = In,

and Φ(U) is unitary.

Definition 18 (Standard catalytic embedding). Let R, α, Λ, and Φ be defined as in Proposition 10, and let φ be the
catalytic embedding obtained from the lifting of Φ∣U(R[α]). We call this embedding a standard catalytic embedding.

The difficulty in constructing a standard catalytic embedding hinges on finding a normal pseudo-companion matrix
over a given number ring. On the surface, this might not seem immediately difficult. Each polynomial over a number
ring automatically admits a companion matrix, and hence a pseudo-companion matrix. The normality condition
ensures unitarity of the resulting standard catalytic embedding, and is where any difficulty in constructing such
an embedding lies. In fact, generalizing to pseudo-companion matrices (rather than simply companion matrices) is
necessary to accommodate the normality condition, as the following remark shows.

Remark 5. An extension of Q by a totally real algebraic number θ yields a totally real number field, and this extension
Q[θ] necessarily satisfies the assumptions of Theorem 3. However, there exist θ whose minimal polynomials do not
permit a normal companion matrix with entries in Q [22]. An example of such a polynomial is X2−3, because 3 cannot
be written as a sum of two squares from Q. In fact, this is a relatively universal phenomenon, as randomly selecting
an irreducible quadratic polynomial over Q will yield a polynomial p that does not permit a normal companion matrix
with high probability. Using pseudo-companion matrices, rather than the usual companion matrices, skirts this issue.

We also might wonder under what conditions a generic number ring extension R ⊂ S permits an α ∈ S as in
Proposition 10 so that S = R[α]. As it turns out, these conditions are rather strong. Nonetheless, constructing ring
extensions in this way coincides with many ring extensions of practical use. For example, quadratic extensions and
extensions by roots of unity generically have the required structure.
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Example 10. We show how to implement a fifth root of unity α = e2πi/5 over the Clifford+T gate set using a standard
catalytic embedding. The Clifford+T gate set has a characterization given by U(R) where R = Z[1/2,

√
2, i] [2].

Therefore, we need to construct a matrix whose characteristic polynomial is a power of the minimal polynomial of α
over R. The minimal polynomial of α over R is p(x) = x4 + x3 + x2 + x + 1. The matrix

Λ = 1

2

⎡⎢⎢⎢⎢⎢⎢⎣

−1 + i 1 0 i
1 i i i
0 i −1 − i 1
i i 1 −i

⎤⎥⎥⎥⎥⎥⎥⎦

is normal, is a pseudo-companion matrix for p, and has entries in R. The mapping

U =
4

∑
k=0

Ake
k 2πi

5 ↦
4

∑
k=0

Ak ⊗Λk

can then be lifted to a standard catalytic embedding of C(R[α]) into C(R). The catalyst for this embedding is the
eigenvector of Λ corresponding to the eigenvalue α.

Proposition 11. Let R ⊂ R[α] ⊂ R[β] be integral Kroneckerian extensions. If Φ1 ∶ M(R[β]) → M(R[α]) and
Φ2 ∶M(R[α]) →M(R) are pre-embeddings for standard catalytic embeddings, then Φ = Φ2 ○ Φ1 is a pre-embedding
for a standard catalytic embedding.

Proof. Let p be the minimal polynomial for β over R. Let Λ = Φ2 ○ Φ1(β) ∈ M(R). Then 0 = Φ2 ○ Φ1(p(β)) =
p(Φ2 ○Φ1(β)) = p(Λ). Because p is irreducible over R, the characteristic polynomial of Λ must be a power of p, so Λ
is a pseudo-companion matrix for p. Because Φ2 and Φ1 are pre-embeddings,

ΛΛ† = Φ2 ○Φ1(β)Φ2 ○Φ1(β†) = Φ2 ○Φ1(ββ†) = Φ2 ○Φ1(β†β) = Φ2 ○Φ1(β†)Φ2 ○Φ1(β) = Λ†Λ,

thus Λ is normal. Let M ∈M(R[β]). There exist Mi such that M =
d−1

∑
i=1

Miβ
i where d is the degree of p. By linearity

of Φ1 and Φ2,

Φ2 ○Φ1(M) =
d−1

∑
i=1

Mi ⊗Φ2 ○Φ1(β)i =
d−1

∑
i=1

Mi ⊗Λi.

Thus Φ = Φ2 ○Φ1 is a pre-embedding of a standard catalytic embedding.

Example 11. In Example 10, while Λ is, in fact, a companion matrix for p, it is not immediately obvious how to arrive
at Λ given p. Here we show how to apply Proposition 11 to construct Λ using an intermediate ring extension.

The ring R[cos(2π/5)] sits between R[α] and R. First, we find a matrix Λ1 for the embedding from U(R[α]) to
U(R[cos(2π/5]). The minimal polynomial of α over R[cos(2π/5)] is q(x) = x2 + 2 cos(2π/5)x + 1. Our matrix must
therefore have α and α as its only eigenvalues. The matrix

1

2
[ 1 1 + 2 cos(2π/5)
1 + 2 cos(2π/5) −1

]

has eigenvalues ± sin(2π/5) (since sin2(2π/5) = (1/2)2 + (1/2 + cos(2π/5))2). Then, by multiplying by i and adding
cos(2π/5) ⋅ I to this matrix, we obtain the matrix

Λ1 =
i

2
[ 1 1 + 2 cos(2π/5)
1 + 2 cos(2π/5) −1

] + [cos(2π/5) 0
0 cos(2π/5)] =

1

2
[ i + 2 cos(2π/5) i + 2i cos(2π/5)
i + 2i cos(2π/5) −i + 2 cos(2π/5)] ,

whose eigenvalues are cos(2π/5) ± i sin(2π/5) = α,α. Consequently, Λ1 has the characteristic polynomial, q.
Next, we find a matrix Λ2 for the embedding from U(R[cos(2π/5]) to U(R). The minimal polynomial of cos(2π/5)

over R is r(x) = x2 + 1
2
x + 1

4
. The matrix

Λ2 =
1

2
[−1 1

1 0
]

has r as its characteristic polynomial.
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Finally, we embed Λ1 using Λ2 in order to obtain

Λ1 =
1

2
[i i
i −i] + [1 i

i 1
] ⋅ cos(2π/5)z→ 1

2
[i i
i −i]⊗ I2 + [1 i

i 1
]⊗Λ2 =

1

2

⎡⎢⎢⎢⎢⎢⎢⎣

−1 + i 1 0 i
1 i i i
0 i −1 − i 1
i i 1 −i

⎤⎥⎥⎥⎥⎥⎥⎦

= Λ.

If ∣ψ1⟩ is the eigenvector of Λ1 corresponding to α and ∣psi2⟩ is the eigenvector of Λ2 corresponding to cos(2π/5), then
the catalyst for Λ is given by ∣ψ1⟩⊗ ∣ψ2⟩.

Theorem 3. Let R ⊂ R[α] be a Kroneckerian, integral extension of number rings such that α has a minimal
polynomial over Frac (R) with coefficients in R. If φ ∶ C(R[α]) → C(R) is a linear catalytic embedding, then φ is a
standard catalytic embedding.

Proof. Let Φ be the pre-embedding of φ. The set {αj}kj=0 is a generating set for R[α] over R for some k. Let Φ(α) = Λ

and p ∈ R be the minimal polynomial of α. By Theorem 1, Λ is normal and p(Λ) = 0. Because the characteristic
polynomial of Λ has coefficients in Frac (R) and is divisible by p with p irreducible over Frac (R), the characteristic
polynomial of Λ is a plus or minus a power of p. Therefore, Λ is a normal pseudo-companion matrix for p. Thus,
by Proposition 9 Φ is completely determined by its action on {αj}kj=0, and so Φ is the pre-embedding of a standard
catalytic embedding.

Standard catalytic embeddings are useful because they reduce the problem of constructing linear catalytic embed-
dings to the problem of finding normal pseudo-companion matrices for irreducible polynomials. The latter problem
is, in general, simpler. When the rings in question are actually fields, there is an explicit method for constructing
such matrices, and thus an explicit methods for building standard catalytic embeddings [23].

B. Circuits Including Order-3 Z-Rotations

One can obtain explicit reductions in the resources needed for fault-tolerant quantum computing using standard
catalytic embeddings. We consider computations over the Clifford+T gates set, a gate set commonly used in fault-
tolerant quantum computing. Let ω3 be a third root of unity and E be the rotation

E ∶= [1 0
0 ω3

] .

It was shown in [2] that the Clifford+T gate set corresponds to the set of unitary operations U(D[ω8]) where ω8 is an
eighth root of unity and D = Z[1/2]. Since ω3 ∉ D[ω8], it follows that E cannot be implemented directly by a circuit
over Clifford+T .

While quantum computation over Clifford+T+E may not be typical, in some circumstances it may be useful to
extend the Clifford+T gate set with a phase gate of order 3. In the standard approach, one would implement the E
gate by approximation over Clifford+T . With embeddings, we can instead directly implement E using Clifford+T
gates by embedding U(D[ω8, ω3]) in U(D[ω8]).

Because ω3 ∉ D[ω8] and ω2
3 + ω3 + 1 = 0, we need to find a normal, pseudo-companion matrix for the polynomial

x2 + x + 1 with entries in the ring D[ω8]. Explicitly, we can observe that

Λ = 1

2
[−1 − i 1 − i
−1 − i −1 + i]

is a normal pseudo-companion matrix for ω3 over D[ω8] with i = ω2
8 , giving a standard catalytic embedding. Note

also that

∣v⟩ = 1√
3 +

√
3
[−ω3 − iω2

3

1
]

is in the ω3 eigenspace of Λ and the corresponding projector is given by ∣v⟩ ⟨v∣. Finally, we note that

Λ = ω5
8HS.

Since E = ∣0⟩ ⟨0∣ + ω3 ∣1⟩ ⟨1∣, we have

φ(E) = ∣0⟩ ⟨0∣⊗ I + ∣1⟩ ⟨1∣⊗Λ = ∣0⟩ ⟨0∣⊗ I + ∣1⟩ ⟨1∣⊗ (ω5
8HS).
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In circuit form, the right hand side amounts to a controlled ω5
8HS gate, as synthesized below (a controlled ω5

8 gate
can be implemented as a T 5 = ZT gate):

φ(E) =
T Z

S H

Using known constructions for the controlled-H and -S gates [24] gives a Clifford+T implementation of φ(E) using
6 T gates, which can be further reduced to 4 T gates using standard techniques (e.g. [25]).

For circuits with a large number of E gates, this gives a significant reduction in T -count compared with the usual
method of repeated approximations. In particular, for a circuit with m E gates, assuming a practical overall precision
of ε = 10−15 [26], and using asymptotically optimal Clifford+T approximations [8] of E, this gives a T -count of

m ⋅ 3 log2(m/ε) ≈ 3m ⋅ (50 + log2m).

By comparison, using approximations to prepare the single-qubit catalyst ∣v⟩, we get a T -count of

6 log2(1/ε) + 4m ≈ 300 + 4m

with the given embedding. In the limit of large m, the ratio of these two costs has an asymptotic scaling of

4

3 ⋅ (50 + log2m) .

Ignoring the log2m term, this reduces the T-count by 97% compared to the standard approach. Including this term
for a reasonable number of E gates (say m = 220 ≈ 106), this reduces the T-count by 98% over the standard method.
Were we to consider the arbitrary precision limit, this value becomes arbitrarily close to 100%. This highlights the
power of catalytic embeddings to reduce gate counts in practice.

C. The Quantum Fourier Transform

The quantum Fourier transform (QFT) on n qubits is the unitary operation given by the matrix 1
2n/2 [ω

jk]n−1
j,k=0

where ω = e2πi/2n . It is well-known that the QFT can be realized as the circuit below, where Rk is the 2 × 2 diagonal

matrix Rk = diag(1, e2πi/2k) [15].

⋯

⋯

⋯

⋱

⋯

⋯

∣x1⟩ H R2 R3 Rn

∣x2⟩ H R2 Rn−1

∣x3⟩ Rn−2

⋮

∣xn−1⟩ H R2

∣xn⟩ H

We construct a standard catalytic embedding to implement this circuit using the gate set ⟨H,X,CX,CCX⟩. We
then show how to use n additional X gates and the same embedded circuit to implement the inverse quantum Fourier
transform.

Our goal is to reduce the cost of the expensive Z-rotations. To do so, we will find an embedding φ ∶ U(Z[e2πi/2n])→
U(N). We first construct a sequence of standard catalytic embeddings

U(Rn)→ U(Rn−1)→ ⋅ ⋅ ⋅→ U(Rk)→ U(Rk−1)→ ⋅ ⋅ ⋅→ U(R2)→ U(R1)
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where Rk = Z[e2πi/2k]. Let us begin with φk ∶ U(Rk) → U(Rk−1). The minimal polynomial for e2πi/2k over Rk−1 is

pk(x) = x2 − e2πi/2k−1 . Define

Λk = [ 0 1

e2πi/2k−1 0
] and ∣ψk⟩ =

1√
2
[ 1

e2πi/2k] .

The matrix Λk is a normal companion matrix for pk and has ∣ψk⟩ as its corresponding catalyst. We have the following
embedding of Rk:

[1 0

0 e2πi/2k]z→

⎡⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 0
0 1 0 0
0 0 0 1

0 0 e2πi/2k−1 0

⎤⎥⎥⎥⎥⎥⎥⎥⎦

Using controlled gates, we can represent this embedding diagrammatically as below.

∣x⟩ Rk z→
∣x⟩

∣ψk⟩ X Rk−1

Following this sequence of embeddings to its end, we obtain the following following embedding for Rk:

∣x⟩ Rk z→

⋯

⋯

⋱

⋯

⋯

⋯

∣x⟩

∣ψk⟩ X

⋮

∣ψ3⟩ X

∣ψ2⟩ X

∣ψ1⟩ X

.

In our presentation above, we have gone one step further and embedded R1 (the Z gate) as CX, which we note is
not a linear catalytic embedding (because N is not a number ring) but nonetheless constitutes a catalytic embedding.
On computational basis states, the action of the circuit above can be described as a controlled decrementer, where
∣x⟩ is the control and the register ∣ψ1⟩⊗⋯⊗ ∣ψk⟩ holds the target integer (represented as a bitstring for computational
basis states). We therefore simplify our notation and write the embedding as below.

∣x⟩ Rk z→

∣x⟩

∣ψk⟩

−1
⋮

∣ψ2⟩

∣ψ1⟩

By Proposition 7, linear catalytic embeddings are well-behaved with respect to direct sums, and so the embedding
of a controlled operation is a controlled operation. Similarly, despite not being a linear catalytic embedding the final
catalytic embedding also respects direct sum structure. Putting all this together, we get the following embedding of
the quantum Fourier transform:
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⋯ ⋯

⋯ ⋯

⋯ ⋯

⋱ ⋱

⋯ ⋯

⋯ ⋯

⋯ ⋯

⋯ ⋯

⋱ ⋱

⋯ ⋯

⋯ ⋯

⋯ ⋯

∣x1⟩ H

∣x2⟩ H

∣x3⟩

⋮

∣xn−1⟩ H

∣xn⟩ H

∣ψn⟩

−1

∣ψn−1⟩

−1

⋮

∣ψ3⟩

−1∣ψ2⟩
−1 −1 −1

∣ψ1⟩

Each of these controlled-decrement circuits can be implemented with X, CX, and CCX gates [19], and so we have
implemented the quantum Fourier transform using the gate set ⟨H,X,CX,CCX⟩ in the presence of catalysts.

Compiled as a circuit over Clifford+T instead, the above implementation of the quantum Fourier transform is
equivalent to the T -count efficient circuit given in [27, 28]. Each individual decrement can be seen as an inverse adder
controlled by the bottom control qubit and subtracting the top control qubit from the ancilla qubits. Each sequence
of decrements can be seen as an inverse adder taking as input the binary number represented by the top control bits
and subtracting it from the ancilla bits. As an n-bit adder can be implemented with linear T complexity, and noting
that ∣ψk⟩ = RkH ∣0⟩, the entire circuit may be implemented over Clifford+T with T count

O(n2 + n log2(1/ε))

compared to the standard approach of approximation, which would require T -count

O(n2 log2(1/ε)).

While this implementation of the QFT has been previously derived using phase gradients [27, 28], we have shown
that the more general framework of catalytic embeddings suffices to reproduce it.

While it might appear that catalytic embeddings have merely reproduced the best known constructions of the QFT,
we can in fact glean additional insight into the structure of those constructions. In light of Corollary 1, we know
that the catalyst ∣ψ1⟩⊗⋯⊗ ∣ψn⟩ produced in this construction should have orthogonal counterparts corresponding to

alternative embeddings of e2πi/2n in C. For example, by applying an X gate to each ∣ψk⟩ we see that

X
1√
2
[ 1

e2π/2k] =
1√
2
[e

2π/2k

1
] ∼ 1√

2
[ 1

e−2π/2k] .

The resulting state is orthogonal to the original state since ⟨ψ2∣X ∣ψ2⟩ = 0, and by inspection such a tensor product of
X gates induces the complex conjugation automorphism on ω. Therefore, X ∣ψ1⟩⊗⋯⊗X ∣ψn⟩ is one such alternative
catalyst, and it is precisely such that it maps each ω in the QFT unitary to ω†, inducing the complex conjugation
automorphism on the circuit which happens to be equivalent to the inverse QFT. Thus, using the same embedded
circuit along with n X gates, we can implement the inverse QFT.
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VII. PERSPECTIVES

In this paper, we laid the foundations for the theory of catalytic embeddings. We believe that catalytic embeddings
may find a variety of applications in the study of quantum circuits and, more generally, in the theory and practice
of fault-tolerant quantum computation. As discussed in Section VI, there are cases where catalytic embeddings
reproduce or beat existing quantum circuit constructions for specific operations. We are eager to see what other
algorithmic primitives can be improved with catalytic embeddings. Approximate and exact synthesis methods also
seem like prime candidates to bolster with the power of catalytic embeddings. To make the most of this framework, it
is important to provide constructive methods for producing catalytic embeddings. In follow-up work [23], we provide
such constructive methods in many cases of interest.

The structure-preserving nature of catalytic embeddings may provide insights into a number of open questions.
Firstly, one may be able to use catalytic embeddings to better understand gate sets. By embedding a poorly understood
gate set into a well-understood one (such as the Toffoli-Hadamard gate set), one could in principle transform results
about the latter into results about the former. This approach may help in characterizing gate sets, finding relations
for circuits, and deriving asymptotic lower bounds for resources. Further afield, catalytic embeddings seem to be
a natural tool with which to tackle long-standing open questions about the Clifford hierarchy. Indeed, catalytic
embeddings were (in part) born out of generalizing gate teleportation protocols. Even farther afield, there seems
to be a growing body of evidence that various approaches to achieving fault-tolerant quantum computation share
important properties. Catalytic embeddings may help in understanding what unifies these different approaches.
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