Pattern formation on a periodic rectangle and the Green’s function Potential
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Many reaction-diffusion systems exhibit spot patterns. When the domain is a periodic rectan-
gle, many such patterns can be constructed explicitly using regular integer lattices, and moreover
numerical simulations show that they are prevalent even when starting with random initial condi-
tions. For a wide class of RD systems which includes the Schnakenberg model, these equilibria are
local minima of the a corresponding Green’s function potential. We use integer lattice enumeration
and Floquet theory to classify all stable such lattices on a square up to N = 200 spots. We then
investigate stability boundaries and bifurcations as the aspect ratio of the rectangle is varied. For a
rectangle with a small aspect ratio, we derive explicit thresholds for stability of a pattern consisting
of two interlaced stripes. For certain aspect ratios and N, there exist a perfect hexagonal lattice
without any defects. We determine stability boundaries of such lattices as the aspect ratio changes.
We also explore bifurcations and transitions that result when the lattice is deformed beyond its
stable regime. The results are illustrated and confirmed using the Schnakenberg reaction-diffusion
system.

1. INTRODUCTION

Many reaction-diffusion systems exhibit spot patterns. In certain limits when spots become localized, their dynamics
and equilibria locations can be be asymptotically described by a system of ODE’s for spot centers. The resulting
pattern arises as a stable equilibrium of this reduced ODE system. For a general bounded two-dimesional domain,
these reduced equations are typically too complex to solve explicitly, except for some special situations such as a disk
domain [1], or in the continuum limit of many spots [2]. In this paper we consider the case when the domain is a
rectangle with periodic boundary conditions. Such domains are often used for numerical simulations due to simplicity
of implementing the Laplace operator on a rectangle, going as far back as the original paper of Turing [3].

Spot locations for certain RD systems as well as many other problems have a unifying description in terms of
Green’s function energy. This potential arises in a variety of problems; see e.g. [4-7] and references therein. Let us
highlight some of them.

Problem 1. Mean First Passage Time (MFPT) on a domain with small traps. [4, 6-10] Consider a brownian
particle moving inside a rectangular domain

Q={(z,9):0<2<L0<y<H},

subject to periodic motion, so that (z,y) is taken mod (L, H) . Suppose that the domain 2 contains N small traps,
where each trap trap is a disk of radius ¢ centered at @ = &, denoted by B.({x). The particle is absorbed if it hits
one of the traps. Let u(x) be the expected time for the particle to be absorbed if it starts from location z. After some
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FIG. 1. Examples of integer lattices. (a) N =5, generated by by a single vector v; = (1,2) (on a square of sides N x N). (b)
N = 16, generated by two vectors vy = (2,4) and vz = (0,8). (c-e) Some further examples, all generated by a single vector.
Each title has the format ni1 X n2 : a b ¢ d as given by (1.7).
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rescaling, u satisfies

Au+1 =0 inside Q\ U B(&;)
J

u=0on J; 0B(&). (1.1)

u is periodic on 9Q: u(0, z2) = u(L1,x2) and u(z1,0) = u(z1, Lo)

The Mean First Passage Time (MFPT) is defined to be the average of u (z):

1
MFPT ;= — .
TH u(z)dz

AU Be(&5)

A natural question is: how should the traps be arranged to capture the brownian particle as fast as possible, that is, to
minimize MFPT?
Problem 2. Fundamental eigenvalue of the Laplacian. This is the eigenvalue problem

Au + \u = 0 inside Q\ U B (5])

J
u=0on |J; 0B:(&) (1.2)
u is periodic on OS2

where notation is the same as in MFPT problem. The goal is to arrange traps to minimize the principal eigenvalue .

Problem 3. Spike equilibria and stability for the Schnakenberg and other reaction-diffusion systems.
Here, we are interested in spike patterns consisting of N spikes and their stability for the Schnakenberg model on a
periodic domain. Using the scaling from [1], the model is

1

up = e2Au — u + u?v, O:AUJrAfuzv—Qil,
e?loge~

(1.3)

where ¢ < 1 is a small parameter and A is called the “feed rate”. The system is scaled in this particular way to
assure that the height of the spots is of O(1) in the inner region as € — 0.

All three problems above (and many others, see e.g. [7]) have, at their core, the following optimization problem.
Define the Modified Green’s function to satisfy

AG — ﬁ + 4 (x) = 0; /G =0; @ is periodic on 0f2. (1.4)

2

Define the Green’s function interaction potential (or energy) to be

N N
E(&,...&n) =Y Y G(& &) (1.5)
k=1 j=k+1

It was shown in [7] that all three problems are related to E. The optimal trap locations for MFPT problem (1.1)
correspond to the (global) minimizer of E. Same applies for the eigenvalue problem (1.2). Finally, equilibrium spike
locations for the Schnakenberg model correspond to a critical point E; stable equilibria correspond to its local minima.
In fact, consider the gradient flow corresponding to the functional (1.5),

d
k= Z VG(& — &) (1.6)
J#k

As is well established, spike dynamics for many reaction-diffusion systems such as for the Schnakenberg model
[11, 12], or certain limits of Gierer-Meinhardt model [11, 13, 14], to leading order, follow the same gradient flow, up
to a temporal rescaling.

In this work we study a family of highly symmetric equilibria of (1.6), as well as their associated stability. The
family in question are periodic lattice patterns. Given N = njing, an integer lattice of N is a subset of Zy X Zyn
constructed as follows, from two basis vectors:

L ={(a,b) ngj1 + (¢,d)n1ja (mod N) : j1 € Zpn,, Jo € Zn,}; (a,b) €22, (¢,d) €72, ning =N (1.7)

ny? na?
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FIG. 2. Stable equilibria of the gradient flow (1.6) for N = 1...30. For each N, 100 simulations of (1.6) were computed,
starting with random initial conditions. The simulation was ran until the it converged to an equilibrium state. Each subfigure
has caption N, E(#) where N is the number of particles, F is the energy (1.5) at the equilibrium, and # is the number of times
(out of a total 100) the simulation converged to it. Blue equilibria correspond to lattice equilibria whereas cyan correspond to
non-lattice (“irregular”) equilibria.

where arithmetic is taken mod N. Not all choices of a,b, c,d generate distinct N points, and many different choices
can generate the same set. We call this set a lattice of size N if the size of L is exactly N.

From an integer lattice of N points, we obtain a regular lattice inside the rectangle 2 by simply scaling the sides
appropriately:

L= {(zﬁyﬁ) (z,y) € i}
1

. . L 1
={v1j1 + v2j2 (mod Q) : (j1,72) € Zp, X Zp,}, v1 = (aL,bH) e vy = (cL,dH) . (1.8)

Figure 1 illustrates some examples of such lattices. A special case is when ny = 1, in which case this lattice is
generated by a single vector (vy = 0).
A key property of any lattice is that if any two points p, ¢ € L, then the reflection of ¢ with respect to p, namely,



4

¢ = p— (¢ —p) (mod Q) is also in L. This, together with the fact that G(z) = G(—z), implies that any lattice is
automatically an equilibrium of the gradient flow (1.6).

The number of integer lattices of size N has been enumerated in [15]; it is shown there that up to rotations and
reflections, the number of such lattices with /N points is given by the generating function

o0

1
> [ 9

m=1

(sequence https://oeis.org/A145393 in OEIS). For example, up to rotations and reflections, there are exactly 21
distinct such lattices when N = 24; these are shown in Appendix B. However most of these lattices are saddle points,
not local minima of the energy (1.5). Here, we address the question of stability of these lattices with respect to the
gradient flow (1.6). Local minima correspond to the stable equilibria of the gradient flow (1.6).

Figure 2 show stable equilibria attained by the gradient flow (1.6) starting with random initial conditions and N
particles, N = 2...30. For each N we ran 100 simulations; the number of simulations converging to the particular
equilibria is shown in the figure. Blue equilibria correspond to lattice equilibria whereas cyan correspond to non-lattice
(“irregular”) equilibria. For example when N = 14, 80% of simulations converged to a lattice equilibrium and 20%
converged to an irregular equilbrium. Overall, lattice equilibria feature prominently; for many N (e.g. N = 30),
lattice equilibria are the presumed global minima.

To determine stability requires to compute 2N eigenvalues of the linearization of the flow (1.6) around its equi-
librium. In Section 2 we use Floquet-type theory to decompose this problem into N 2x2 matrices. We use this
decomposition, in conjunction with lattice enumeration, to find all of the stable lattices on a square up to N = 200.
These results are shown in Appnendix B.

Proposition 1.1. A rectangular ny X no lattice generated by vectors vi = (1,0) n% and vy = (0,1) n% is always
unstable for any ny,ns and any L, H.

The instabilities of a rectangular lattice (including a special case of a single row of particles) are illustrated in Figure
1(a-c).

The aspect ratio p = L/H of the domain also has a dramatic effect on lattice stability, and different lattices “win”
the stability race as the aspect ratio is changed; see Figure 1d-f) as well as Appendix B. Washen aspect ratio is
sufficiently small, a lattice that consists of two rows of interlaced (phase-shifted) particles is stable, but is destabilized
as the ratio is increased. This is illustrated in Figure 1(d-f). In section §3 we analyse stability of such a configuration
in the limit of large N. We show the following result.

Proposition 1.2. Consider a lattice of N spots generated by a single vector v = (%L, %H) &= (%L, %H) j(modQ), j=

0...N — 1, with N even. This lattice consists of two interlaced vertical stripes as illustrated in figure 1(c). Such a
lattice is stable provided that % > ag, where the constant ay =~ 0.48209 is the root of

—1)ie—Ta0j

o (1)
D

= 0. (1.10)

It is unstable otherwise.

An important special case is a hexagonal lattice. Such a lattice can be obtained as follows. Let n; =n, no = 2n,
and consider a lattice of N = niny = 2n? particles generated by vectors

1 1
v =—(L,0); v = (L, H) (1.11)

as illustrated on Figure 4. When the side ratio L/H = /3 (or 1/v/3), the corresponding lattice forms a perfect
hexagonal pattern; this corresponds to the angle Zvjvy = 30° (or 60°). We have the following result.

Proposition 1.3. Consider a lattice generated by vectors (1.11) with N = 2n? points (refer to Figure 4). In the limit
n — 00, this lattice is stable when H/L or L/H € (ag,a1) ~ (0.48209,0.7678) (angle Zvivy between 25.73 and 37.52
degrees, or between 54.48 and 64.26 degrees). The threshold ag is given by (1.10) whereas the threshold aq ~ 0.7678
is a root of equations (4.23, 4.24, 4.27).

Proposition 1.3 is illustrated in Figure 6 (n = 4, N = 32). Good agreement is observed, even for a relatively small
value of n = 2.

We now summirize the rest of the paper. In §2 we show how to decompose the 2N x 2N eigenspace of lattice
stability of a lattice into N 2x2 matrices. In §§3-4 we use the decomposition formulas in conjunction with Fourier
series solution of the Green’s function and various asymptotic techniques to derive Propositions 1.1, 1.2, 1.3.
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FIG. 3. (a-b): a rectangular lattice is always unstable (Proposition 1.1); the fastest destabilizing mode is shown. (c): Stability
curve for different lattices as a function of rectangle aspect ratio L/H. The plot shows Amax, the biggest eigenvalue of the
steady state corresponding to the gradient flow (1.6). The lattice is stable when Amax < 0. Inserts show different stable lattices
for different aspect ratios. For sufficiently small aspect ratio, a two-stripe equilibrium becomes stable; see Proposition 1.2.
(d): Equilibrium configurations obtained by solving the gradient flow (1.6) for aspect ratio L/H as indicated. For leftmost
frame, random initial conditions were used. For subsequent frames, initial conditions of the previous frame were used, with
small perturbations. First, third, and fifth frames are exact lattice patterns. Second and fourth are transitionary patterns.
BOTTOM ROW: Full simulations of the Schnakenberg model (1.3) with aspect ratio as given. Other parameters were taken
to be: A = 26, = 0.05, and with LH = 4. For leftmost frame, initial conditions consisting of 8 spots were used. Subsequent
framems were initialized using the steady state of the preceeding frame.

2. STABILITY DECOMPOSITION FOR LATTICES

We now study stability of lattice equilibria with respect to the gradient flow (1.6). Although there are a total of 2NV
eigenvalues, due to the periodic nature of the lattice, the problem decomposes into N 2x2 subspaces, each represented
by a 2x2 matrix, which we now derive.

For convenience of notation, write the lattice points using a double index j = (41, jg)T in compact form as
gj = E(jl,jz) = Uj = ’l)1j1 + UQjQ (mod Q) . (212)

Here, v is the 2x2 matrix (v1|ve) and j; is taken mod ny and jo is taken mod ne. We then write the gradient flow (1.6)
as

Ty = ZGl(%‘ — Tk, Y; — Yk)
7k

vk = Gal; — 1,95 — Uk).
7k

Here, the indices represent vectors k = (kq, kQ)T and j = (jl,jz)T € Zn,xny, and Y is the double sum having nyng —1
terms; and we denoted G1(x,y), Ga(x,y)) = VG(z,y).

We linearize around the steady state equilibrium as follows. Let Linearize around it as:

xR (t) = vk + Moy, yi(t) = vk + My,
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FIG. 4. (a) A perfect hexagonal lattice without any defects spanned by vectors (1.11) with n =4, N = 32, with H/L = 3712,
It is stable. (b) When H/L decreases below 0.4821, an instability corresponding to the mode mi = 0, m2 = 1 emerges. The
corresponding (destabilizing) eigenvector is shown. (¢) When the the H/L increases above 0.7678, an instability corresponding
to the mode m1 = n/2, ma = 0 emerges. The corresponding eigenvector is shown. (d) Full numerical simulation of the
Schnakenberg model starting with random initial conditions. Parameters are ¢ = 0.024,D = 1, A = 123, L = 2.31 and
H = L/+/3. Turing instabiliy leads to formation of 32 spots which then rearrange themselves into a perfect hexagonal lattice.
(e) Same parameters as in (d) except H/L as indicated. Initial conditions are taken to be the final state in (d). The instability
shown in figure (b) leads to a grid deformation into a wavy pattern. The resulting wavy state itself is borderline unstable
eventually leading to another regular lattice equilibrium. (f) Here H is increased to 0.78L. Initial conditions are taken to be the
final state in (d). Instability A transition to a different regular lattice is observed. See also [16] for movies of the simulations.

to obtain the eigenvalue problem

App =Y Gua(v (G — k) (65 — ¢r) + Gra(v (5 — k) (¥ — %)
J#k

Nk = Gor (v (j — k) (&) — dk) + Gaa(v (j — k) (105 — ¥)
Jj#k

The eigenspace then decomposes as follows:

dp = exp <2m' (mlkl + m%)) . = Yexp <2m' (mlkl + m%)) (2.13)
ni n2 ni n2

Here, m = (m1,m2) € Zy, xn, are a pair of the so-called Floquet multipiers or modes. By letting j = k 4+ [ and using



periodicity, after some simplification we obtain a 2x2 eigenvalue problem

A yma) ( EZ > =M ( j; ) , where M,; = Z Gap(vl) (exp (27ri (Z?ll + 21512)) — 1) ) (2.14)

1€Zn; xny \(0,0)

Equations (2.14) yield the formula for the eigenvalues as a function of the modes mq,mg. There is a pair of zero
eigenvalues corresponding to (my,ms) = (0,0). These two eigenvalues correspond to translational invariance of the
problem. Asides from this zero mode, we therefore define

Amax =  Max Ay omo- 2.15
a. (m1,ma)#£0 1,12 ( )

The lattice configuration is stable if and only if A < 0. Appendix B showcases all the possible lattices, including
those that are stable and those that are not.

The entry Mao can be written in terms of Mi; as follows. Note that Gy = —Gue + ﬁ It then follows from (2.14)
that for any (mq,ms) # (0,0),

N
Mao = I M. (2.16)

3. STRIPES AND RECTANGLULAR LATTICES.

In this section we derive Propositions 1.1 and 1.2.
Rectanglar lattice. We begin derivation of Proposition 1.1. A rectangular lattice with NV = nino points has the
form

1. 1. . o
(z5,9;) = (JlL, J2H) y J=(41,J2) € Zny X ZLna.
ny n9
To show its instability, we use the decomposition of eigenspace into 2x2 matrices M (2.14). We start with M. Using
the Fourier expansion (A.4) for G we have,
py z\ cosh ((y — H/2) 2Em)
Gow = —— cos (2 m—) L . 3.17
fz 2 meos (2mmy ) =2 (ZmH/2) (3.17)

m=1

Consider the mode my = 0, m2 = ny/2 (the unstable mode shown in Figure 1(b)). Then we obtain:

n1 Ing—1 oo cosh ]H H/2 2
My (m) = Z Z chos (27rq L jl) (( ’ ) rf ) (exp {mija} — 1)

oy S | blnh( qH/2
Note that
ni—1
;N\ _ [ 0, nlg
Z CcoSs (27rqf> = { n, n g
j1=0

Setting ¢ = @n1 we obtain

n2—1 oo cosh ((n%sz — H/2) 2%@711
Miy(m) = n% Z Z sinh (22¢H/2)

Jj2=1 Q=1

(exp {mija} — 1)

Since (exp {mij2} — 1) < 0, it follows that M;; > 0. By symmetry (rotating the rectangle 90 degrees), we similarly
obtain Mss > 0. Moreover it is easy to check that M5 = Ms; = 0. It follows that both eigenvalues of M are positive
for this mode. This proves the instability of a rectangular lattice.

Two stripes. We now derive the threshold in Proposition 1.2. The pattern consists of two phase-shifted stripes
and N even, as shown in Figure 1(c). It is generated by a single vector v = (1L, %+ H). (ie. N = niny with
ny = N,ne = 1). Numerics indicate that for a sufficiently tall rectangle, such a configuration is stable. As the aspect
ratio is increased, the mode that becomes unstable first in (2.14) corresponds to m = m; = 1, as illustrated in Figure



1(e). To determine the instability boundary, we must compute the associated matrix M in (2.14). We begin by
computing the entry Mj;. Let n = N/2. Split My into two parts: My, = I; + I> where I is the sum over the left n
points (z; =0, y; = jH/n, j=1...n) and I over the right (z; = L/2, y; = (j+1/2)H/n, j=1...n). We
obtain

Z Z CObh 51f1{1n( 27 Zi}/;;Hm) (exp (2mij/n) = 1),

o I 2 m cosh(((j+1/2)/’n—1/2) 2T”]—[yn) o
L2 2 1/2 —-1).
o mZ:: sinh (ZmH/2) (exp (2mi (7 +1/2) /n) = 1)
We start with I;. Interchange the summation and write I; as [; = 7%7; ;":1 mJi(m) where

" cosh ((j/n —1/2) 2ZHm)
g 51nh( “mH/2)

(exp (2wij/n) —1).

Define x = 2% and assume that n > 1, H = O(n), so that = = O(1) (this is the critical scaling for the boundary

between stability and instability). In this case the dominant contribution to J; comes from j near 1 and n; moreover
Jp is purely real and is symmetric with respect to j = n/2. We then estimate

cosh ((j/n — 1/2) 22 Hm)
sinh (22mH/2)

~ exp(—2xmyj)

and
Jp ~ 22 {exp(—2xmj)} (cos (27j/n) — 1)
j=1
~— (27r/n)2 Zexp(—Qacmj)j2
j=1
so that

27{'3 oo 0o ' >
I ~ 22 Z ZmeXp(*me]) (27)

m=1 j=1

An analogous computation yields

’R‘3 o0 o0
I, ~ 2 Z (=1)" mexp(—zm(2j + 1)) (25 + 1)°.

271'3 = = mj 2\ 2 ;2 ]e_zj
My ~ To3 mzz: Zm(—l) exp(—amyj)j L2n2 {21: e (3.18)

From (2.16) we have May ~ f%, and furthermore a similar computation yields Mo = Ms; = 0.1t follows that the
eigenvalues are given by Mj; and M. Moreover Mss is negative, so the threshold for instability corresponds to the
sign change in M7;. The equation

—xj

> i 1_ SEyyp— =0 (3.19)

has a unique root x = 1.51452 = LN It follows that the stripe is stable 1f ¥ = o, where ag = x/7 = 0.48209. This
completes the derivation of Proposition 1.2.




4. THRESHOLDS FOR HEXAGONAL LATTICE AND ITS DILATIONS

In this section we consider the stability of the lattice spanned by vectors (1.11) in the limit N = 2n? — oc..
Explicitly, the lattice points are
L. J Hyjp . ‘
v = <]1+2> (modL), y, = pC ! =0...n—1, jo=0...2n—1.

They forms a perfect hexagonal lattice when L/H = /3 or 1/ V3. Let p = L/H. Numerical experiments (see Figure
4) show that this lattice is stable for a range of aspect ratios as given in Proposition 1.3. Moreover the dominant
instability at lower boundary (resp. upper) is due to the mode (mq,m2) = (0, 1), (resp. (n/2,0)). The goal here is to
compute these thresholds.

Mode m; = 0,my = 1. We start by computing Mj; entry in (2.14). Using G, as given in (A.4) we have

M =25 S s (22 (514 2)) h(flh(‘qg)qH) (exp (rija/m) 1),

j1=0 j2=1 g=1

Note that

n—1 .

q J2\\ _ 0, nlq

ZCOS( < 1+2>> _{MOS(“JQ . fa

j1=0
so we let

q=Qn, Q=1,2,...
and we obtain
2n—1 oo
27, cosh(( )%QnH) T\
My, = n ]221 Qlecos TQ7J2) smh( QnH) (cos (n_]g) 1) . (4.20)

We further estimate

cosh ((% — 1) %QnH)
sinh (%QnH)

o (h0L). e

In addition the sum over js is symmetric (the contribution from js is the same as contribution from 2n — js). It
follows that (4.20) is approximated by

Mg ~ ——n2 Z Z Q cos (mQ7j2) exp (—jQTFQIZ) (cos (%jg) — 1) .

Je=1Q=1
Finally we expand in Taylor series cos (%jg) —1~— (%jg)Z /2 to obtain

27r . H .
My ~ Z Q cos (TQjz2) exp (JQWLQ> ]22-

Jj2=1Q=1

From (2.16) we have Mag ~ —% + O(1) < 0. Moreover it is easy to verify that Mo = 0 = Mjo. Therefore the
threshold is computed by setting M7 = 0. We remark that this sum is equivalent to the sum appearing in (3.18),
and can be rewritten as a single sum using genometric series as done there. Assuming H/L < 1, setting My, = 0
we obtain % ~ 0.48209, which is the same constant as derived in Proposition 1.2. This is the lower threshold ag of
Proposition 1.3.

Mode m; = n/2, my = 0. To simplify the derivaiton, in what follows, we will assume that n is even. However the

final formula is also valid for odd n. We start with evaluating M7;. We have:

nlfl 71271

g L. H ja
My, = Z Z Gaz(xj,yj) (exp{miji} — 1), z; = -~ (]1 + 2) modL, y; = —3

Jj1=1 j2=0
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It turns out that it is necessary to split this sum into jo = 0 and jo > 1. For jo = 0 we will use the expression
cosh ((z — L/2) 27q)

1 2T — y
Gow = = 2q2 4.21
oL 1 ZQCOS( my) sinh (2Z¢L/2) (4.21)
For j5 > 0, we will use instead the expression
27— z\ cosh ((y — H/2) 2q)
Gow = —— (27a7) . 4.22
7 2 acos (2map ) = e (4.22)

qg=1
We then write My, = I; + I, where

n1 1no—1 oo jo T
(27“1 o )> cosh (3 /%) 7)oy i} - 1)

Z Z ZQCOS

J1=1 jo=1¢=1

1 2 & cosh (£ — L/2) 24) .
I2_Z{M+H2q_lq smh( qL/2) }(exp{ﬂzjl}l).

Jji=1

We start with ;. Let # = n/2 Summing over j; first, we have the following identity:

3 oos (m o )>(exp{7rijl}—1 =—2Z°°b<”( ' 2)>

J1=1
0, n g

{ —2n cos (5L (1+J2)) ilq

Let ¢ = Qn. Then cos (2an; (1 + ]—2)) = cos (ﬂ'Q (1 + %")) and we obtain the asymptotics

zz Q5 M50 (1 (1+2))

J2= IQ 1
£ 5 Saen () (0(143)).

Next we evaluate I. Start by rewriting j; = 2k + 1, 7 = n/2, to obtain

- > cosh((%(2k+1)—L/2) 2749)
- Z { + 2 24 sinh (22qL/2) -

q 1
n ZZ cosh (ag (1 — 2£ — 1))
CHL H2 sinh (aq)
k=0 q=1
where we defined
T
= —1L.
“TH
We re-sum the inner sum as follows. Suppose |b| < a. Then we have
2. cosh(bg) & by | b —oagy—1 _
———==> q(e+e ") (1—e ") e
; sinh (aq) q; ( ) ( )
-3 3¢ (e—<2ap+a—b>q + e—(zap+a+b)q)
p=0¢=1
e—(2ap+a—b) e~ (2ap+a+b)

g (1 —e- (20P+a7b))2 * (1 _ 67(2ap+a+b))2

1
Z 4811f1h2 (ap + %52) * 4 sinh? (ap + =E2)




‘We then obtain:

1

ZZ COSh aq( _%_l) inl ) .
k=0 g=1 sinh (aq) e < Jsinh? (ap +a (£ + 20))
_io:n 1 1
p=0 k= “ 2sinh” (ap + a (£ + 55))

We split the last sum into two:

oo n—1

4 sinh? (ap +a (1 -

N Z 2 smh2 + Z Z 2 smh2

p=1 k=0
For p > 0 we can estimate the inner sum by an integral as follows:

—1 . a

2n

(ap +y)

3 1 E/L
— 2sinh® (ap+a (£ + %))  2a ) sinh?

ap—l—a(% + L

~ % [coth(ap) — coth(ap + a)] .

It follows that

co n—1

Zz:Qsth ap+a( + 1))

p=1 k=0 27

~ % [coth(a) —

1.

For p = 0, at leading order we use series expansion sinh (z) ~ z to we estimate, to leading order,

n—1 1 2 n—1
ICZZOZSinh2 (a(E+ %)) ~ 242 Z k+1/2)

n 1
Ta?zo: (k+1/2)2

TL27T

Y222

However we will need a two-order expansion to accurately compute the eigenvalue threshold.

singularity to compute as follows:

-1 -1
1

Z N Z 1 B 1
o 2sinh? (a (% + %)) — 2 sinh? (a (% + i)) 9 (a (k+1/2

11

So we extract the

A2 "i 1 / 1 1
20 £ (k+1/2)? 2sinh? (a (£ + L)) 2<a(k+fill/2>>
B &S] n—1
n? | / dk / 1 1
202 |2 ) (k+1/2)? 2sinh” (a (£ + L)) Q(Q(k+1/2))2
L 7 n
_ a
a2 [ 1 1 fl 1 1
~— |77tz 5 — 5 dy
2¢® |2 (n+1/2) 2 a sin®y  y?
alr 1n
~ — ——coth
12 24 cotha
In summary, we obtain a two-order expansion
n/il i cosh (ag (1 — 28— 1)) 272 4
1 sinh (aq) 4a?  2a

k=0 q=1
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2

Putting all the parts for I we finally obtain Iy ~ —775.
2 ) .
™ 9 2m . J2
My, = ~12 +n Iz Z Z Q exp (—HJQEQ) cos (ﬂ'Q (1 + 2))
Jj2=1Q=1
From (2.16) we have My = —% — Mj1.The term M, is evaluated similarly. We summize the computations as

follows. Let p = H/L and let

filp) = i Qi Qexp (—JgpQ) cos (wQ (1 + é)) (4.23)

i=1G=1
fa(p) = fjl ijl Qesp (—i5p@) sin (wcz (1 " ;)) (4.24)
pariom
Then
My = nQ%Z (fl(p) - ;)
Moy = nzi—z (—f1 (p) + é - Wlp) (4.25)
My, = —n2% f2(p). (4.26)

In particular the threshold is obtained by setting det(M) = 0. This yields the following formula for p,

(70 -5) (~h0)+ - =) - B =0 (127

Solving for p with 0 < p < 1, we get p = H/L = 0.767837, corresponding to the angle of 37.52 degrees.

5. REACTION-DIFFUSION SYSTEMS, LARGE EIGENVALUES

Many RD systems generate spot patterns. One of the simplest is the Schnakenberg model (1.3). The analysis for
a general bounded two-dimensional domain for this and other models is well established; see for example [11, 12, 17].
Here, we will adapt the results from [1] which deals with ring-type spot patterns for the Schnakenberg model (1.3).
Most of the analysis is the same for lattice patterns, so we will not re-derive all the results, but only present the
formulas modified for the case of lattice patterns.

As is well known, there are two types of instabilities that are possible: due to large (O(1)) or small (O(g?))
eigenvalues. Instability triggered by large eigenvalues induces a “structural” or spike profile instability on an O(1)
time scale. Small eigenvalues arise from near translation-invariance of spikes. To leading order, spot dynamics
is governed (up to time-scaling) by the gradient flow (1.6). Stable equilibria of this ODE system correspond to
equilibrium spot locations of the original model. As such, the domain shape (e.g. aspect ratio) is responsible for
destabilization of the small eigenvalues. A small-eigenvalue instability can lead to re-arrangement of the spots while
preserving the overall number of spots. This is illustrated in Figure 4(e,f); detailed analysis of this situation is given
in §4.

On the other hand, a large-eigenvalue instability, also called a competition instability, leads to a reduction in the
number of spikes. It is triggered when the feed-rate A is decreased past a certain threshold. Figure 5 illustrates this
phenomenon. We start with random initial conditions, using parameters as given in the figure. Very quickly, a spot
pattern emerges. After further self-replication, the system settles to a stable equilibrium consisting of 24 spots. This
corresponds to the stable lattice with N = 24 = 24 x 1 generated by a single generator (1,5) (see Figure 5(c)). Next,
we start to decrease A. The pattern was found to be stable when A = 40, but instability occurs when A = 39. As a
result of the instability, 8 spots are destroyed resulting in a honeycomb-type lattice. This state appears to be transient
although it persists for a rather long time: presumably the honeycomb state is a saddle critical point of the energy F.
After some time the system settles into an N = 16 stable lattice.

These competition thresholds, as well as the shape of the resulting instability, can be computed analytically in the
case of a lattice, as we now show. Equation (28) from [1] gives the formula for the competition instability thresholds
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t=10000

FIG. 5. (a) Simulation of (1.3) starting with random initial conditions. The parameter values are Q = (0,2) x (0,2); A =
90, € = 0.04. After some complicated transient dynamics the system settles to the unique stable regular lattice pattern with
24 spots. (b) Simulation with A = 39, using final output of (a) as the initial condition. A competition instability eventually
results in a death of 8 spots and the system transitions to a honeycomp-like equilibrium of 16 spots. This equilibrium is
eventually destabilized and the final steady state is a unique stable regular lattice of 16 spots. (c) Stable 24-point regular
lattice generated by the vector (1,5). (d) Plot of T(m) as a function of m = (m,0). (e) Instability due to mode m; = 8. Here,
¢r = cos (2rm/N) + sin (2rm/N); black dots correspond to ¢, < 0 and red dots correspond to ¢ > 0. (f) Instability due to
mode ms = 12.

of a ring of spots inside a disk. The derivation is identical for a lattice with small modifications. We skip the details
and just state final result here. There are a total of IV — 1 instabilitity thresholds, characterized by N — 1 modes
m = (my, mg) with m # (0,0) . These thresholds can are given, asymptoitcally, as follows.

Define
1 N , 1/2
Given m = (my, msa) # (0,0), define
9 . —1/2
A = Ao (1 + foge—T 7;_1 T(m)) (5.29)

where

T(m) = exp {2772' (7:1111 + ’:2212) } G(l) + Ro. (5.30)

10
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Na/\/'3

1/v3

() (b)

FIG. 6. General construction of a perfect hexagonal lattice without defects. (a) Start with a rectangle whose aspect ratio is
V/3, and with two particles, one at the center another at the corner. (b) Copy the rectangle Ni times horizontally and then
N> times vertically. The result is a perfect hexagonal lattice with N = 2N; Ny particles (here, the case of N1 = 3, No =4 is
shown).

Here, Ry is the regular part of G, given by Ry = lim,_,¢ (G(az) + i log |x|) .The formula for Ry is given in Appendix
A see (A.5). The threshold A,, is the instability threshold corresponding to the mode m; it is stable if A > A,, and
becomes unstable as A is decreased below A,,. The overall threshold is then given by

Amax = max (A,,) ; (5.31)
m

it occurs at the minimum of T(m) The corresponding destabilizing eigenvector has the form ¢, = A cos (%m : k‘) +
B cos (%ﬁm . k). The height of k-th spot is perturbed by ¢, thus initiating the instability. The spots where ¢ < 0
decrease in height and those where ¢y > 0 increase in height. Because competition instability is typically subcritical
(see [18] for related analysis), it eventually this leads to death of those spots for which ¢, < 0. Moreover, the
instability-inducing eigenfunction (responsible for competition instability) corresponds to the the mode m = (mq, ms2)
which minimizes T(m) In other words, spot heights u; = u (z1) at the lattice locations z; = vk are perturbed by an
amount proportional to ¢.

Figure 5 provides a test case of the theory. The steady state here consists of 24 spots arranged on a regular
lattice of the form (1.7) with v; = (1,5), v2 = 0. The function Y (m) is shown in Figure 5(d) and we find that
min,, T(m) = —0.2218; the minimizing mode is m = (12,0). To leading order, the instability threshold (5.28) does
not depend on this perturbation; we find its numerical value to be Ay ~ 26.0. More precise value of A,,.x ~ 34.6
incorporates the modes m. Full simulations of the PDE (1.3) show that the actual onset of the instability happens
at around A = 39; this is reasonably close to the predicted value of Ap.x. However the instability that is triggered
appears to to correspond to the mode m = (8,0), not (12,0). In fact, Y(8,0) = —0.2211, only 0.3% above the

minimum of —0.2218.

6. DISCUSSION

Regular lattice patterns are prevalent in many pattern-forming systems. We have presented detailed analysis
of classification and stability of such patterns on periodic rectangular domains. We used explicit computations of
the aassociated Green’s function as well as numerical experiments to explcitly characterize stability boundaries of
hexagonal-type patterns, as the domain is stretched or compressed. There are many open questions that remain.

When the rectangle is a square, explicit classification showed that there is no stable lattice when N = 6,7,13,21...
It would be interesting to study the shape of the minimizer of (1.5) in these cases, even with N = 6. It is also an open
question whether these gaps persist even for larger N.

We showed that a specific hexagonal lattice in Proposition 1.3 is stable. This construction can be generalized as
follows. Start with a rectangle with aspect ratio of [, h containing exactly 2 particles: one at the center and one at the
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corner. Make N; copies horizontally. Then make N5 copies vertically, as illustrated in Figure 6 with N7y = 3, Ny = 4.
The resulting rectangle has N = 2N; ,lljjvvlz The resulting lattice is a perfect

hexagonal lattice when I/h = V/3. We verified numerically that this lattice is stable for all N1, No up to 10. In fact
we conjecture that it is stable in the limit Ny, No — oo as long as h/l € (ag,a1) as in Proposition 1.3.

Numerical optimization and gradient flow experiments shows that stable regular lattices are often global minimizers.
Further experimentation suggests that whenever there is an admissable hexagonal lattice without any defects (such
as constructed above), it will be a global minimum. We propose this as a conjecture.

Conjecture. Given two integers Ny, Ny, suppose that N = 2NN, and L/H = +/3N;/N;. Then the global
minimizer of (1.5) is a perfect hexagonal lattice such as shown in Figure 6.

It would be interesting to see how changing the pairwise function G changes the results. For example, many
reaction-diffusion systems require the Green’s function with decay, AG — G + é(x) = 0. Another generalization is to
use a fractional Laplacian. While the spectral decomposition in §2 is generic (independent on the specific form of G),
the stability of lattices for different aspect ratios will change. It would be interesting to use the framework in this
paper to generalize our results to these cases.

Appendix A: Periodic Green’s function

The periodic Green’s function G on the rectangle Q = (0, L) x (0, H) satisfies

1
G + Gyy — TH +0(z)é(y) =0, G periodic on €, //G =0.
Expand:
- 2
cos (yﬂm) U ()3 (A1)
m=1 H
1 o 21\ 2
5(x)8(y) = 6(x) (H + mZ:lcos <yHm> H) , (A.2)
Then u,,, m > 0 satisfies:
(Um) p — 2yt + %5@) =0; oy, = %rm;

whose solution is given by

i () = cosh ((x — L/2) )
" Hasinh (aL/2)

whereas ug satisfies

2
TH H5()

UQzr —

S0 that Uy = HlL (x — L/2)°> + C; C is an integration constant, chosen to make [[qG = 0, that is, LC =

1 (a: — L/2)? dz. In summary, we obtain

~HL Jo
L 1 > cosh ((z — L/2) 2Fm)
G= ~aH 2HL — L2 + mz_:lcos( ) 2 sinh (5 mL) (A.3)
_H 1 = cosh ((y — H/2) 2Zm)
= ~oup Togp W B/ mz::l cos (2mm ) 2rmsinh (FmH) (A4

Formula (A.4) is obtained due to symmetry in exchaning = <> y, L +> H. Formula (A.3) is convergent for z # 0
whereas (A.4) is convergent for y # 0, and both are used in our analysis.
Finally, section 5 requires the regular part of the Green’s function. This is defined as

1
R(x,y) = G(z,y) + o log Va? +y?
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and in particular we need Ry = lim(, ) (0,0) R(,y). This computation involves a resummation trick. We refer the
reader to formulas (4.14) from [17], where this expression is derived for a rectangle with Neumann boundary coditions.
The periodic case is a special case of (4.14) where the source is taken to be the center of the rectangle. After some
algebra, formula (4.14) from [17] then simplifies to

H 1 o 1 orH
= — —log[=)==Ylog(1- - . A.
Ro= 150 ~ or Og<L> w;°g< eXp( L ”)) (A.5)

Appendix B: Catalogue of integer lattices and their stability

The number of distinct integer lattices on a square has a generating function (1.9) which was derived in [15]. To
study lattice stability we actually need to construct them first. Here, we describe an algorithm to do this. It is
implemented in Matlab program which is available from the authors [16]. Before describing an algorithm, we give
some definitions and theory.

Define a lattice generated by a single generator (a,b) to be the lattice {(a,b)j (mod N), j € Zn}. We call such
a generator (or lattice) N—admissable if there are exactly N distinct values in this set. For example, the generator
(4,6) is 9-admissable but is not 10-admissable (since 4 x 5,6 x 5 = 0(mod 10)).

Similary a lattice generated by a double generator (a,b),(c,d) is given by (1.7); it is N—admissable if it has size
N. The key observation is that for a double-generator lattice to be admissable, (a,b) must be a single-generator nq-
admissable and (¢, d) must be a single-generator ng-admissable. This reduces the complexity of generating all possible
lattices significantly.

We call two sets of generators isomorphic if they generate identical lattices. Besides the algebraic isomorphism,
there is also a geometric equivalence. For a square, we define two lattices to be equivalent if one can be obtained from
the other by either rotation by 90 degrees or a flip; otherwise call them non-equivalent (for a non-square rectangle, only
rotation by 180 degrees and flips are allowed). Each single generator can generate up to four different but equivalent
square lattices: (a,b), (b,a), (a,—b) and (—a,b).

The algorithm to generate all non-equivalent lattices is as follows.

e For each distinct factorization N = nins :

— Generate all non-isomorphic single-generator lattices of sizes n; and ns.

— Generate all double-generator lattices of the form (a,b), (¢, d) where (a,b) is ni-admissable and (c,d) is
no-admissable single-generator lattice.

e Select non-equivalent lattices from the resulting list.

To generate all single-generator lattices, we use the following facts. Signle-generators v = (a,b) and w = (¢, d) are
isomorphic if and only if (a,b) = x(c,d) for some invertible element € Zy. In particular, if ¢ is invertible, then
(a, b) is isomorphic to (1, a_lb) . When N is a prime, any signle-generator is isomorphic to either (1, ) for some z, or
to (0,1). The following fact further reduces the search space: a single generator (a,b) is N—admissable if and only if
ged(a,b,N) = 1.

The last step requires an equivalence/isomorphism checking for a list of lattices. To do so, for each lattice in the list,
we create a unique signture as follows. First, generate a list all point for each lattice as well as admissable geometric
reflections/flips (four lists in total for each lattice in case of a square, two lists for a rectangle). Convert each list to
a string that consists of points sorted by by their z-coordinates followed by their y-coordinates. Sort the resulting
strings and pick the first one. This will correspond to the lattice signature. Finally, uniquefy the list according to
lattice signatures.

Table of all lattices up to N = 200

The following table summarizes the overall number of non-equivalent lattices on a square, as well as the number of
stable lattices up to N = 200.
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N #all #stable N #all #stable N #all #stable N #all #stable N #all #stable

1 1 1 41 12 0 81 33 3 121 35 2 161 50 3
2 2 1 42 28 2 82 34 2 122 49 2 162 96 6
3 2 1 43 12 1 83 22 1 123 44 2 163 42 3
4 4 1 44 25 0 84 64 3 124 60 3 164 78 4
5 3 1 45 23 3 85 30 1 125 42 2 165 76 5
6 5 0 46 20 1 86 35 3 126 84 4 166 65 2
7T 3 0 47 13 1 87 32 1 127 33 3 167 43 2
8§ 7 1 48 39 2 88 51 2 128 71 3 168 132 6
9 5 1 49 16 1 89 24 0 129 46 2 169 48 2
10 7 1 o0 27 2 90 65 5 130 68 2 170 86 )
11 4 1 51 20 0 91 30 2 131 34 3 171 68 0
12 11 1 52 29 2 92 46 1 132 92 ) 172 81 4
13 5 0 93 15 2 93 34 2 133 42 1 173 45 3
14 8 1 54 34 1 94 38 3 134 53 3 174 94 4
15 8 1 55 20 0 95 32 2 135 64 3 175 65 5
16 12 1 56 36 2 96 73 3 136 74 3 176 101 6
17 6 1 o7 22 1 97 26 1 137 36 3 177 62 4
18 13 1 58 25 1 98 46 2 138 76 4 178 70 3
19 6 1 59 16 2 99 42 2 139 36 3 179 46 2
20 15 1 60 50 3 100 61 4 140 92 6 180 149 7
21 10 0 61 17 1 101 27 1 141 50 3 181 47 2
22 11 1 62 26 1 102 58 2 142 56 2 182 88 5
23 7 1 63 29 3 103 27 1 143 44 3 183 64 3
24 21 2 64 38 4 104 59 3 144 113 8 184 96 3
25 10 1 65 24 0 105 52 2 145 48 0 185 60 4
26 13 0 66 40 2 106 43 4 146 58 2 186 100 6
27 12 1 67 18 1 107 28 1 147 60 2 187 56 4
28 18 2 68 36 3 108 78 3 148 71 ) 188 88 4
29 9 0 69 26 2 109 29 1 149 39 4 189 84 3
30 22 2 70 40 3 110 58 4 150 99 4 190 94 6
31 9 0 71 19 0 111 40 2 151 39 3 191 49 2
32 21 1 72 58 4 112 70 2 152 81 2 192 139 6
33 14 1 73 20 1 113 30 2 153 62 ) 193 50 1
34 16 1 74 31 1 114 64 4 154 76 5 194 76 4
35 14 2 75 34 2 115 38 3 155 50 1 195 88 5
36 29 2 76 39 3 116 57 3 156 106 6 196 106 7
37 11 0 77 26 3 117 49 6 157 41 2 197 51 0
38 17 2 78 46 1 118 47 1 158 62 2 198 123 5
39 16 2 79 21 1 119 38 0 159 56 3 199 51 2
40 29 2 80 55 3 120 102 8 160 105 4 200 126 6

Lattice gallery.

Here we show all non-equivalent lattices for a unit square, for small values of IV up to 30. The title shows the basis of
each lattice. A single-basis lattice is shown as N : (ab), meaning all points of the form (a,b) £ (mod 1), =0... N —1.
A double-basis lattice is shown as ny X ng : (ab), (¢, d) meaning all points of the form (a, b)#1 + (e, d)%(mod 1,51 =
0...7’Ll —1,j2 :0...77,2—1.

The subtitle E, Ayax shows the energy £ =3 3", " G(zk,xj), as well Apax, the maximum nonzero eigenvalue of
the negative of the hessian of E. A lattice is stable if A\.x is negative. For each N, the lattices are sorted by their
energy, from minimum to maximum. Stable lattices are shown in blue; unstable in orange.

N=2
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-0.055159; -0.9994
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2:(10)
-0.027579; 1.189

3:(10)
-0.013169; 3.32

4: (11)
-0.16548; 2.371

=3
3:(11)
-0.11797; -0.2085
[ ]
[ ]
N=4
4:(12) 2x2: (10), (0 1)
-0.22301; -0.1863 -0.22064; 0.1892
[ ] [ ] ® [ ]
N=5
5:(12) 5:(11)

-0.32019; -0.8626

6: (12)
-0.42348; 0.1533

6: (13)
-0.40141; 1.075

-0.19147; 4.481

N=6
6: (2 3)
-0.40126; 1.198

6: (1 1)
-0.19181; 8.125

4:(10)
0.057537; 8.565

[ ]
[ ]
L]

5:(10)
0.19147; 13.85

6: (1 0)
0.39271; 22.27

L3
L3




N=T7
7:(12) 7:(11) 7: (10)
-0.52106; 0.5503 -0.16382; 11.84 0.66396; 30.7
[ ] [ ]
[ ] [ )
[} [}
[ )
[ ) [}
[ ] [ ]
N=8
8: (13) 4x2: (11), (0 1) 8: (12) 8: (14) 4x2: (10), (01) 8: (10)
-0.66666; -0.3769 -0.66191; 0.3747 -0.61388; 1.758 -0.5516; 4.565 -0.55159: 4.753 -0.10556;17.15  1.0071; 42.27
[ ] [}
[ ) [} [ ) [ ]
[ )
[ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ] ® [ [ ] [ ]
[ ] [ ) [} [ )
[ ]
N=9
9: (13) 3x3: (10), (0 1) 9:(12) 9:(11) 9: (10)
-0.79085; -0.1575 -0.78682; 0.3209 -0.70001; 3.433 -0.015614; 22.42 1.4237;53.83
[ )
[ ]
[ ) [ ) [ ) o [ ]
[ ] [ ]
[ ) [ )
[} [ ) [ ) [ ) [} o
[ ] [ ]
[ ] [ ]
N=10
10: (1 3) 10: (1 4) 10: (1 2) 10: (1 5) 10: (2 5) 10: (1 1) 10: (1 0)
-0.91617; -0.3706 -0.90377;0.8511 -0.77827;5.948 -0.65873;8.962 -0.65873;8.974 0.10714;29.27  1.9147;68.54
[ ) [ ] [ ) [ ] ..
[ )
[ ] [ ]
[ ) e 6 o6 0 o ® 6 6 0 O
[ ] [ ] [ [ ]
[ ) [ ] [ [ ]
[ ) N N PPN PP Y O R S
N=11
11: (1 3) 11: (1 2) 11: (11) 11: (1 0)
-1.0492; -0.4834 -0.84787; 7.948 0.26359; 36.12 2.4811; 83.25
[ ] [} [ ]
[ ) [ ]
[ ) [ ) [ ]
[ ) [ ] [ ]
[ ] [} [}
[ ] [} [ )
[ ) [} [ ]
[ o [}
[ ) [ ) [ )
[} [ ) e |

19



N=12
12: (2 3) 12: (1 3) 12: (1 4) 12: (34) 6x2: (11), (0 1) 12: (15)
-1.1946; -0.7655  -1.1779; 0.2906 -1.1609; 1.001 -1.1603; 2.066 -1.1338; 2.209 -1.1335; 2.392
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Appendix C: Stability of lattices as a function of aspect ratio

The effect of aspect ratio on stability of various lattices is illustrated in figures below. For N as indicated, the left
figure enumerates all non-equivalent lattices for a rectangle. These are superset of non-equivalent lattices on a square.
For example for N = 8, lattices number 5 and 6 are equivalent for a square but not equivalent for a rectangle (the
total number of non-equivalent lattices on a rectangle is given by sequence https://oeis.org/A069734 in OEIS). Figure
on the right shows the stability of each of the lattices as a function of aspect ratio L/H. Without loss of generality
(by interchanging L and H) we took the aspect ratio to be between 0 and 1. Black squares indicate stable regime,
white unstable regime.
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