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General Mathematics

• Quadratic Formula: Solution to ax2+ bx+ c = 0

is x = −b±
√
b2−4ac
2a

Moments

Centralised moments in terms of uncentralised mo-
ments:

µ2 = µ′
2 − µ2

µ3 = µ′
3 − 3µµ′

2 + 2µ3

µ4 = µ′
4 − 4µµ′

3 + 6µ2µ′
2 − 3µ4

Risk Measures

• Standard deviation principle r = µ+ aσ.

• Value at Risk r = πp.

• Tail Value at Risk r =

∫∞
πp

xf(x)dx

1− p

= πp +

∫∞
πp

S(x)dx

1− p

Continuous Distributions:
Transformed Beta family

Transformed Beta

Inverse of Transformed Beta with α = τ , τ = α,
θ = 1

θ .

Density function f(x) =
(

Γ(α+τ)
Γ(α)Γ(τ)

)
γ( x

θ )
τγ

x(1+( x
θ )

γ
)
α+τ

Mean θ
Γ(τ+ 1

γ )Γ(α−
1
γ )

Γ(τ)Γ(α)

Raw Moments µ′
k = θk

Γ(τ+ k
γ )Γ(α−

k
γ )

Γ(τ)Γ(α)

Moment Generating Undefined
Function

0.1 Burr

Transformed Beta with τ = 1.

Density function f(x) =
αγ( x

θ )
γ

x(1+( x
θ )

γ
)
α+1

Survival Function 1

(1+( x
θ )

γ
)
α

Mean θ
Γ(α− 1

γ )Γ(
1
γ )

Γ(α)

Raw Moments µ′
n = θn

nΓ(α−n
γ )Γ(

n
γ )

Γ(α)

Moment Generating Undefined
Function

Inverse Burr

Transformed Beta with α = 1.

Density function f(x) =
τγ( x

θ )
γτ

x(1+( x
θ )

γ
)
τ+1

Survival Function 1

(1+( x
θ )

γ
)
α

Mean θ
Γ(τ+ 1

γ )Γ(1−
1
γ )

Γ(τ)

Raw Moments µ′
k = θk

Γ(τ+ k
γ )Γ(1−

k
γ )

Γ(τ)

Moment Generating Undefined
Function

Generalised Pareto

Transformed Beta with γ = 1.

Density function f(x) =
(

Γ(α+τ)
Γ(α)Γ(τ)

)
( x

θ )
τ

x(1+( x
θ ))

α+τ

Mean θ τ
α−1

Raw Moments µ′
k = θk Γ(τ+k)Γ(α−k)

Γ(τ)Γ(α)

Moment Generating Undefined
Function

Pareto

Transformed Beta with τ = γ = 1.
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Density function f(x) = αθα

(θ+x)α+1

Survival Function
(

θ
θ+x

)α

Mean θ
α−1 (if α > 1)

Variance θ2α
(α−1)2(α−2) (if α > 2)

Raw Moments µ′
k = θk Γ(1+k)Γ(α−k)

Γ(α)

Moment Generating Undefined
Function

Inverse Pareto

Transformed Beta with α = γ = 1.

Density function f(x) = τθxτ−1

(θ+x)τ

Survival Function 1−
(

x
θ+x

)τ

Mean undefined
Moment Generating Undefined
Function

log-logistic

Transformed Beta with α = τ = 1.

Density function f(x) =
γ( x

θ )
γ

x(1+( x
θ )

γ
)
2

Survival Function 1

(1+( x
θ )

γ
)

Mean θΓ
(
1 + 1

γ

)
Γ
(
1− 1

γ

)
Raw Moments µ′

k = θkΓ
(
1 + k

γ

)
Γ
(
1− k

γ

)
Moment Generating Undefined
Function

Paralogistic

Transformed Beta with τ = 1, α = γ.

Density function f(x) =
γ( x

θ )
γ

x(1+( x
θ )

γ
)
γ+1

Survival function S(x) = 1

(1+( x
θ )

γ
)
γ

Mean θ
Γ(γ− 1

γ )Γ(
1
γ )

Γ(γ)

Raw Moments µ′
k = θk

Γ(1+ k
γ )Γ(γ−

k
γ )

Γ(γ)

Variance
Moment Generating Undefined
Function

Inverse Paralogistic

Transformed Beta with α = 1, τ = γ.

Density function f(x) =
γ( θ

x )
γ

x(1+( θ
x )

γ
)
γ+1

Survival function S(x) = 1− 1

(1+( θ
x )

γ
)
γ

Mean

Raw Moments µ′
k = θk

Γ(γ+ k
γ )Γ(1−

k
γ )

Γ(γ)

Variance
Excess loss
Moment Generating Undefined
Function

Continuous Distributions:
Transformed Gamma family

Transformed Gamma

Limit of Transformed Beta as α → ∞ and θ → ∞
with αθα = ξ.

Density function f(x) =
τ( x

θ )
τα

e
−( x

θ )
τ

xΓ(α)

Mean µ = θ
τ(α+ 1

τ )
τ(α)

Raw moments µ′
n = θn

Γ(α+n
τ )

Γ(α)

Gamma

Transformed Gamma with τ = 1

Density function f(x) =
( x

θ )
α
e
−( x

θ )

xΓ(α)

Survival function S(x) = e−
x
θ (1 + · · ·+ ( x

θ )
α−1

(α−1)! )

(for α ∈ Z+)
Mean µ = θα

Raw moments µ′
n = θn Γ(α+n)

Γ(α)

Variance µn = θnα
Moment Generating M(t) = 1

(1−θt)α

Function

Weibull

Transformed Gamma with α = 1
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Density function f(x) =
τ( x

θ )
τ
e
−( x

θ )
τ

x

Survival function e−(
x
θ )

τ

Mean µ = θΓ
(
1 + 1

τ

)
Raw moments µ′

n = θnΓ
(
1 + n

τ

)
Exponential

Transformed Gamma with α = τ = 1

Density function f(x) = e
−( x

θ )
θ

Survival function e−
x
θ

Mean µ = θ
Raw moments µ′

n = n!θn

Variance µn = θn

Excess loss θe−
x
θ

Moment Generating M(t) = 1
1−θt

Function

Inverse Transformed Gamma

Inverse of transformed gamma with θ = 1
θ .

Density function f(x) =
τ( θ

x )
τα

e
−( θ

x )
τ

xΓ(α)

Mean µ = θ
Γ(α− 1

τ )
Γ(α) (if τα > 1)

Raw moments µ′
n = θn

Γ(α−n
τ )

Γ(α) (if τα > n)

Inverse Gamma

Inverse Transformed Gamma with τ = 1. Inverse of
gamma distribution with θ = 1

θ .

Density function f(x) =
( θ

x )
α
e
−( θ

x )

xΓ(α)

Survival function S(x) = 1− e−
θ
x (1 + · · ·+ ( θ

x )
α−1

(α−1)! )

(for α ∈ Z+)
Mean µ = θ

α−1 (if α > 1)

Raw moments µ′
n = θn Γ(α−n)

Γ(α) (if α > n)

Variance µ2 = θ2

(α−1)2(α−2)

Inverse Weibull

Inverse Transformed Gamma with α = 1. Inverse of
Weibull distribution with θ = 1

θ .

Density function f(x) =
τ( θ

x )
τ
e
−( θ

x )
τ

x

Survival function 1− e−(
θ
x )

τ

Mean µ = θΓ
(
1− 1

τ

)
(if τ > 1)

Raw moments µ′
n = θnΓ

(
1− n

τ

)
(if τ > n)

Moment Generating Undefined
Function

Inverse Exponential

Inverse Transformed Gamma with τ = α = 1, inverse
of exponential with θ = 1

θ .

Density function f(x) = θe
−( θ

x )
x2

Survival function 1− e−
θ
x

Mean Undefined

Linear Exponential Family

Density fθ(x) =
p(x)er(θ)x

q(θ)

mean µ(θ) = q′(θ)
q(θ)r′(θ)

Variance µ2(θ) =
µ′(θ)
r′(θ)

Normal

Density function f(x) = 1√
2πσ

e−
(x−µ)2

2σ2

Mean µ = µ
Variance σ2

Moment Generating M(t) = eµt+
1
2σ

2t2

Function

Uniform

Density function f(x) = 1
b−a (for a < x < b)

Survival funtion S(x) = b−x
b−a (for a ⩽ x ⩽ b)

Mean µ = a+b
2

Variance (b−a)2

12

Moment Generating M(t) = ebt−eat

(b−a)t

Function
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Discrete Distributions

Binomial

Probability pk =
(
n
k

)
pk(1− p)n−k

mean µ = np
raw moments E(X · · · (X + 1−m)) = n · · · (n+ 1−m)pm

Variance µ2 = np(1− p)
p.g.f. P (z) = (1− p+ pz)n

(a, b, 0)-class a = − p
1−p , b =

(n−1)p
1−p

zero-truncated pT1 = np(1−p)n−1

1−(1−p)n

probability

Poisson

Limit of binomial as n → ∞, p → 0 with np = λ.

Probability pk = e−λ λk

k!
mean µ = λ
raw moments E(X(X − 1) · · · (X + 1−m)) = λm

Variance µk = λ
p.g.f. P (z) = eλ(z−1)

(a, b, 0)-class a = 0, b = λ

zero-truncated pT1 = λe−λ

1−e−λ

probability

Negative Binomial

• Gamma mixture of Poisson distributions where
λ follows a gamma distribution with θ = β and
α = r.

• Number of successes before r failures if proba-
bility of success is β

1+β .

• Compound Poisson-Logarithmic distribution,

where λ = r log
(

1
1+β

)
and a = β

1+β .

Probability pk =
(
k+r−1

k

) (
β

1+β

)k (
1

1+β

)r

= r(r+1)···(r+k−1)
k!

(
β

1+β

)k (
1

1+β

)r

mean µ = rβ
Variance µ2 = rβ(1 + β)
Higher
moments

µn = rβ(1 + β) · · · (n− 1 + β)

p.g.f. P (z) =
(

1
1+β−βz

)r

(a, b, 0)-class a = β
1+β , b =

(r−1)β
1+β

zero-truncated
probability

pT1 = rβ
(1+β)r+1−(1+β)

(a, b, 0) and (a, b, 1) Classes

pk =
(
a+ b

k

)
pk−1 for k > 1 (and for k > 0 in the

(a, b, 0) class).

mean µ = a+b
1−a

Variance µ2 = a+b
(1−a)2

p.g.f. P (z) =
(

1−az
1−a

)−(1+ b
a )

zero-truncated
mean

µ = a+b

(1−a)

(
1−(a+b)1+

b
a

)
zero-truncated
probability

pT1 = a+b

(1−a)
−(1+ b

a )−1

Logarithmic distribution

Negative binomial with r = 0. (a, b, 1)-class with
a+ b = 0, a = β

1+β .
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zero-truncated
probability

pT1 = −a
log(1−a) =

β
(1+β) log(1+β)

probability pn = an−1

n p1
mean µ = −a

(1−a)(log(1−a)) =
β

log(1+β)

Variance µ2 =
p1−p2

1

(1−a)2 = β(1+β)
log(1+β) −

β
log(1+β)2

p.g.f. P (z) = − log(1−az)
log(1−a)

(a, b, 1)-class a = β
1+β , b = − β

1+β

Compound Distributions

Moments:

Let the moments of the primary (frequency) distri-
bution be µ, µ2, µ3, . . ., and the moments of the sec-
ondary (severity) distribution by ν, ν2, ν3, . . .. The
moments of the compound distribution are given by:
µν
µν2 + µ2ν

2

µν3 + µ2νν2 + µ3ν
3.
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