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Motivation

Extreme violation of local realism in quantum hypergraph states
Phys. Rev. Lett. 116, 070401 (2016)
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What are graph states and why to study them?
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Graph States

1

2

34

5

A graph: G = {V ,E}.

Nodes: |+〉 = 1√
2

(|0〉+ |1〉).

Edges: Cab =




1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1




A graph state: |G 〉 =
∏

e∈E
Ce |+〉⊗N .
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Graph States

1

2

34

5

Graph State:
|G 〉 =

∏
e∈E Ce |+〉⊗N .

Stabiliser States:
g1 = X1Z2Z3

g2 = X2Z1Z4

g3 = X3Z1Z5
...

gi |G 〉 = + |G 〉.
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Applications

M.Hein, W.Dür, J. Eisert, R. Raussendorf, M Van Den Nest, H.J. Briegel, Entanglement in Graph States and its Applications.
(2006)
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Hypergraph States
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Graph States vs Hypergraph States

1

2

34

5

Edges: Cab =


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1

.

|G 〉 =
∏

e∈E
Ce |+〉⊗N

1

2

3

4

5 6
7

Edges: Ce = 1− 2 |11 . . . 1〉〈11 . . . 1|

Cabc =



1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 −1


.

|H〉 =
∏

e∈E
Ce |+〉⊗N
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Example– Hypergraph States

The simplest HG state look as follows:

1

32

|H〉 = C123 |+〉⊗
3

= 1√
8

[
|000〉+ |001〉+ |010〉+ |100〉+ |011〉+ |101〉+ |110〉 − |111〉

]
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Graph States vs Hypergraph States

1

2

34

5

|G 〉 =
∏

e∈E
Ce |+〉⊗N

1

32

|H〉 =
∏

e∈E
Ce |+〉⊗N = C123 |+〉⊗N
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Graph States vs Hypergraph States

1

2

34

5

|G 〉 =
∏

e∈E
Ce |+〉⊗N

Stabiliser States:
g1 = X1Z2Z3

g2 = X2Z1Z4

g3 = X3Z1Z5
...

gi |G 〉 = + |G 〉.

1

32

|H〉 =
∏

e∈E
Ce |+〉⊗N = C123 |+〉⊗N

Stabiliser States:
h1 = X1C23

h2 = X2C13

h3 = X3C12

hi |H〉 = + |H〉.
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Nonlocality proofs for HG states

1

32

h1 = X1C23

h2 = X2C13

h3 = X3C12

hi |H〉 = + |H〉.

h1 = X1 ⊗




1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1
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32

h1 = X1C23

h2 = X2C13

h3 = X3C12

hi |H〉 = + |H〉.

h1 = X1 ⊗




1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1




P(+−−|XZZ ) = 0
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hi |H〉 = + |H〉.

h1 = X1 ⊗




1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1




P(+−−|XZZ ) = 0

P(−+−|XZZ ) =?

P(−−+|XZZ ) =?

P(−+ +|XZZ ) =?
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Nonlocality proofs for HG states

1

32

h1 = X1C23

h2 = X2C13

h3 = X3C12

hi |H〉 = + |H〉.

P(+−−|XZZ ) = 0

P(−+−|XZZ ) = 0

P(−−+|XZZ ) = 0

P(−+ +|XZZ ) = 0

+ permutations from h2 and h3.
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Hardy argument for H

For the deterministic assignment of probabilities:

P(+−−|XZZ ) = 0

P(−+−|XZZ ) + P(−−+|XZZ ) + P(−+ +|XZZ ) = 0

+

permutations coming from h2, h3

⇒ P(+−−|XXX ) = 0

An actual value : P(+−−|XXX ) = 1
16 .

|H〉 = 1
2

[
|000〉 + |010〉 + |100〉 + |111〉

]
S. Abramsky, C. Constantin, EPTCS 171, 2014, pp. 10-25
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Local Hidden Variable Model 1|23 for H

P(+−−|XZZ ) = 0

P(−+−|XZZ ) + P(−−+|XZZ ) + P(−+ +|XZZ ) = 0

+

1 local + 2,3 no-signaling

+

permutations coming from h2, h3

⇒
P(−−−|XXX ) =

1

16
& P(−−−|ZZZ ) =

1

8
is banned!

Bell inequality:

P(+−−|XZZ ) + permutations + P(−R3|XZZ ) + permutations −
P(−−−|ZZZ ) + P(−−−|XXX ) ≥ 0
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Exponentially growing violation in graph states and hypergraph
states
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Mermin’s Inequalities

|GHZ3〉

1

2 3

1

32
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Mermin’s Inequalities

|GHZ4〉 = 1√
2
(|0000〉+ |1111〉

2 3

1 4

1 2

4 3

∣∣H3
4

〉
= C123C124C134C134 |+〉⊗4
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Mermin’s Inequalities

|GHZ4〉 = 1√
2
(|0000〉+ |1111〉

2 3

1 4

Now for an arbitrary |GHZN〉 :

1 2

4 3

∣∣H3
4

〉
= C123C124C134C134 |+〉⊗4

Now for an arbitrary
∣∣H3

N

〉
:
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Mermin’s Inequalities

|GHZ4〉 = 1√
2
(|0000〉+ |1111〉

2 3

1 4

Now for an arbitrary |GHZN〉 :

BM = (XZZ . . .Z + permutations)−
−(XXXZZ . . .Z + permutations)+

+(XXXXXZZ . . .Z + permutations)−
−(. . . . . . )
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Mermin’s Inequalities

|GHZ4〉 = 1√
2
(|0000〉+ |1111〉

2 3

1 4

Now for an arbitrary |GHZN〉 :

〈BQ〉 = 2N−1 GHZ state

〈BC 〉 = 2bN\2c

1 2

4 3

∣∣H3
4

〉
= C123C124C134C134 |+〉⊗4

Now for an arbitrary
∣∣H3

N

〉
:

N. David Mermin (1990) Phys. Rev. Lett. 65(15).
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Mermin’s Inequalities

|GHZ4〉 = 1√
2
(|0000〉+ |1111〉

2 3

1 4

Now for an arbitrary |GHZN〉 :

〈BQ〉 = 2N−1 GHZ state

〈BC 〉 = 2bN\2c

1 2

4 3

∣∣H3
4

〉
= C123C124C134C134 |+〉⊗4

Now for an arbitrary
∣∣H3

N

〉
:

〈BQ〉 ≥ 2N−2 − 1

2
HG state

〈BC 〉 = 2bN\2c

M. Gachechiladze, C. Budroni, Otfried Gühne,
arXiv:1507.03570 (2015)

N. David Mermin (1990) Phys. Rev. Lett. 65(15).
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1 2

4

35
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Advantages of hypergraph states

1 2

4

35

GHZ state becomes a fully
separable state after tracing out
one particle.
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Advantages of hypergraph states

1 2

4

35

GHZ state becomes a fully
separable state after tracing out
one particle.

4-uniform hypergraph states
still violate Mermin inequality
exponentially!
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Direct Applications

Heisenberg-limited metrology †

- an advantage of being more robust to noise;

Nonadaptive measurement based quantum computation with linear
side-processing ††

† W.-B. Gao, C.-Y. Lu, X.-C. Yao, P. Xu, O. Gühne, A. Goebel, Y.-A. Chen, C.-Z. Peng, Z.-B. Chen, and J.-W. Pan, Nature
Phys. 6, 331 (2010).
†† M. J. Hoban, E. T. Campbell, K. Loukopoulos, and D. E. Browne, New J. Phys. 13, 023014 (2011).
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Local Unitary Equivalence Classes
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LU in graph and hypergraph states
√
X+

√
Z−

√
Z−

√
Z−

√
Z−

√
Z−

√
Z−

√
Z−

√
X+

M. Hein, W. Dür, J. Eisert, R. Raussendorf, M. Van den Nest,
H.-J. Briegel arXiv:quant-ph/0602096

1

32

1

32

1

32

X

X
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1 2 3 4 5 6 7

8 9 10 11 12 13 14

15 16 17 18 19 20 21

22 23 24 25 26 27 28

O. Gühne, M. Cuquet, F.E.S. Steinhoff, T. Moroder, M. Rossi, D. Bruß, B. Kraus, C. Macchiavello, J. Phys. A: Math. Theor.
47, 335303 (2014)
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LU in graph and hypergraph states
√
X+

√
Z−

√
Z−

√
Z−

√
Z−

√
Z−

√
Z−

√
Z−

√
X+

M. Hein, W. Dür, J. Eisert, R. Raussendorf, M. Van den Nest,
H.-J. Briegel arXiv:quant-ph/0602096

1

32 54

1

32 54

√
C−

23

√
C−

45

√
X+

1
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LU in graph and hypergraph states
√
X+

√
Z−

√
Z−

√
Z−

√
Z−

√
Z−

√
Z−

√
Z−

√
X+

M. Hein, W. Dür, J. Eisert, R. Raussendorf, M. Van den Nest,
H.-J. Briegel arXiv:quant-ph/0602096

1

32 54

1
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√
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23

√
C−

45

√
X+

1 √
Z−

6

6

6
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Local Clifford equivalence in hypergraph states

1

32 54

1

32 54

√
C−

23

√
C−

45

√
X+

1

(a)

a

b

√
X+

a

√
X−

b

a

b

(b)

a b

c

√
X+

a

√
X−

c

√
X−

b

a b

c

(c)

√
Z−

3

√
Z−

M. Gachechiladze, N.Tsimakuridze, O. Gühne
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What have we seen for now?

Graph states are elegant!
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Entanglement and robustness properties

Applications

Local unitary equivalence classes

Mariami Gachechiladze, Nikoloz Tsimakuridze, Costantino Budroni, Otfried Gühne (TQO)Hypergraph States 25 / 31



What comes next?

Learn if other hypergraph states are nice as well
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1 32 4 5
. . .

1 32 4 5
. . .

or
1 32 4 5
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What comes next?

Learn if other hypergraph states are nice as well

Relate entanglement measures with hypergraph theory
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What comes next?

Learn if other hypergraph states are nice as well

Relate entanglement measures with hypergraph theory

Proposal for experimental implementation of a hypergraph state

Local unitary equivalence classes

Can nonlocal stabiliser be simulated efficiently classically

Applications!!!
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Measurement Based Quantum Computation?

Jacob Miller, Akimasa Miyake, Quantum computation on domain walls of a two-dimensional symmetry-protected topological
order arXiv:1508.02695v1
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Topological Quantum Memory? Hypertoric Codes?

H = −
∑

v

A(v)−
∑

p

B(p) (1)

R. Raussendorf, S. Bravyi, and J. Harrington, Long-range quantum entanglement in noisy cluster states Phys. Rev. A 71,
062313 (2005)
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Topological Quantum Memory? Hypertoric Codes?

Beni Yoshida, Topological phases with generalized global symmetries arXiv:1508.03468v1
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Topological Quantum Memory? Hypertoric Codes?
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Thank you!
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