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It is known that the matrices that can be exactly represented by a multiqubit circuit over the Tof-
foli+Hadamard, Clifford+7, or, more generally, Clifford-cyclotomic gate set are precisely the unitary
matrices with entries in the ring Z[1/2, {;], where k is a positive integer that depends on the gate set
and & is a primitive 2€-th root of unity. In the present paper, we establish an analogous correspon-
dence for qutrits. We define the multiqutrit Clifford-cyclotomic gate set of degree 3* by extending the
classical qutrit gates X, CX, and CCX with the Hadamard gate H and the T} gate T = diag(1, e, a),f),
where @y is a primitive 3*-th root of unity. This gate set is equivalent to the qutrit Toffoli+Hadamard
gate set when k = 1, and to the qutrit Clifford+7; gate set when k > 1. We then prove that a 3" x 3"
unitary matrix U can be represented by an n-qutrit circuit over the Clifford-cyclotomic gate set of
degree 3% if and only if the entries of U lie in the ring Z[1/3, ay].

1 Introduction

1.1 Background

In quantum computing, synthesis refers to the process of converting a representation of a unitary into a
quantum circuit. In exact synthesis the unitary is typically given as a matrix, and the goal is to produce
a circuit that implements the matrix exactly. This is in contrast to approximate synthesis, where the
circuit is only required to implement the given matrix up to some prescribed error budget.

A solution to an exact synthesis problem for a gate set ¢ sometimes characterizes the unitary matri-
ces that can be exactly represented by a circuit over ¢. For instance, the matrices with entries in the ring
Z[1/2] of dyadic rationals corresponds precisely to the unitary matrices that can be represented using the
Toffoli gate and the tensor product H ® H of the Hadamard gate with itself [4]. Similarly, Clifford+7T
circuits correspond to unitary matrices with entries in Z[1/ 2,2/ 8] [12]. More generally, it was re-
cently shown that multiqubit circuits over the Clifford-cyclotomic gate set of degree k, which extends the
Clifford gate set with a z-rotation by angle 27 /2%, correspond to unitary matrices with entries the ring
Z[1/2, ¥/ [2].

In this paper, we consider the exact synthesis problem for qutrits. Like for qubits, fault-tolerant
universal quantum computation has been theoretically devised for qutrits through magic state distilla-
tion [5, 9, 24] or gauge fixing of colour codes [30]. In recent years, qudit operations have been demon-
strated on many experimental platforms [17, 20, 31, 33], with error rates competitive to qubit opera-
tions [26, 10]. Qutrit exact synthesis problems, however, have received less attention than their qubit
counterparts and only a few results exist: a normal form for single-qutrit Clifford+7 unitaries [13, 25], a
proof that all classically reversible functions on trits can be implemented using Clifford+7 circuits [32],
and an exact synthesis result for single-qutrit Clifford+R unitaries [19].
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2 Exact Synthesis of Multiqutrit Clifford-Cyclotomic Circuits

Let k be a positive integer and let @y € C be the primitive 3*-th root of unity w, = ¢*>*/ 3. For

simplicity, we write @ for ;. The single-qutrit Pauli X gate, Pauli Z gate, phase gate S, and Hadamard
gate H are defined below.

| 1 . . | —a)2111
X=11 - - Z=1| o - S=1- 1 - H= 1 o o?

® V311 02

The two-qutrit controlled-X gate CX is the permutation matrix whose action on the computational basis
is defined by |i) | j) — |i) |i + j), with addition performed modulo 3. The three-qutrit doubly-controlled-
X gate CCX (or Toffoli gate) is similarly defined by [i) | ) |k) — |i) |j) |k +ij). The gate set {H,S,CX}
is the Clifford gate set. Now define the single-qutrit 7; gate

1
T, = |- oy .
o
When k = 2, T is the qutrit T gate [16].

The Clifford-cyclotomic gate set of degree 3* is the gate set %, = {X,CX,CCX,H,T;}. Whenk =1,
we have T} = Z = HXH', so that the Clifford-cyclotomic gate set of degree 3 is equivalent to the qutrit
Toffoli+Hadamard gate set [27]. As we will show below, when k > 2, the gate set % is equivalent (up to
a single ancillary qutrit) to the Clifford+7;, gate set {H,S,CX, T} }. In particular, the Clifford-cyclotomic
gate set of degree 9 is equivalent to the well-known qutrit Clifford+7" gate set [13, 14, 25, 32]. Because
Tk3+ | = T, the Clifford-cyclotomic gate sets form a hierarchy of universal gate sets whose first level is
given by the Toffoli+Hadamard gate set, whose second level is given by the Clifford+7 gate set, and
whose subsequent levels are given by finer and finer extensions of the Clifford gate set.

Now consider the ring Z[1/3, o], which can be defined as the smallest unital subring of C containing
1/3 and . Since —©?*//—3 = ®*(1 — ®)/3, the entries of X, CX, CCX, H, and Tj lie in Z[1/3, o).
Hence, any n-qutrit circuit over ¢, must represent a unitary matrix with entries in Z[1/3, @y]. The purpose
of this paper is to show that the converse implication is also true.

1.2 Contributions

We show that a 3" x 3" unitary matrix U can be exactly represented by an n-qutrit circuit over the
Clifford-cyclotomic gate set of degree 3* if and only if the entries of U belong to the ring Z[1/3, o).
Furthermore, we show that no more than k + 1 ancillae are required for this purpose.

We therefore solve the exact synthesis problem for multiqutrit Toffoli+Hadamard circuits, multiqutrit
Clifford+T circuits, and, more generally, multiqutrit Clifford-cyclotomic circuits. To the best of our
knowledge, this is the first time that a multiqudit exact synthesis result is established for any prime
d>2.

A similar hierarchy of Clifford-cyclotomic gate sets exists for qubits, and the correspondence be-
tween Clifford-cyclotomic circuits and matrices with entries in rings of algebraic integers also holds in
that case [2]. Following [2], we prove our result inductively. We first show that circuits over ¢ corre-
spond to unitary matrices over Z[1/3, ®] by reasoning as in [4, 12, 15]. This serves as the base case of
our induction. Then, we use properties of the ring extension Z[1/3, ax] C Z[1/3, @] and the theory of
catalytic embeddings [1] to establish the inductive step.
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1.3 Contents

The paper is organized as follows. We discuss the necessary number-theoretic prerequisites in Section 2.
In Section 3, we introduce a convenient generating set for the group U,(Z[1/3, ®]) of n-dimensional
unitary matrices with entries in the ring Z[1/3, @], and in Section 4 we show that the elements of this
generating set can be represented by Clifford-cyclotomic circuits of degree 3 (explicit circuit decomposi-
tions are given in Appendix A). We introduce catalytic embeddings in Section 5. We leverage the results
of the previous sections in Section 6 to prove our main result. We comment on the complexity of the
produced circuits in Section 7 and we conclude in Section 8.

Disclaimer: After the present work was completed, it was brought to our attention that related results
were independently established in [18].

2 Rings and Groups

In this section, we discuss the rings and groups which will be important in the rest of the paper. In what
follows, when u, u’, and v are elements of a ring R, we write u =, «’ if u is congruent to &’ modulo v, i.e.,
if u—u' = rv for some r € R.

2.1 The Ring Z[wy]

Definition 2.1. Let k > 1. The primitive 3*-th root of unity @y € C is defined as @y, = e27/3"

3k—1

1, and (0,9 + (o,i +...t o = 0. As mentioned

k k_
We have, for k > 1, a)f = W1, a),f =1, a),j = a),':’
in Section 1, we often write @ for ;.

Definition 2.2. Let k > 1. The ring Z[wy] of cyclotomic integers of degree 3 is the smallest subring of
C that contains .

The ring Z[wy| can be defined in a variety of ways [29]. It will be useful for our purposes to note that
Z|lo] ={a+bw |a,b € Z}, and that, for k > 2,

Zla] = {a+bay +cw} | a,b,c € Z[ay_,]}.

Furthermore, the expression of an element of Z[ay] as a linear combination of elements of Z[wy_1] is
unique. The ring Z[ay] is closed under complex conjugation and, for k > 2, we have Z[wy_1] C Z[oy].

2.2 Properties of Z|w|
We now record some useful properties of Z[w]. If u = a+ bw € Z|w], then

u'u=(a+bo)(a+bo?) =d*+ab(w+ ©*) +b* =a* —ab+b*. (1)
In particular, if u € Z[®], then u'uis a nonnegative integer, since the Euclidean norm of a complex
number is always nonnegative.

Definition 2.3. We define A € Z[w]as A = | — o.

By Equation (1), we have ATA = 3. Similarly, we have %> = 1 — 20+ @?> = —3, so that 3= — A% @?.
Hence, 3 =, 0.
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Proposition 2.4. We have
* Z[w]/(3)={0,1,2,0,20,1 + 0,1 + 20,2+ 0,2+ 20} = Z/(3) + wZ/(3) and
* Zlo]/(2) ={0,1,2} = Z/(3).

Proof. The first item follows from the fact that 3 =3 0. The second item follows from the fact that 3 =, 0
and the fact that w = 1. d

Proposition 2.5. Ifu € Z|®)|, then u'u=, 0 or u'u = 1.
Proof. Letu=a+bw € Z[w]. By Proposition 2.4, Z[®]/(A) = Z/(3). By Equation (1),
wWu=a*—ab+b*=; a*+2ab+b* = (a+b)*.

Hence u'u is a square modulo A and therefore cannot be congruent to 2, since 0 and 1 are the only
squares in Z/(3). O

Proposition 2.6. If u € Z[®], then u %, 0 if and only if u =3 £@" for some x € {0,1,2}.

Proof. The table below lists the elements of Z[w]/(3) as given by Proposition 2.4, together with their
residues modulo A.

Z[w]/(3) | Z[w]/(A)

0 0

1 1

2 2

() 1

20 2

1+ w 2

I1+2w 0

24+ 0

2+20 1
The statement then follows by inspection of the table, using the fact that 1+ ® = —®? =3 —®? and
2 =3 —1. O

2.3 Denominators
Definition 2.7. Let k > 1. The ring Z[1/3, o] is defined as Z[1/3, @] = {u/3" | u € Z[ay] and ¢ € N}.

Because the elements of Z[@y| can be expressed as linear combinations of elements of Z[wy_], the
elements of Z[1/3, ay] can similarly be expressed as linear combinations of elements of Z[1/3, @y_;]. In
particular, for k > 2, every element u of Z[1/3, @] can be uniquely written as u = a + bay + c®? with
a,b,c e Z[1/3,0)]{_]}.

The ring Z[1/3, ] is the localization of Z[wy| by the powers of 3. Alternatively, Z[1/3, @] can
be thought of as the localization of Z[ay] by the powers of A. Indeed, since 3 = —w?A2, we have
37 = (—0’A?) ' = (—w)"(A)7%. As aresult, any element of Z[1/3, @] can be written as u/A"’ for
some u € Z[wy| and some ¢ € N. We leverage this fact to define, in the usual way (see [4, 12, 15]), the
notions of A-denominator exponent and least A-denominator exponent.
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Definition 2.8. Any nonnegative integer £ such that v € Z[1/3, @] can be written as v = u/A’ with
u € Z[ay] is A-denominator exponent of v. The smallest such / is the least A-denominator exponent
of v and is denoted Ide(v).

The notions of denominator exponent and least denominator exponent extend to matrices (and there-
fore to vectors) with entries in Z[1/3, ay]: an integer ¢ is a A-denominator exponent of a matrix M if it
is a A-denominator exponent of all of the entries of M; the smallest such ¢ is the least A-denominator
exponent of M.

2.4 The Group U,(Z[1/3,ay])

Definition 2.9. We write U, (Z[1/3, ay]) for the group of n-dimensional unitary matrices with entries in
Z[1/3, o] and U(Z[1/3, ax]) for the collection of all unitary matrices with entries in Z[1/3, ay].

3 Generators for U,(Z[1/3, w))

Following [4, 12, 15, 23], we use m-level matrices to define a subset of U,(Z[1/3, ®]) which we will
show to be a generating set.

Definition 3.1. The matrices (—1), (@), X, and H are defined as follows:

o1
(- =[-1], (o) =[o], X:[(l) (1)], and H:Tw 1 o ?
1 0 o

Definition 3.2. Let M be an m x m matrix, let m <n, and let 0 < x; < ... <x,;, <n—1. The m-level
matrix M|, is the n X n matrix whose entries are given as follows

M[xlwwxm} i7 i

B {Mi’,j’ ifi:)Ci/ andj:xj/7
J

I otherwise.

For example, for n = 4, we have

| I 1 . 1 1

. 0] . . _a)2 . A _a)z . .
((D)“] = . . 1 . and H[0!273] = l 1 /( . ) 0] (1)2
1 1 : 0> o

When applied to a vector [u), the matrix (®)(; acts as (@) on the entry of index 1 and the matrix Hjo, 3)
acts as H on the entries of index 0, 2, and 3.

Definition 3.3. We write .7, for the subset of U,(Z[1/3, w]) defined as
= {(_1)[)6]7 (w)[be[x,y]aH[Ly.,z] ‘ 0<x<y<z<n-— 1}

Lemma 3.4. Let ug,u;,uy € Z[®] be such that uy £, 0, u; #Z, 0, and uy #, 0. Then there exists
x0,x1,%2 € {0,1,2} and yo,y1,y2 € {0, 1} such that

H(@)g(@) (@) (= Dig (=D (=D || = |4

for some ujy,u,u, € Z|o)] such that uy =, 0, u} =, 0, and u}, =; 0.



6 Exact Synthesis of Multiqutrit Clifford-Cyclotomic Circuits

Proof. Let j € {0,1,2}. Since u; #, 0, we have, by Proposition 2.6, u; =3 (—1)"/(w)%. Hence, setting

yj=—wjand x; = —zj, we get (@) (—1)"u; =3 1. Therefore,
Uuop 140}
(@) (@)} (@) (~13 (=1 (— 1) || = |
uj V2

for some vo, v, vy € Z]w] such that vo =3 vi =3 v, =3 1. The result then follows by computation, since
Vo + Vi +va =3 v+ v + ©0*vy =3 v+ 0] + Ovy =3 0. ]

Lemma 3.5. Let |u) € Z[1/3,®|" be a unit vector. If1de |u) = 0, then |u) = +®*|j) for some 0 < x <2
and some 0 < j<n-—1.

Proof. Let |u) € Z[1/3,w]". Since lde |u) = 0, we have |u) € Z[w]". Since |u) is a unit vector, we also

have
1 = (ulu) = Zuj.uj

with u; € Z[w]. Because each u}u ;j 1s a nonnegative integer, there must be exactly one j for which
u;uj =1, while u;,ujf =0forall j/ # j. If u;uj =1 then a? —ajb;j —i—b? = 1, and this equation can only
betrueifa=+landb=0,a=0and b==+1,ora=b=+1. In the first case, |u) = | ), in the second
case, |u) = +®|j), and in the third case, |u) = +®*|}), O

Lemma 3.6. Let |u) € Z[1/3,]" be a unit vector. If 1de u) > 0, then there exists G, ...,G4 € ./, such
that 1de(G, - - - Go |u)) < 1de |u).

Proof. Write |u) as |v) /AY, with £ = Ide |u). Since (u|u) = 1 and ATA = 3, we get 3* = (v|v) = Zv;vj.
Hence, Zvj.v i =2 0. By Proposition 2.5, vj.vj is either 0 or 1 modulo A, and by Proposition 2.4,
Zlw]/(A) = Z/(3). Thus, the number of v; such that v; #; 0 must be a multiple of 3. Hence, we
can group the entries of |v) into triples and apply Lemma 3.4 to each such triple. This maps |u) to some
|u)" of lower least denominator exponent. O

Lemma 3.7. Let |u) € Z[1/3, ®]" be a unit vector and let 0 < j <n— 1. Then there exists Gy, ...,G, € 7,
such that G, --- Go |u) = | ).

Proof. By induction on Ide |u). If 1de(|u)) =0, then, by Lemma 3.5, |u) = £®" e for some 0 < j <n—1
and some 0 < x < 2. We can therefore reduce |u) to |j) by applying (—1)(;, (®@)(j, and X[; j1 or X|jr j,
as needed. If 1de |u) > 0, then, by Lemma 3.6, there exists G,, .. .,Go € ., such that lde(G, - - - Gy |u)) <
Ide(|u)). We can then conclude by applying the induction hypothesis to G, - - - G |u). O

Proposition 3.8. Let U be an n x n matrix. Then U € U,(Z[1/3, ®]) if and only if U can be written as a
product of elements of .7,

Proof. The right-to-left direction is immediate. For the left-to-right direction, consider the matrix U’ €
U,(Z[1/3,]). Iteratively applying Lemma 3.7 to the columns of U yields a sequence Gy, ...,G, of
elements of ., such that

GoG,---GqU' =1,

and we can therefore write U as U = GoG - -- G, ]
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4 Exact Synthesis of Toffoli+Hadamard Circuits

Let ¢ be a set of quantum gates. A unitary matrix U can be represented by a circuit over ¥ if there
exists a circuit C over ¢ such that, for any state |u), we have C |u) = U |u). The circuit may use ancillary
qutrits, but these must start and end the computation in the same state. If that state can be arbitrary, the
ancillary qutrits are said to be borrowed,; if that state is required to be |0), the ancillary qutrits are said
to be fresh. Unless otherwise specified, ancillae are assumed to be fresh. Note that if a matrix can be
represented by a circuit using m borrowed ancillae, then it can also be represented by a circuit using m
fresh ancillae.

Recall from Section 1 that the Clifford-cyclotomic gate set % is defined as ¢, = {X,CX,CCX,H,T;}.
In Appendix A we prove that ¢ is equivalent to the Toffoli+Hadamard gate set, up to two borrowed
ancillae and that, when k > 2, ¥ is equivalent to the Clifford+7 gate set {H,S,CX,T;}, up to a single
borrowed ancilla. The next proposition shows that all of the elements of .#5» can be represented by a
circuit over ¢ using no more than 2 borrowed ancillae. The proof of the proposition can be found in
Appendix A.
Proposition 4.1. If U € %34, then U can be represented by a circuit over ¢ using at most 2 borrowed
ancillae.

Using Proposition 4.1 we are now in a position to define an exact synthesis algorithm for multiqutrit
Toffoli+Hadamard circuits.
Theorem 4.2. IfU € Us:(Z[1/3,m,]), then U can be represented by an n-qutrit circuit over ¢, using at
most 2 ancillae.

Proof. By Proposition 3.8, .3 generates U3« (Z[1/3, @;]). Hence, it is sufficient to show that the ele-
ments of .#3» can be represented by an n-qutrit circuit over ¢;. This follows from Proposition 4.1, since
if 2 borrowed ancillae suffice to construct a circuit for U, then 2 fresh ancillae are also sufficient for this
purpose. O

S Catalytic Embeddings

Definition 5.1. Let % and ¥ be collections of unitaries. An m-dimensional catalytic embedding of %/
into ¥ is a pair (@, |c)) of a function ¢ : % — ¥ and a vector |c) € C™ such that if U € % has dimension
nthen ¢(U) € ¥ has dimension nm and

¢(U)(Ju) ®@1e)) = (Uw) ®|c)

for every |u) € C". The vector |c) is the catalyst of the catalytic embedding (¢,|c)). We sometimes
express the fact that (¢, |c)) is a catalytic embedding of % into ¥ by writing (¢,|c)) : % — V.
Definition 5.2. Let (¢,|c)): % — ¥ and (¢',|c)’) : ¥ — # be catalytic embeddings of dimension
m and m', respectively. The concatenation of (¢, |c)) and (¢',|c)’) is the m'm-dimensional catalytic
embedding (¢',[c)") o (¢, |c)) defined by (¢',[c)") o (¢, |c)) = (¢"0 9, |c) @ c)").

The concatenation of catalytic embeddings is associative and the catalytic embedding (14,,[1]) :
U — % acts as an identity for concatenation.
Definition 5.3. Let k > 2. We define Qy and |cy) as

Wy —1 1
Q. =11 - . and |Ck> = (Dk
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The matrix Q is unitary and the vector |c;) is an eigenvector of Q for eigenvalue . Indeed, since
Wy = a),f, we have

1 Wp—1 1 1 Wy o 1
Qler)==11 - - o'l==11 =o' =olc). )
A 1 % I Y
: Oy Oy 0y

Now recall from Section 2.3 that, for k > 2, every u € Z[1/3, @] can be written uniquely as a linear
combination of the form u = a + bay + c®?, where a,b,c € Z[1/3,_1]. Therefore, every matrix U
over Z[1/3, ] can be uniquely written as U = A + Bay + Co?, where A, B, and C are matrices over
Z[1/3, y—1]. We use this fact below to define a function U(Z[1/3, &) — U(Z[1/3, wk_1]).

Proposition 5.4. Let k > 2. The assignment
A+Bw+Cof — ARI+BRQ+Co Q7
defines a function ¢ : U(Z[1/3, ax]) — U(Z[1/3, 0x_1]).

Proof. Let U € U(Z[1/3, ax]) and write U as U = A+ Bay + Cw} for some matrices A, B, and C over
Z[1/3,@x-1]. Now let U' =A®I+B®Q+C® Q2. It is clear that U’ is a matrix with entries in

Z[1/3, @x_1]. We now show that U’ is unitary. Since U is unitary and since U = A + By, + Co), we can

express the equation UTU = I in terms of A, B, and C. Using w,j = a),j_1 co,g, this yields

(ATA+B'B+C'C) + (A'B+B'C+C'A0, oy +(AT'C+B'Aw, | +C'Bo )of =1.

Hence, ATA+ BB+ CTC =1 and A'B+ B'C+CAw] | = ATC+B'A® | +C"Bw | =0. Now note
that Q;g = wZ_IQ,%, so that U'TU’ is equal to

(A"A+B'B+C'C) @1+ (A'B+B'C+C'Aw] )@+ (A'C+BA0 | +C'Bo) )20}
Hence, U'TU’ = I. Reasoning analogously shows that U'U’" = I, so that U’ is indeed unitary. O

Proposition 5.5. Let k > 2. The pair (¢, |ck)) is a 3-dimensional catalytic embedding of U(Z[1/3, ax])
into U(Z[1/3, wk—l])-

Proof. By Proposition 5.4, ¢ : U(Z[1/3,0]) — U(Z[1/3, @x—1]) is a function and, by construction, if
U € U(Z[1/3, ox]) has dimension n, then ¢ (U ) has dimension 3n. Moreover, if |u) € C", then
o(U)(|u) @ [cr)) = (AR T+BOQ +C o QF) (|u) © ex))

=A®I(ju) ® |e)) + B O Qu(|u) ®]ci)) +CO QG (|u) ® ew))

= Alw) ®1 e} + Bu) ® Qe lex) +Clu) © Of |ex)

= Alu) @ |ex) +Blu) @ @ |ex) +C lu) @ & |cx)

= Alu) ® |ex) + 0B u) @ i) + OFC lu) @ |ex)

= (Alu) + oBu) + OFC |u)) ® ci)
= (Ulu)) @lex) -

Hence, (@, |cx)) is a catalytic embedding. O
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Remark 5.6. The catalytic embedding constructed in Proposition 5.4 and Proposition 5.5 takes advantage
of the fact that the matrix €2 and the algebraic number @y have many properties in common. Importantly,
the polynomial x> — @y_ is both the characteristic polynomial of Q; and the minimal polynomial of @y
over the ring Z[1/3, w,_1]. This construction generalizes to many other rings of interest (see [1]).
Corollary 5.7. Let k > 2. There is a 3*~'-dimensional catalytic embedding (¢,|c)) : U(Z[1/3,0%]) —
U(Z[1/3, ®]).

Proof. Applying Proposition 5.5 repeatedly yields a sequence of catalytic embeddings

U(Z[1/3, a]) Duslee))  (93:]es)) U(Z[1/3,a)) (¢2,]¢2)) U(Z[1/3, ).

Concatenating the catalytic embeddings in this sequence yields the desired result. 0

Note that the catalyst |c) in the catalytic embedding (¢, |c)) of Corollary 5.7 is the product state
o) =le2) ®- - ®ck).-

6 Exact Synthesis of Clifford-Cyclotomic Circuits

We can now prove our main result, which will follow straightforwardly from the results of Sections 3, 4
and 5.

Proposition 6.1. Let k > 2. If U € Us(Z[1/3,%]), then U can be represented by an n-qutrit circuit
over 9 using at most k+ 1 ancillae.

Proof. LetU € Us:(Z[1/3,]) and let (9, |c)) be the catalytic embedding constructed in Corollary 5.7,
with [¢) = |c2) ® - ® |cx). We then have ¢ (U) € Usui-1(Z[1/3, ]), so that, by Theorem 4.2, ¢(U) can
be represented by an (n+ k — 1)-qutrit circuit C over ¢; using at most 2 fresh ancillae. By Definition 5.1,
the action of ¢(U) on an input of the form |u) ® |c2) ® - ® |cx) can be depicted as below (where the
ancillary qutrits used in C, if any, are omitted).

|u) — — Ulu)
|ck) : C : |ex)
c2) — — |c2)

But, for 2 < ¢ < k, we have |c/) = T/H|0) and T, = (TkT)3H. Hence, we can construct the following
circuit over ¥;.

Ju) — — U |u)
0) —HHHT H T —HpH—10)
| C :

0) = H T D E R0
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Since all of the ancillae in D (including the ancillae potentially present in C) start and end the computation
in the |0) state, then D is a circuit over ¢, which represents U and uses at most k + 1 (fresh) ancillae, as
desired. 0

Remark 6.2. The circuit constructed in Proposition 6.1 actually use k — 1 fresh ancillae and no more than
2 borrowed ancillae. For brevity, we simply stated the proposition in terms of fresh ancillae. One can
amend the constructions in Appendix A to reduce the total ancilla-count from k + 1 to k, at the cost of
requiring all ancillae to be fresh.

Theorem 6.3. Let k > 1 and let U be a 3" x 3" unitary matrix. Then U can be represented by an n-
qutrit circuit over 9 if and only if U € Uz (Z[1/3, @y]). Moreover, k+ 1 ancillae are always sufficient
to construct a circuit for U.

Proof. The left-to-right direction is a consequence of the fact that the entries of the elements of ¥ lie in
the ring Z[1/3, @y]. The right-to-left direction is given by Theorem 4.2 and Proposition 6.1. O

7 Circuit Complexity

The proof of Theorem 6.3 is constructive: it provides an algorithm to construct a circuit for a given
matrix. In this section, we briefly discuss the complexity of the resulting circuit, reasoning as in [3, 12].
We start by considering Proposition 3.8 before turning to Theorem 6.3.

Lemma 7.1. Let U € U, (Z[1/3,w]) and let £ =1de(U). The algorithm of Proposition 3.8 expresses U
as a product of O(2"0) elements of -, in the worst case.

Proof. Consider the first column of U. In the worst case, its least denominator exponent is ¢. To reduce
this least denominator exponent by one requires O(m) operations. Hence, reducing the first column of U
completely requires O(¢m) operations in the worst case. The reduction of the first column may increase
the least denominator exponent of the second column from £ to 2/, since each entry of the second column
may be affected by up to ¢ 3-level matrices in the course of this first reduction. Once the first column
has been reduced, the second column may still have m — 1 nonzero entries. Reducing the second column
will hence require O(2¢(m — 1)) operations in the worst case. In general, reducing the j-th column will
require O(2/~14(m — j)) operations in the worst case so that the overall reduction of U requires at most

0 <f 20(m — i))
i=0

operations. Simplifying the resulting sum yields a total of O(2"¢) operations. O

Theorem 7.2. Let U € Us:(Z[1/3, %)) and let ¢ =1de(U). The algorithm of Theorem 6.3 represents U
as a circuit of O((n+ k)23 0) gates in the worst case.

Proof. The algorithm of Theorem 6.3 uses the catalytic embedding (¢, |c)) of Corollary 5.7 to construct
a matrix ¢(U) over Z[1/3,®]. The dimension of ¢(U) is 3""*~! and its least denominator exponent
is no more than ¢. Hence, by Lemma 7.1, the algorithm of Proposition 3.8 will express ¢(U) as a
product of no more than 0(23"“715) elements of .#5.++1. It follows from the circuit constructions given
in Appendix A, that each element of .%.1+1 can be represented by a circuit consisting of O(n -+ k) gates.
Hence, the circuit produced by Theorem 6.3 consists of no more than O((n + k)23"+k71 ?) gates. O
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8 Conclusion

We showed that the matrices that can be exactly represented by an n-qutrit circuit over the Clifford-
cyclotomic gate set of degree 3 are precisely the elements of U3« (Z[1/3,ax]). Moreover, we showed
that no more than k + 1 ancillae are required to construct a circuit for an element of U3»(Z[1/3, wy]).

Our proof contains an algorithm for synthesizing a circuit over %, given a matrix in Uz (Z[1/3, ax]).
However, the circuits constructed in this way are very large and their optimization is a promising direction
for future research. It would be interesting to reduce the gate-complexity of the circuits produced by
Theorem 6.3. The techniques employed in [3, 22] for the synthesis of multiqubit Toffoli+Hadamard and
Clifford+T circuits are likely to apply in the qutrit context as well. Similarly, it would also be interesting
to reduce the number of ancillae used by the algorithm. As Appendix A shows, some of the ancillae can
be removed by choosing a slightly different gate set, but the bulk of the ancillae come from the use of
catalytic embeddings, so a different synthesis technique may be required for more significant savings.
Along this line of inquiry, it would be interesting to characterize the matrices that can be represented by
ancilla-free circuits. Such characterizations exist for qubit matrices [4, 12], but are likely to be different
for qutrits [32].

Finally, a natural generalization of this work would be to consider higher-dimensional qudits. How-
ever, preliminary research suggests that the techniques used here and in [2] might not adapt straightfor-
wardly to primes larger than 3. While it stands to reason that some version of our results should continue
to hold for larger prime dimensions, proving this to be the case might require new ideas.
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A Circuit Constructions

In this appendix, we show that the Clifford-cyclotomic gate set % is equivalent to the Clifford+7; gate
set when k > 2, we give a construction of the CX gate over the {X,CCX,H} gate set, and we provide a
proof of Proposition 4.1. In addition, we show that the matrices (—1)1y, (@) X[x, x]> and Hiy, , ;] can
be represented by circuits over the ¥, gate set using at most k borrowed ancillae. The constructions in
this appendix are exact (i.e., not up to a global or relative phase). Implementations of our constructions,
for a fixed number of controls, are available at https://github.com/lia-approves/qutrit-Cli
fford-cyclotomic.

A.1 Gate Set Equivalences

Recall from Section 1 that the qutrit Toffoli (or CCX) gate acts on computational basis states as
\x,y,z> = |x,y,z+xy> >

where the arithmetic operations are performed modulo 3. In higher prime dimension d, the Toffoli gate
is defined similarly, except that the arithmetic operations are performed modulo d. The Toffoli gate can
be represented in the qupit ZH-calculus [27] as below.

3=

In Equation (3), A denotes the following type of control: if U is a unitary and |c) and |¢) are computational
basis states, then A(U) |c) |t) = |¢) ® (U€ |t)). In particular, A(X) is the CX gate and A(A(X)) = A(CX)
is the CCX gate.

We now recall the definition of the |0)-controlled X gate, which applies an X gate to its target if and
only if its control is in the state |0) [27].

Definition A.1. Let d be a prime. The qudit |0)-controlled X gate acts on computational basis states as

o) o le,t+1) ifc=0, and
c
|c,t) otherwise,

where arithmetic is performed modulo d.

Remarkably, when d is a prime greater than 2, the X gate and the |0)-controlled X gate suffices to
generate all of the d-ary classical reversible gates [27]. Moreover, as was shown in [28, 32], when d = 3,
no ancillary qutrits are needed for this purpose. In contrast, there is no collection of reversible one and
two-qubit gates that suffices to generate all of the binary reversible gates.

Theorem A.2 ([32], Theorem 2). Any ternary classical reversible function f :{0,1,2}" — {0,1,2}" can
be represented by an ancilla-free circuit of X and |0)-controlled X gates.

Here, we only need multiply-controlled Toffoli gates, which can be built with a gate count linear in
the number of controls, as in [27, 34]. The constructions of [27, 34] use no more borrowed ancillae than
there are controls. They can be made into ancilla-free constructions by building Toffoli gates with n/2
controls using at most n/2 borrowed ancillae. Following [32], one can then combine six of these Toffoli
gates with /2 controls to construct a Toffoli gate with n— 1 controls, and then combine 3 of these Toffoli
gates with n — 1 controls to add the final control.

We now show that the CX gate can be represented by a circuit over {X,CCX ,H}.


https://github.com/lia-approves/qutrit-Clifford-cyclotomic
https://github.com/lia-approves/qutrit-Clifford-cyclotomic
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Lemma A.3. The gate sets {X,CX,CCX,H} and {X,CCX,H} are equivalent up to a single borrowed
ancilla.

Proof. The circuit below represents the CX gate using a single borrowed ancilla.

O]

Proposition A.4. Let Cjp)X denote the qutrit |0)-controlled X gate. Then the gate sets {X,CCX,H} and
{X, C|0>X,H} are equivalent up to a single borrowed ancilla.

Proof. The gates X and CCX are ternary classical reversible functions. Hence, by Theorem A.2, they
can both be represented by a circuit over {X,C|oX, H }. Thus, every matrix that can be represented by a
circuit over {X,CCX,H} can be represented by a circuit over {X,C|p X, H }. Conversely, we have

o

4

where x,y,z € {0,1,2} are input qutrit computational basis states and the basis state on a wire is updated
whenever it is changed by the circuit. The —0 on the left-hand side of Equation (4) indicates that the X
gate is applied when the control is not in the state |0). To see that Equation (4) holds, note that x> = 1
for x # 0 so that z + x? is indeed the desired state. Moreover, we have

© @,
P

Therefore, multiplying the inverse of the circuit on the right-hand side of Equation (4) by an X gate yields
a representation of the Cjp)X over the gate {X,CCX,H} by Lemma A.3. Hence, every matrix that can
be represented by a circuit over {X,Cjp)X,H} can be represented by a circuit over {X,CCX,H} using a
single borrowed ancilla. 0

Remark A.S. The construction in Proposition A.4 can be explained (and, in fact, was found) using the
qupit ZH-calculus [27]. In the qupit ZH-calculus, we have

I 5
= “ (6)
N

where the d — 1 label indicates there are d — 1 number of wires in parallel. We then get the following
construction of the |—0)-controlled X gate:

e - O - B
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The post-selected circuit in Equation (7) can be made deterministic by adding a CX " gate for uncompu-
tation, which yields a construction requiring a fresh ancilla:

@&:W:E

The construction is then modified in order to work with a borrowed ancilla, which yields the circuit in
Equation (4).

By Lemma A.3 and Proposition A.4, the gate set ¢ is equivalent (up to a borrowed ancilla) to
the gate set consisting of the X gate, the |0)-controlled X gate, and the Hadamard gate. Hence, by
Theorem A.2, any ternary classical reversible function can be represented by a circuit over ¢ using at
most one borrowed ancilla.

We now show that, when k > 2, the Clifford-cyclotomic gate set of degree 3 is equivalent, up to a
borrowed ancilla, to the Clifford+7; gate set. We take advantage of some constructions from [8] (see, in
particular, Figure 6 in [8]).

Lemma A.6. We have:

@
I

Lemma A.7. We have:

® ® ® XZF

repeat 2 times

Proposition A.8. When k > 2, the Clifford-cyclotomic gate set 9, is equivalent to the Clifford+T; gate
set up to a single borrowed ancilla.

Proof. Recall that %, = {X,CX,CCX,H,T;} and that Clifford+7; = {H,S,CX, T} }. To prove the propo-
sition, we therefore need to show that the S gate can be represented by a circuit over ¥ and that the
X and CCX gates can be represented by Clifford+7;, circuits. That the S gate can be represented by a
circuit over % follows from Lemma A.7 and the fact that 7, = Tk3k_2. That the X can be represented by a
Clifford+7} circuit simply follows from the fact that X = H' T23H . That the CCX gate can be represented
by a Clifford+7} circuit follows from Lemma A.6 and Theorem A.2. 0

The propositions above show that there is some flexibility in the definition of Clifford-cyclotomic
gate sets and, in particular, that the gate set {X,CX,CCX,H,T}} is by no means minimal.

A.2 Circuit Representations for the Elements of .#3»

We now provide explicit constructions for the elements of .#3.. We focus on the matrices in .#3» where,
writing each computational basis state on n qutrits as n trits, the levels are chosen to be those with the
greatest value (taking the last qutrit to have the least significant trit). Indeed, these constructions can
then be adapted to arbitrary levels by conjugating them by ternary classical reversible circuits using
Theorem A.2 and Proposition A.4.

By Theorem A.2 and Proposition A.4, the multiply-controlled X gate can be expressed as a circuit
over ¢ using a single borrowed ancilla. We can therefore express the multiply-controlled Z gate as well,
since Z' = HXH".
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Lemma A.9. We have:

-

ﬁ%

@)
7

From this and the fact that (@) = S when acting on a single qutrit, we can construct the 1-level
matrix (@), using a single borrowed ancilla.

Lemma A.10. We have:

.

: !
—

The next two lemmas let us construct the 1-level matrix (_I)M' When acting on a single quitrit, this
is the (—1)p = diag(1,1,—1) gate. This gate is also known as the metaplectic gate [6, 8, 11] and in
earlier work, we referred to this gate as the R gate [14].

Lemma A.11. We have:

-

® . . . ?
_ b b b b »? ;

Lemma A.12. We have:

<
-0
-0
-9

1 ot | ot X5 -

We can now synthesize the 3-level matrix H, ,, ., matrix over ¢;. To do this, apply Lemma A.11 as
well as the appropriate controlled global phase correction: a product of 1-level @}, matrices and (— I)M
matrices.

Lemma A.13. We have:
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We have now constructed all of the required 1-, 2-, and 3-level matrices (up to a permutation). We
can therefore prove Proposition 4.1, which we restate below, making the ancilla requirements explicit.

Proposition. If U € .3, then U can be represented by a circuit over 4| using at most 2 borrowed
ancillae. Explicitly,

* (—1)p requires 2 borrowed ancillae,
* (@) requires 1 borrowed ancillae,
* Xlx,,x,) requires 1 borrowed ancilla, and

* Hiy, x, ) requires 1 borrowed ancillae.
Proof. This follows from Lemmas A.3, A.10, A.12 and A.13, Proposition A.4, and Theorem A.2. O]

The number of ancillae required to represent the elements of .#4» is, to a certain extent, an artifact of
the choice of gate set. For example, including the |0)-controlled X gate to the gate set would lower the
ancilla-count for some of the elements of .#3.

The proposition above shows that the matrices that can be represented by a multiqutrit circuit over the
Clifford+(—1) gate set (also known as the Clifford+R or the metaplectic gate set) are a subset of those
representable by a circuit over ¢;. At the time of writing, we do not know whether this inclusion is strict,
although the conjecture in [7] that not all ternary classical reversible gates can be exactly represented
over the Clifford+(—1)y gate set lends credence to this idea.

If a matrix can be represented by a circuit over ¥, it can also be represented by a circuit over ¥, 1.
It therefore follows from the proposition above that all of the elements of .3+ can be represented by a
circuit over ¢%. We close this appendix by showing that the 1-level matrix ((Dz)[x] can be represented
by a circuit over % and by providing further generalizations of the above constructions. This paves the
way for a direct proof of exact synthesis for Clifford+7" circuits (rather than the more indirect one using
catalytic embeddings, as in Theorem 6.3). Over %, the ancilla requirements are lowered, since the |0)-
controlled X gate can be represented by an ancilla-free circuit by Lemma A.6. To construct (@), we
first build a modification of (a))[x] which differs by a controlled global phase of ;.

Lemma A.14. We have:
()
—o— ? ?—
@ - @ 2

P N P 1131 Fa i A
We note that unlike the construction in Lemma A.10 which required one (additional) borrowed an-
cilla, this construction requires no (additional) borrowed ancillae. By combining the construction of
Lemma A.14 and that of Lemma A.13, we can therefore represent Hy, , ,,) Without ancillae. Similarly,
by combining the construction of Lemma A.14 and that of Lemma A.12, we can represent (—1)(, using

a single borrowed ancillae. Finally, (@)}, can be constructed as in the next lemma using 2 borrowed
ancillae.

Lemma A.15. We have:

N

; a

©) -
i
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Proposition A.16. The I-, 2-, and 3-level matrices (— 1), (@2), Xjx, v,]» and H, , ,,) can be repre-
sented by a circuit over % using at most 2 borrowed ancillae. Explicitly,

* (—1)p requires 1 borrowed ancilla,
* (@) requires 2 borrowed ancillae,
* Xy, x,) requires 0 borrowed ancillae, and

* Hiy, x, ) requires 0 borrowed ancillae.
Proof. This follows from Lemmas A.6, A.12, A.13, A.14 and A.15 and Theorem A.2. O

We can generalize the above construction to Clifford-cyclotomic gate sets of higher degree.

Proposition A.17. Let k > 1. The I-level matrix ((Uk>[x] can be represented by a circuit over 9 using k
borrowed ancillae.

Proof. First, we build the multiply-controlled M gate, where M = diag(1, e, cokT ).
—— ? ?

| _ ! L ©

{7

] :a)kdiag(l,l,a),ll).

Then, we can build the multiply-controlled one-qutrit gate oy (@)

—

-®
-©

I
O—

(10)
X . XHAEHX -

Finally, we can combine this with the multiply-controlled one-qutrit gate (@—1)}y = diag(1,1, @) to
get (x)p..)-

—— ?

o | — o)y | (@ 1)p —

Since a single borrowed ancilla suffices to build (@) and 2 borrowed ancillae suffice to build (@), the
above equation shows that k ancillae suffice to bu11d ((Dk)- O

-®

an
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