AARMS 5920: FRACTALS: USING ITERATED FUNCTION SYSTEMS
(IFS) TO CONSTRUCT, EXPLORE, AND UNDERSTAND FRACTALS

HEESUNG YANG

ABSTRACT. This course will present an introduction to one viewpoint (that of IFS) in
the study of “fractal” objects. Although there is not a universally accepted definition of a
“fractal”, for our purposes it is enough to think about objects which have “similar behaviour”
at finer and finer resolutions (smaller and smaller length scales). An IFS is a convenient
encoding of this “similar behaviour” between scales and lets us (to some extent) both control
this relationship and analyze the structure of the resulting object.

We will discuss both geometric fractals (viewed as subsets of R?) and fractals which are
functions or probability distributions. After discussing the construction and basic properties
of fractal sets, we will present various notions of “dimension” and discuss relations between
these notions and ways of computing them. However, the precise list of topics will depend
greatly on the interests and background of the students. As an example, some applications
of TF'S fractals in digital imaging could be presented. The aim of the course is to develop
intuition about what it means to be self-similar and introduce techniques of analyzing fractal
objects.

The tools we will use include metric geometry and topology, probability and measure
theory, and some aspects of function spaces. We will certainly take the time to make
sure that all students have a chance to understand, filling in any gaps in the background
knowledge as we go.
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1. CANTOR SETS

We shall talk about three different ways to constructs the middle-third Cantor set.

1.1. First method: removing the middle
The first method is the standard and most well-known.

(1) Start with Cy := [0, 1], the unit interval, and remove the middle third. Let the new
set be Cy := Iy U I; where [ is the left interval ([0,1/3]) and I; the right interval
(12/3,1)).

(2) Remove the middle for each of the intervals; append 0 to the index for the left interval
after the subdivision, and 1 to the index for the right interval after the subdivision.
ThUS, Cg = [00 U 101 U 110 U 111 = [O, 1/9] U [2/9, 1/3] U [2/3, 7/9] U [8/9, 1]

Q 1
. :
I . I I II I
oy oy oyl
HH HH HH HH

(3) Repeat this step. Observe that C,, consists of 2" closed intervals each of whose length
is 37"
Observe that C,, 11 C C,, and that C; is compact for any i (i.e., C; is closed and bounded
for any 7).

Definition 1.1. The set C := ﬂ C,, is the (middle-third) Cantor set.

Proposition 1.1. Let C be the (middle-third) Cantor set.

(1) C is non-empty (since 0 € C,, for any n) and compact.
(2) C has Lebesgue measure zero.

(8) C is totally disconnected.

(4) C has no isolated points.

(5) C is uncountable.



1.2. Second method: concentrating on the complementary intervals
This time, we will concentrate instead on the complementary intervals (in particular on
their lengths and method fo placements). In this case, observe that

1 1 1
a1 = —, 09 = Q3 = —, 04 = A5 = Ag = A7 = — ., *
1= 3,02 = 03 = 5, 5 = Q6 T oo
For each step, we see that there are 2" gaps of length (1/3)"*! for each n = 0,1,2,.... So

the sum of the lengths of the intervals being removed is

271 . 3_(n+1) — — = — . = 1.
7; 3 Z 3 3 1-2/3

n=0

Therefore, we see that C' is indeed of “length* zero (i.e., Lebesgue measure zero).

1.3. Third method: ternary strings
For each n > 1, let b,, := 2-37". Then consider the set

S = {Zenbn i ey € {0,1}} ,
n=1

i.e., the set of all possible sub-sums of the infinite sum > b,. (Note that 1/3 = 0.13, but
also note that 0.13 = 0.022222...3. Thus 1/3 € }.) Observe that the middle third interval
being removed at the first step has the digit “1” in the first ternary place. Thus, the base-3
expansion of the numbers in I has 0 as its first digit; similarly, I; has 2 as its first digit.
Similarly, any number [y (resp. Io; resp. I resp. I3;) has its base-3 expansion starting
with the 00 (resp. 02 resp. 20 resp. 22). Thus at the end, we will only have numbers
whose base-3 expansion does not contain the digit 1. We can also express S in terms of the
translates. Let

A; = {Zenbn:gne{o,l}}.

Then we have
et )« oo ()] [ (a)] -

2. CANTOR TERNARY FUNCTION (“DEVIL’S STAIRCASE” FUNCTION)

The Cantor ternary function (also known as the “Devil’s staircase” function) is an example
of a non-constant function whose derivative is zero everywhere. We start with fo(x) := z, and
construct the next iteration f; by keeping the middle third constant with the value 1/2 (i.e.,
the mid-point between the minimum and the maximum of the non-constant portion), and
drawing the straight line for the remaining intervals. Do the same step for the non-constant

portion of f; to construct f5; then we obtain the following diagram below.
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We thus can make the following observations regarding f,:

(1) f, is constant on the “gaps” form the n-th level of the construction of the Cantor
set.

(2) f, has slope (3/2)™ where it is not constant.

(3) {fn}n is a uniformly Cauchy sequence of functions. Let f be the function such that
fn — [ uniformly as n — oco. Then since f,, is continuous, so is f.

But since (3/2)" — oo as n — oo, we have that f'(x) = +oo whenever z € C whereas
f'(x) =0forall z ¢ C. f thus serves as an example of a function that is continuous but not
absolutely continuous whose definition is provided below.

Definition 2.1. A function g : I — R is absolutely continuous if for any € > 0, there exists
d > 0 such that for any finite sequence of pairwise disjoint sub-intervals (zy, yx) of I such
that xg, yr € I satisfying

D (ke — k) <6,
k
we have

> (k) = flaw)| <e

k

3. CONTRACTIONS

Definition 3.1. Let (X, d) be a metric space. Then d is a metric on X, and d must satisfy
the following properties:

e (positive-definite) d(z,y) > 0 for any z,y € X; d(z,y) = 0 if and only if x =y

o (symmetry) d(x,y) = d(y,x) for any z,y € X

e (triangle inequality) d(x,y) < d(z,2) + d(z,y) for any z,y,z € X.

Definition 3.2. Let (X,d) be a metric space, and let {x,} be a sequence of X. If for any
e > 0 there exists sufficiently large N such that d(x,,x,,) < ¢ for all n,m > N, then {z,}
is a Cauchy sequence. (X,d) is complete if any Cauchy sequence converges.

Example. The space ((0,1],] - |) is not complete. Note that the sequence {n~'} is Cauchy

since for any € > 0 one can pick sufficiently large N so that N=!' < ¢. Then we have
4



In~! — m~! < e for any n,m > N. However, note that n™! — 0 as n — oo, but 0 & (0, 1].
Since we displayed a Cauchy sequence that is not convergent, the given space is not complete.

Throughout this lecture note, unless otherwise specified, we shall assume that (X d) is
always a complete metric space.

Definition 3.3. f: (X,d) — (Y, p) is a contraction with contraction factor ¢ € [0,1) if

p(f (@), f(y) < cd(z,y)
for all z,y € X.
Theorem 3.1 (Contraction mapping theorem). Let f : X — X be a contraction with factor
¢ < 1. Then f has a unique fized point T € X (i.e., f(T) = T). Moreover, for any

xo € X, the sequence {x,} defined by x,41 := f(x,) always converges to T, and we also have
d(z, x,) < d(z0,T).

Proof. We first prove that f can have at most one fixed point. Suppose that there are at
least two distinct fixed points z and y. Then we have

0 <d(z,y) =d(f(x), fy)) < cd(z,y) < d(z,y).

Indeed, the first inequality follows since x # y. The equality holds since x and y are fixed
points. The second inequality uses the fact that f is a contraction, and the last inequality
follows from the fact that ¢ € [0,1). But it is impossible to have d(z,y) < d(z,y), so f can
have at most one fixed point.

To show the existence of a fixed point, we construct a Cauchy sequence and show that the
limit is the defined fixed point. Take zy € X to be arbitrary, and define {z,} by z;41 := f(x;).
Then by the triangle inequality, we have

d(zp, x0) < d(xg, 1) + d(x1,22) + -+ - + d(Tp1, T0)

= d(wo, x1) +d(f (o), f(21)) +d(f* (o), f*(x1)) + -~ +d(f" (o), [~ (21))

< d(zg,11) + cd(x9, 1) + d(xg, 21) + - + " (20, 1)

= dag, m) (et o4 ) < (o, ) )
Now we will show that {z,} is in fact Cauchy. For any 1 < n < m, we have

d(@n, Tm) < d(f(2n-1), f(@m-1) < cd(@n-1, Tm-1)

< Ad(p-9, Tm—2) < -+ < "d(20, T—p) <

1—c
with the last inequality following from (1f). Hence {z,} is Cauchy, and so z,, — T for some
7 € X by the completeness of X. Now, observe that lim f(z,) = f(limz,) = f(Z) since f is

continuous. Furthermore, lim x,, = T, so it follows that f(Z) = T as desired. Finally, observe
that

d(ZE(), l’l),

d($n7f> = d(f(mn—l)> f(f)) < Cd(xn—hf) <-- < Cnd(.’ﬂo,f)’
so the last claim regarding the estimate follows. 0

The next example serves as an example that is not a contraction (but “almost” a contrac-

tion) that has no fixed point either.
5



Ezample. Let X = [1,00) and f(x) = z+2x~'. We claim that |f(z)— f(y)| < |z —y]|, and that
f has no fixed point. Suppose 1 < x < yso that x=! > y~!. Thus |f(x)— f(y)| < |r—y]| since
z~! > y~!. But note that one cannot put a constant ¢ < 1 so that |f(z) — f(y)| < c|lz — 9|
holds uniformly in the domain, so f is not a contraction. Furthermore, f has no fixed point;
otherwise, we will have = such that f(z) =z + 2! =z, or 7! = 0. However, oo ¢ X.

However, with an additional restriction on X, such example no longer exists.

Proposition 3.1. If (X, d) is a compact metric space and we have |f(z) — f(y)| < |z — y|
for any x # vy, then f has a unique fized point.

Proof. Assignment problem. d

Theorem 3.2 (Collage theorem). Let f : X — X be a contraction with contraction factor c,
and let T be its fixed point. Then for any y € X, we have

_ d(y, f(v))
d(z,y) < 1 .

Proof. By the triangle inequality, we have
d(y,w) < d(y, f(y)) +d(f(y),T)
= d(y, f(y) +d(f(y), f(z))
< d(y, f(y)) + cd(y,T).
Thus we have

and the claim follows upon dividing both sides by 1 — c. 0

3.1. Metric between functions
Definition 3.4. Suppose f,g: X — X, and we define

doo(f, 9) = supd(f(x), g()),
Te
provided this value is finite.
Proposition 3.2. Let f,g : X — X be contractions with contraction factors c; and cy and

with fized points Ty and T, respectively. Then

d(T;,T,) <
(xf’wg)— 1_Cf

Proof. By the triangle inequality,
d(ffvfg) < d(fﬁ f(fg» + d(f(fg)ng)
= d(f(zy), [(Ty) + d(f(Ty), 9(Tg))
< cpd(Ty, T) + doo(f, 9)-
S (L =¢p)d(Ty, Ty) < dwo(f, 9),
and the claim follows upon dividing both sides by 1 — ¢;. U

Corollary 3.1. Let f, : X = X be a sequence of contractions with contraction factors c,
and fized point T, for each f,. Suppose that ¢, < ¢ <1 and f, — f with doo(fn, f) — 0 as
n — oo. Then T, — T where T is the fized point of f.
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4. ITERATED FUNCTION SYSTEMS

Let C be the Cantor set, and (', the intervals in the left side of C and Cx the intervals
in the right side of C. Note that Cp =~ %C’ and Ci ~ %C’ + % (i.e., Cp is just C' contracted
by a factor of 1/3; the same with Cg, but with the translation by 2/3). Thus if we define
wo(x) :=x/3 and wy(z) := (x + 2)/3, then C, = w(C) and Cr = wy(C).

1

I < >
L vl  wll)
L wolA) wi(A)
A2 B e e
A WD(AZ) WII,{AZJ\
3 === =t
A Wo(As) w;(As)
4 o= = —==

Note that starting with [0, 1], we get the following iterations as we use wy and w; to shrink
the previous iterated set, and that infinitely repeating this iteration gives us the Cantor set.
However, we still need to determine how A,, converges to C in what sense.

4.1. Hausdorff distance
Definition 4.1. Given a complete metric space X, we define

H(X) :={A CX: A is non-empty and compact}.
Furthermore, for any A, B € H(X), we define

dy (A, B) := max {igg ggg d(a,b), .21615 ;Ielg d(a, b)} :

Note that sup gng d(a,b) denotes the “farthest” “closest” distance between a point in A
a€A b€

and the set B.

sup inf d(z,1
3:6}( yey ( ‘J)

sup inf d(x,
yE}EI_'EX ( U)

Definition 4.2. Given A C X, define
A, :={y € X: 3z € A such that d(z,y) < e} = U B.(a).

a€A
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Remark. If B C A., then sup inf1 d(a,b) < e. So in this case, we get another characterization
beEB 0€
of d'H(A, B)
dy(A,B) =inf{e >0: AC B, and B C A.}.
The dy is called the Hausdorff distance (or Hausdor[f metric; we shall see that dy is indeed
a metric).

For the sake of simplicity in notation, write d(A, B) := sup gnlg d(a,b). (Note that d(A, B)
ac€A b€

is not a metric since d is not symmetric.) If A C B, then d(A, B) = 0; thus this implies
dy (A, B) =d(B, A).

Proposition 4.1. dy is a metric.

Proof. That dy(A, B) > 0 is evident from the definition. If dy(A, B) = 0, then d(A, B) =

d(B,A) = 0. Thus sup in£ d(a,b) = 0. This implies that for any b € B, we have in}f1 d(a,b) =
beB a€ ac
0. But recall that A and B are closed since both are compact. Hence there exists a sequence

{a,} with a, € A so that d(b,a,) — 0. Sob € A = A. This is true for all b € B, so
B C A. The symmetric argument shows that indeed A = B. Evidently, if A = B, then
dy (A, B) = 0. Symmetry is again straightforward from the way dy is defined.

Let A, B,C € H(X), and write dy(A,C) = s and dy(C, B) = t. Then for any ¢ > 0 we
have A C C. s and C' C A.,. Similarly, we also have C' C B.,; and B C C.,;. Now we claim
that Ceqs C© Beqt)4(e+s) = Bosrroe and Coyy € Agyqa.. The first claim follows immediately
from the fact that C' C B. 4. The second claim follows immediately since C' C A.,,. Hence
A C Bgyyioe and B C Agiyyo.. Hence dy(A, B) < s+t +2e =dy(A,C) + dy(C, B), so the
triangle inequality is satisfied. O

Remark. The compactness of A and B is essential since otherwise, it is possible to find A
and B so that dy(A, B) = +oo: consider A = {n?:n € N}, B={mn?:n e N} CR.

We need the following definition for the proof of the next theorem.

Definition 4.3. A set A is totally bounded if for any € > 0, there are finitely many points
xr1,...,xy € A so that

N
AC|JB.(z).
i=1
Theorem 4.1. Let (X,d) be a complete metric space. Then (H(X),dy) is also complete.
Proof. Suppose that {A,} is a Cauchy sequence in (H(X), dy). Let

A=A

n>11i>n

Recall that we need to take the closure to ensure that A is a compact set /]

IWe can view A as the “lim sup” of the sets A,,, since the union can be viewed as “sup” and the intersection
operation “inf”. Draw parallel to the usual definition of lim sup of the sequence {a,} for a,, € R written
below.

limsupa, = lim supa; = inf supa;.
n— o0 N—=00 j>n n>1;>n
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First we need to prove that A € H(X). Since X is complete, any subset of X is compact
if and only if it is closed and totally bounded. Write

>n

By definition B, is closed; since any arbitrary intersection of closed sets is closed, it follows
that A = ﬂ B,, is also closed. Also, note that

n>1
U A; C U Ay,

i>n+1 >n

SO

i>n+1 >n

Thus as long as B is compact, then so is B, for all n. Pick some ¢ > 0. Since {A,} is
Cauchy, there is some m so that for all n > m we have dy(A,, Am) < €/2, or equivalently
A, € (Am)ej2. Therefore By, C (Ay)c/2- Indeed, since A,, is compact hence totally bounded,
there are finitely many balls of radius €/2 so that we have

k
Am g UBE/Q(xi)a
i=1
from which it follows

(Am)es2 € U B.(x;).

i=1
Therefore B,, is totally bounded as well, so B,, is indeed compact. But then notice that

B =AUAUA3U---UA, 1UB, =AU---UA,,_1UB,,

so By is the finite union of compact sets, making B; compact as well. This in turn proves that
A C B is totally bounded and is thus compact. Finally, A # ) since A is the intersection
of a nested family of non-empty compact sets. Hence A € H(X) as required.

Finally, we need to show that dy(A,, A) — 0 as n — oo. Suppose £ > 0. Since {4,}
is Cauchy there is an m € N such that for all n > m we have dy (A, A,) < 5. Hence
An C (Am)ess C© (Bm)eys and A, C (Ay)e/3; so it follows that A; C (Ay,)e/3 © (Ay)aeys for
all © > m. Therefore

U Az g (An)25/37
>m

SO

>m

Clearly A C B,,, s0 A C (A,,). as well.

For the reverse inclusion, take x € A,. But then for all k > m we have dy (A, Ax) < 3,
so there is x; € Ay such that d(zy, ) < s Since z, € B,, which is a compact set, there
must be some y € B,, which is a limit of some subsequence of {z}}.
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Recall that By O By 2 By D --- D A; and due to the way A is defined, it suffices to
show that y € B; for all sufficiently large [ in order to prove that y € A. Indeed, given some
sufficiently large [ > m, we have

{ze k> 1y A
i>l
so the closure of {x; : k > [} is indeed in the closure of UA“ which is B;. But by
i>l
definition, B is closed, so y € B; for all [ > m. Therefore, y € A as required. Thus we
have d(zg, x) < /3 and d(z,,y) < €/3 where {xy,} is a subsequence of {z;}. Putting these

inequalities together gives d(z,y) < €/3 4+ ¢/3 < ¢, from which we have A, C A.. Hence
(A, A) < e, 0

4.2. Iterated function system
Definition 4.4. An iterated function system (IFS)on (X, d) is a finite collection {wy, ..., w,}
of (contractive) self-maps w; : X — X.

Ezample. On R, if wo(z) = % and wi(x) = 2, then {%, 22} is the IFS whose “attractor”

is the Cantor set C. The iteration we want is B — wo(B) Uw;(B) = £ + (£ + 2).

Definition 4.5. Given the IFS {w; : 1 <i <n} on X the induced map W : H(X) — H(X)
is given by

W(B) = Uwi(B).

It is not evident that 1 is necessarily contractive on H(X). First, we note that if f : X — X
is contractive with contraction factor ¢ < 1, then dy(f(A), f(B)) < cdy(A, B), i.e.,

. _ .
sup inf d(f(a), f(b)) < csup inf d(a, b)

ac ac

(since d(f(a), f(b)) < cd(a,b) for any a € A and b € B).
Next, consider dy(A; U Ao, By U By). If Ay, Ag, C € H(X), then we have

d(Ay U A, C) = sup infd(a,c)

a€A1UA, c€C

= max { sup inf d(a, ¢), sup inf d(a, c)}

acA; ceC acAs ceC

= maX{d(Al, C), d(A27 C)}
Similarly, we have
d(C,ByUBy) =sup inf d(c,b)

ceC bEB1UB,

ceC beB1 ceC beBs2

= min {Sup inf d(e,b),sup inf d(c, b)} :
And for any fixed ¢ € C,

inf d(c,b) = min{ inf d(c,b), inf d(c, b)} :
beB1UB> be B, be B>
10



Hence, it follows that

dy (A1 U Ay, By U By) = max{d(A; U Ay, By U By),d(B; U By, A1 U Ay)}
= max{d(A1, B1 U By),d(As, By U By),d(By, A1 U Ay),d(Bs2, Ay U Ay)}
= max {min{d(A;, By),d(A1, By) }, min{d(As, By),d(As, Bs)},
min{d(By, A1), d(By, As) }, min{d(Bs, A1), d(Bs, As) } }
< max{d(Ay, By),d(As, Bs),d(B1, A1),d(Ba, A)}
< max{dy (A1, B1),dy(As, B2)}.

Now let’s go back to W (B). With W(A) and W (B) we have

A (W(A), W(B)) = dy (U wi(A), _waB))

< max dy(w;(A),w;(B))

1<i<n

= max ¢dy(A,B) = {max cz} dy (A, B).

1<i<N 1<i<N
This allows us to conclude that W is indeed a contraction as desired.

4.3. Examples of iterated function systems
In this section we look at some examples of the IFS.

Ezxample. Consider the following finite collection of self-maps defined as follows:

()= 1) () ()
wly)=(61)(0) (%)
w(y)=(6 1)) (%)

Suppose that the starting point of the iteration is an equilateral. Then infinite iterations of

{wg, wy,wy} gives us the Sierpinski triangle.
11



Ezample. The following finite collection of self-maps {wp, w1, ..., ws} defined by

wo(y)= (s 120 () + ()
()= (05 () (08
w5 )= (0 0s) (5)+ (o)

w5 )= (% 0 ) ()= ()
o (2= (0 (2)+ (2
w5 )= (% ) () (o)
w5 ) =0 ) () (105)

gives us the Koch snowflake when started with an equilateral triangle.
12



cale by 1/3

S(0)
scale by 1/3
¥
F Y
F Y
A
A
S(1) =
A
A
F Y
A
scale by 1/3
5(2) +[48m-p|t_5] =

S(3)

4.4. Base-b decompositions of R and C
Recall that the Cantor set C is

- {Z 3d, : d, € {0,2}}.

We can express C iteratively also:

C= {0-3—1 +3 37, 1 d, € {0,2}} U {2 3743 87, dy € {0, 2}}

n=2 n=2

:{3—1§:3—md Ll e{oz}} { ZS‘md dm€{072}}

m=1

1, 2 1
_50u{§+§c]
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Define (for the simplicity of notation)

le—. .
:{523 dm:dme{o,l,Q}}.
m=1

The same type of thing is true for [0, 1] in base 3:

(Soviccacoan)= (Sea)o(bea)o2a)

- %[0, 1ju (% + %[O, 1]) U (g + %[O, 1]) :

and the three “parts” in this case touch at endpoints.

So suppose b € C could be used as a base for an expansion with digit set D = {dy, ..., dy}.
Assume that we have unique representation, except possibly at some “just touching” bound-
ary.

Let T := {Z b"d_,, : d, € D ,, which we shall call the fundamental tile. As we did with

n=1
the Cantor set, we can write this 7" as union of translations of a scaled T

— {ib"dn 1d, € D}
_U<b e+{b med dmeD}>

eeD
= U e+ b~ 1T
eeD

Our assumption of “(almost) unique representation” implies that the “parts” of the IFS
decomposition are measure-disjoint. Thus,

MT) = A (U ble + b—1T>

ecD
N
- e D) = A

so we need N = |b|2.

Recall that for a base-b representation to be well-defined, we need to pick the digit set
carefully. One necessary condition is that the the digit set must be chosen so that the digit
set is a complete set of coset representatives for Z/bZ.

4.5. IFS, fixed points, and attractor

Take {wy,...,wy} an IFS with attractor A. Then each fixed point Z; of w; is in A. To
see Why, start with the set So = {fl} Then Sl = W(So) = {wl(fl),wg(fl), .. ,wN(El)} =
{Z1,ws(T1), ..., wn(T1)}. We can continue on, i.e.,

So =W (S1) = {T1, we(71), . .. ’wN(El)’w11(4w2(fl))’ wa(wa(Z1)). ..., we(wy(T1)), ... }



Therefore 7; € S,, for all n. In other words, we have S,, — A in dy where

SO N—
n=1i>n
It follow that T; € A as well. In fact, for any iy,...,4 € {1,2,..., N}, we have w;, o w;, o
-~ w;, (T;) € A. In other words, any finite-level image of any fixed point Z; of w; is in the
attractor. Note that repeated applications of W to the singleton set of a fixed point grow
the size of the set, but the initial fixed point persists in each iteration, as we just saw.
In the previous section, we presented the IFS for the Sierpinski triangle, with the first

points D::{doz(8)’d1<é)’d2:<$)}'

10
For A := ( 2 ),wehave
0 3
1 0
<cus={(1) (1) (1)
2
S1 = {A(Ady) + Ady, A(Ady) + Ady, A(Ady) + Ad,
A(Ady) + Ady, A(Adl) + Ady, A(Ady) + Ady,
A(Ady) + Ady, A(Ady) + Ady, A(Ady) + Ady}

= {A2b2 -+ Abl : bl, b2 € D}
Sy = {A3b3 + A2b2 + Aby : bl, bg, bs € D}
Thus in general, we have S, = {>_1" | A'b; : b; € D}, so as n — oo we have

=1

5. THE CHAOS GAME

How do we draw a picture of A, the attractor of W? If we start with one point, say x,
then we have

So = {zo}

S1 =W (Sy) = {w1(zo), ..., wn(x0)}

Sy =W(S1) = {w;ow;(xg) : 1 <i,j <N}

Sz =W (S2) = {w; ow; owy(wg) : 1 <i,j,k < N}

Sk =W (Sk-1) = {wy, o+~ owy, (xg) 145 € {1,2,...,N}}.
The following algorithm, which we call the chaos game, draws the attractor of W — as
counter-intuitive as it may sound at the first glance.
Algorithm 5.1 (Chaos game). Start with zy € X.

(1) Choose i, € {1,2,..., N} with probability N~!.
15



(2) Let x,11 = w;, (x,), and plot T,41.
(8) Go back to the first step until the image is close enough.

What happens is that
A= lim {x,, : m > n},

n—oo

with respect to the Hausdorff metric dy, thereby obtaining the attractor A.

Example. Let A =[0,1], wo = x/2, and w; = (z+1)/2. Note that if zy is the starting point,
then wy just shifts the digits by 1 to the right side, and add 0 to the first digit; on the other
hand, w; shifts the digits by 1 to the right side, and add 1 to the first digit. Start with
xo =0 =10.00000..... We see that (again, we randomly pick 0 or 1)

o = 0.00000. . .o
=x; = 0.10000.. .o
W1\ T1) = T2 = 0.11000. . )

Suppose that we want to draw the attractor on a screen whose width has 1024 pixels. As
we see, any iterations applied in an earlier stage is pushed further and further to the right,
so the influence of the contraction maps applied earlier

6. CODE SPACE AND ADDRESS MAPS ON AN ATTRACTOR
Let A = [0, 1], and let the IFS be

T r+1 T+ 2
WolT) = —, w1\ T :T,wg xTr) = .
funta) = 5, o) (x) }

3 3
Then wo(A) = [0,1/3], w1 (A) = [1/3,2/3], ws(A
A= wo( ) U wy

) =1[2/3,1], so
(4) Uwa(A).
Iteratively, we see

A =wo(A) Uwi(A) Uws(A)

= J Y wilw;(4))

=0 j=0
Clearly w;(A) C A for any j, so w;(w;(A)) C w;(A). More generally,
Wy <w02(' o (w0n+1 (A)) e )) - W, (waz(' o (wo'n(A)) e )

for any fixed sequence 01,09, ...,0,11 € {0, 1 2}



If 01,09, ... is a sequence in {0, 1,2}, then independent of our initial choice z, we always
have

lim wy, 0wy, 0 -+ 0w, (x) = {p}
n—oo

for some single point p dependent on the choice of . This gives rise to the following definition.

Definition 6.1. The address map from ¥ = {1,2,..., N} — A is given by the map

lim wy, 0 Wy, 0 -+ 0wy, (T0)
n—oo

for some starting point .

Definition 6.2. Let {wy,...,wy} be an IFS on (X,d), and let w : ¥ — X where ¥ =
{1,2,..., NN, ¥ is called the code space.

Now we explore a few properties of address maps.

Proposition 6.1. Let {wy,...,wy} be an IFS on (X,d), and let w : ¥ — X be an address
map on the attractor A. Then the following are true.
e The range of w is A.
e [f we place a product topology with a discrete topology placed on each factor, then w
18 continuous.
e Under the aforementioned product topology, > is compact.
e Since Y s compact and w continuous, it follows that w is uniformly continuous.

We will use the Sierpinski triangle as an example to examine the behaviour of address
maps.

Ezxample. Let zo = (0,0), and let the IFS be as given in Section Randomly choose
iy € {0,1,2}, and let x; = w;, (x). Suppose that we pick i; = 2. Then (0,0) — (0,1/2).
Note that the address of x5 ~ 0000000. ... Similarly, the address of (0, 1) is 222222...; and
the address of (1,0) is 111111.... Therefore, we see that the fixed point of wy (resp. w;
resp. wsy) has address 0000... (resp. 1111... resp. 2222...). So the address map is z; ~
20000. ... Suppose we pick io = 2 and i3 = 1. Then 23 = w3(w2(w1((0,0)))) ~ 1220000. ...
Furthermore, note that the string that the address map produces indicates which region x,,
belongs, justifying the name “address” map.

7. BACKGROUND MATERIAL DETOUR: MEASURE THEORY

Definition 7.1. A, a collection of subsets of X, is a o-algebra if the following are true.

(1) 0, Xe A
(2) if Ac Athensois X\ Ae A
(3) if A, € A for each n € N, then so is [J A, € A.

Definition 7.2. Suppose that X is a set, and A a o-algebra over X. Then a measure is a
function m : A — R U {00} satisfying the following conditions:

(1) m(0) =0
(2) (non-negativity) m(A) > 0 for any A € A

(3) (countable additivity) m ( ) Z m(A;) if the A; are disjoint.



The canonical measure is called the Lebesgue measure which “measures” the length of a set,
and is defined by A([a, b]) := b — a.
N

N
If S = U (@i, b;) with b; < a;y1, then A(S) = Z b; — a;. The Lebesque outer measure of
=10 i1

a set A is defined by

Proposition 7.1 (Properties of the Lebesgue measure). Let A be the Lebesgue measure,
and suppose that A and the A; are Lebesque measurable sets. Then on top of the properties
satisfied by any measure, the following additional properties hold.

(1) (translation invariant) \(A+t) = A(A)

(2) (scaling) A(tA) = [t|\(A).

Remark. Note that we need to restrict our attention to measurable sets only for A to have
all the desirable properties listed above.

Proposition 7.2. The set of Lebesque measurable sets is a o-algebra.

Measures can be used to comment on the probability of an event as well, as we will see in
the next definition.

Definition 7.3. We say p is a probability measure of X if i is a measure such that p(X) = 1.

Definition 7.4. We say that something happens almost everywhere, almost surely, or with
probability 1 if S is the set of events in question such that (X \ S) = 0.

7.1. Infinite product measures

Suppose that we are only interested in product probability measureson ¥ = {1,2,..., N}
In this case, given probabilities py, pa,...,py (i€, p1 +p2+ -+ py = 1 and p; > 0), this
gives a probability measure on {1,2,..., N} given by Prob(i) = p;.

The probability which is “induced” on ¥ is that of an independent sequence of trials
of the repeated experiment: that is, draw o; € {1,2,..., N} according to the probability
distribution {p;}.

Definition 7.5. The sets which generate the o-algebra on X are said to be the cylinder sets.

Remark. For a general cylinder set, we are allowed to specify only finitely many outcomes;
the rest have to remain free. Otherwise, we will always get probability 0. So, the probability
of any other (allowable) events is given by the probability of the cylinder sets.

Ezample. Let
S = {O’ EX 0= 2,03 =5,0100 = 1,01000 = 3}
be a cylinder set. Then Prob(S) = py - ps - p1 - ps.

8. IFS wiTH PROBABILITIES (IFSP)

Let (X,d) be a complete metric space, and let {wy,...,wy} be an IFS such that each
w; has probability p; of being randomly chosen each stage (p; > 0,> p; = 1) rather than

assuming uniform probability (i.e., has probability 1/N of being chosen randomly). So if we
18



use the p; in the chaos game, we will get a sequence of occupation distributions on A which
depends on {p;}. Interesting questions arise then: do they converge (and in what sense?)?;
and if so, to what?

Definition 8.1. Let (X, .A) with measure p and (Y, A’) be a measure space, and let f : X —
Y be a (measurable) function. In this case, we see that

{BCY: fYB)ecA
is a o-algebra on Y. Then the push-forward of pis fu(p): A" — Ry U {oo} defined by

f#()(B) == u(f~1(B))
for all B € A'.

One example of a push-forward is the following operator.

Definition 8.2. Let (X, d) be a complete metric space, and let x be a (Borel) probability
measure on X (i.e., 4(X) = 1). Then M defined by

(Mp)(B) = > pilw) () (B) = Y pia(w(B)

is a Markov operator.

Our IFS mapping on probability measure is precisely the Markov operator M : Prob —
Prob defined by
N

(Mp)(B) = pi(pow; " )(B),
i=1
acting on the space of probability measure on X. Now, we need a metric of some kind to get
a contraction.

8.1. Monge-Kantorovich metric
Definition 8.3. Let Lip,(X) :={f: X > R :|f(z) — f(y)| < d(z,y) for all z,y}, and X be
compact. Then the Monge-Kantorovich metric is defined by

e (4, ) = sup { [ H@)dtn = 1)) (= D - B s £ € Lip1<x>} .

Remark. If X is not compact, then there are some technical conditions in addition on p and
v.

Since the proof that dy;x is a metric requires using techniques and results from functional
analysis, we shall take for granted that dy;x is a metric. This metric gives weak convergence
of probability measures.

Theorem 8.1. If {ws,...,wyn} is an IFS on X with maximum contraction factor ¢ < 1,
and p; > 0 are associated probabilities, then

Ay (Mp, Mv) < edyi(p, v).
19



Proof. For f € Lip,(X),

/X F(@) d(Mp — Mv)(x) = | f(z)d [meowﬁ =S pwou| @)

—

M-

-
Il
—

P / f(@) d(po wit — v ow ™) (x)

i(X)

M-

P / S @) die =)

1

1

I
o —

Zpif ow; | (y)d(p—v)(y)

:/X sz'fowi (y) d(p —v)(y).

f

(£ follows from the change of variables: = = w;(y) = y = w; *(z).) We see that f is
Lipschitz with factor > p;c;. Indeed, we have

|f(a) = fb)| =

sz‘f(wi(a)) — pif (w;i(b))

Now define

Then continuing on with the calculations we have

/X f(x) d(Mp — Mv)(z) < / ) d(u— 1) (v)
= (Zma) /X g(y)d(p —v)(y)
< (ZP&) dyrg (p,v).
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Hence, we have
dyg(Mp, Mv) < (ZZ%Q) dar (e, v). O
=1

Corollary 8.1. There is a unique invariant probability measure.

Remark. One big advantage of the MK metric is that it relates the distance between p and
v on (X,d) to the underlying distance between two points on X. In particular, if z,y € X,
then dy i (0s,6y) = d(z,y) where §, and J, denote the point mass of x and y, respectively.

9. INVARIANT MEASURE, MARKOV OPERATOR, AND THE IFSP CHAOS GAME

Take an IFS {wg, w;} on X with probabilities py and py. Let 2 := wq(zo) and pg = oy,

Also let
1 (l’o € A)
A f—
to(A) {0 (2o & A).
Recall that
p11(A) = (M o) (A) = PoOug(ae) + PLOwr (w0) = Potto © wy ' (A) + prus o wy ' (A).

po(wy 1 (A)) is 1 when z¢ € wy ' (A), or wo(zo) € A (or 0 otherwise). Similarly, pu(w;*(A)) is
1 if wy () € A or 0 otherwise. Similarly, if M is applied twice, then

Mg = M 11 = PoPoSug(wo(zo)) + PoP10w(wr (z0)) + P1P0Ows (wo(0)) + P1P10ws (w1 (o)) -
So in general, for any n,

M g =" D PiaPis Pinbug (wny (i (20) )

11,02,..,%n =0

Now we will see when we integrate a continuous f against M™ .

/ F@) i o) = 3" pupi - pif (i (i - (i, (20) ).

11,62,...,in=0

Thus M"ug — pin dyg (weakly),

/f M) > [ o) dua

Definition 9.1. The support of p is {z : Ve > 0, u(B.(x)) > 0}.
Theorem 9.1. The support of i is the attractor A.

Remark. One way to show that B is the support of u is to prove that B is invariant with
respect to the IF'S.

The chaos game generates one sequence of points which (somewhat randomly) wander
around “on” A. Does f(z,) in some way give me a way toy estimate [ f(x)du(z)? The

ergodic theorem says
1 n
>t = [ 1@ duto)
i=1
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Theorem 9.2. Let X be a compact metric space, and {w;, p;} be a contractive IFSP. Choose
o € X and generate the sequence {x,} by Tni1 = Wy, (x,) where o € {1,2,... N} is
chosen according to the infinite product measure P given by p; for each factor. Then for any
continuous f : X — R, and P-almost all o € {1,2,..., N} we have

T}ggoanxz /f ) dpu(

where  is the invariant measure of the IFSP. i.e., there exists a set  C {1,2,..., NN with
P(Q) =1 so that for all o € Q we have

nlggo % Z f(Wo, (Wa,,  (+++ (We, (we, (T0) / f(z) du(x

Proof (sketch). Markov operator has a unique invariant measure p (i.e, My = p) and

> pipmowt = p.

So

Soi [ s deuie) - f@»du@»

w; (X) X

-/ (Zpiﬂwz-(y))) - [ f@dua). O

Definition 9.2. Let P(X) be Borel probability measures on X, and M : P(X) — P(X) the
Markov operator. Then the adjoint operator M* : C(X) — C(X ) is defined to be

N
= Zpif O Wj.
i=1

i

Suppose that

exists for f € C(X). Then on Clz],

is linear, thanks to the Riesz representation theorem. Particularly, this is given by the regular
Borel measure v, i.e.,

lim 3 fw) = [ 7@ duto)

i=1 X

Definition 9.3. Let [*°(N) = {{z,} : sup|z,| < co}. Then the Banach limit = : |*(N) — R
is a bounded linear functional that is shit-invariant, i.e., w(zq, x2,...) = 7(x2, x3,...).
22



Remark. If x,, — z, then 7(x,) = x. Clearly, we also have liminf z, < 7(x,) < limsup z,.
Furthermore, if m(x,) = z for all Banach limits, then lim z,, = = exists.

For some fixed Banach limit 7, define

n(f) = (% > f(x»)

where x; = w,, 0 Wy, | © -+ 0 Wy, 0 Wy, (Tg). Since 7 is a bounded linear functional on C(X),
there is a measure v, such that

n (%Zﬂxi)) = [ styaveto)

Suppose ¥ = {1,2,..., N} and P the product measure on Y. Let P, be the conditional or
projection given by {p;} on each other, but to the first n coordinates only, i.e.,

/O_ _@)ap,

21, in=1

For 0 = 0105...0,, let

On(0, 1) = (Wy, 0 Wy, 0+ 0w,y )(T).

If w is the address map, then indeed ¢, — w as n — oo; furthermore, we have P, — P. So
if v is the starting probability measure, and u the invariant measure of the given IFSP (ie.,
Mp = p), then we have

/X (™) ()] () dv = / £ () d(M™)(x) — / £ (&) du(a).

Note we can re-write (M*)"(f) as follows.

(M) () = Yo b P f(We, 00wy, )(2)

— [ f(gul0.2) dP(0) = / / f(n(0.2)) APy (o) di(z)

oceEY

:/X/Z(fow)(a,x) dP(0) dv(x)z/z(fow)(a) dP(a)/XdV(w)
:/E(fow)(cr)dP(a).

For any o € X, we define s; : X — X by (01,09,...) = (i,01,09,...). Then the following
diagram commutes: with P =Y p;Pos; " and =Y p;uow; " (invariant measure).

Theorem 9.3. For all u-almost all o € X and P-almost all 0 € 33, for any f € L'(u) we
have

3 fa) = [ f@)duto)

#{x;: x; € A} (A,

Corollary 9.1.
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10. MOMENTS OF p

Let p be the invariant measure (i.e., My = p), i

[ f@duta) = | sia) 0@ - /mr /X)zm ) du(z).

Definition 10.1. Take w; : R — R of the form w;(z) = s;x 4+ b;, and f(z) = 2. Then the
nth moment of puis [ f(x)dp(x).

Compute the nth moments of u:

/”du /sz F(si -+ bs) dpa(x)

3x+b (x)

1pz/ ( ( )s b f) dp(z)
pg()%w/ﬂww
_ O(J) [sz - ] JELCE

\

Mz HMz

7

I
3 WMZ

Zm]/xW@-

.

Hence,
N

S0 | Soan| foane

/x"du(m)z =0 = ~ ;
R

1 - Z DiSy
=1

N
provided Z pilsi| < 1. This recursive formula for the nth moment starts with [ 20 du(z) =
i=1

1.

11. CONSTRUCTION OF MEASURES

We present two methods of constructing measures.

11.1. Method I
Definition 11.1. For a space X and a class of subsets C, a pre-measure 7 : C — RU {400}
is a function such that

(1) € C and 7(0) = 0.

(2) 0<7(A) <4ooforall AeC

Example. Let C be the set of all intervals in R, and let 7(A) be the “length” of an interval

A. 7 is clearly a pre-measure.
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Based on this pre-measure 7, we construct or define u by

o0

pu(A) = inf {ZT(BZ) B, €eC,AC GB,}

i=1
with the convention that inf(()) = +oc. It is relatively straightforward to verify that p gives
a o-additive measure when restricted to p-measurable sets.

11.2. Method II
On a metric space (X, d), start with some pre-measure 7. For any § > 0, define

ps(A) = inf {Z 7(B;): Bie C,AC UBi,diam(Bi) < 5} ,
i=1 i=1

with diam(B;) defined below.
Definition 11.2. The diameter of a set S is defined as
diam(S) = sup{d(z,y) : =,y € S}.
As 6 — 0, we have
p(A) = sup ps(A) = lim ps(A),
5>0 6—0
since ps(A) is increasing as 0 approaches 0. Then p(A) is always Borel.If 4 is finite, then
w(A) =sup{u(C): C C A, C closed} = inf{u(U) : A C U, U open}.

One can also construct p(A) by taking the supremum over compact sets, provided X satisfies
additional conditions, which prompts the following definition.

Definition 11.3. A space X is said to be separable if X contains a countable, dense subset
(i.e., there exists a sequence {z,} of elements of the space such that every non-empty open
subset of the space contains at least one element of {z,}).

Proposition 11.1. If X is complete and separable, and p is finite, then
(A) =sup{u(K): K C A, K compact},
which is Borel reqular.
12. HAUSDORFF MEASURES

Take R? (or a general metric space), and pick s € [0,00). Let C be the collection of all
open sets. We will use Method II with a pre-measure 7(B) = diam(B)®. Define

Hj(A) := inf {Z diam(B;)® : {B;} a d-cover of A} :
i=1

Remark. If s =1, then ) diam(B;)® becomes the Lebesgue measure.
Definition 12.1. The Hausdorff measure of a set H*(A) is
H?*(A) :=lim H;(A).
6—0
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Proposition 12.1 (Properties of H*(A) in R?). Let H*(A) be the Hausdorff measure. Then
the following are true.
(1) (translation invariant) H*(A +t) = H*(A).
(2) (scaling) Since diam(t - A)* = [t|* diam(A), it follows that H*(tA) = |t|°H*(A).
(3) If s is an integer, then H® is a constant times s-dimensional Lebesgue measure.
Take s < t, and diam(B) < 0. Then note that diam(B)" = diam(B)" % diam(B)* <
6t diam(B)*, from which we have H:(A) < 6" *H$(A). So how is this observation helpful?
Suppose that HY(A) = a > 0. In other words, since (lsirr(l) H(A) = H'(A), for any small
—

0 > 0, we have

or equivalently

55_,:% < Hi(A).

Note that as 6 — 0 we have §°~" — 400 since s — ¢t < 0. In this case, H*(A) = +o00. Hence
if H'(A) > 0 and s < t, then H*(A) = +o0.
On the other hand, if H*(A) < 400 and s < ¢, then we have
Hi(A) < H(A) < sup ™ HS(A) < .

e—0

So as 0 — 0, we see 0" — 0. Similarly, H:(A) — 0 as § — 0, so H'(A) = 0.

Definition 12.2. Let A be a Hausdorff measurable set. Then the Hausdorff dimension of
A denoted by dimg(A) is

dimg(A) :=sup{t: H'(A) = +o0} = irtlf{t : H'(A) = 0}.
t
Fxample. Let C be the middle-third Cantor set. Then
1\’ 1\’ 2 2\"
o == H® - | H(C)=—=H°C)= (=] HQC).
= (3) wer (3) wo-gmre- () ro

Therefore, if 2/3° > 1, then (2/3°)" — +oo. On the other hand, if (2/3%) < 1, then
(2/3%)™ — 0. The heuristics seem to suggest that dimg(C) = log2/log3. While this is not
a proof, in turns out that this is indeed the case.

Notice that if we have a d-cover {B;} and replace each B; with E so that

—~

diam(B;) < diam(B;) < kdiam(B;)

for some uniform bound £, this changes the value we obtain for H* (but not the dimension).

Proposition 12.2 (Properties of the Hausdorff dimension). Let the A;, A, and B are all
Hausdorff measurable.
(1) If A C B, then dimpy(A) < dimy(B).
(2) (“countable stability”) If A = U Ay, then dimp(A) = sup dimg(4;).
i>1 v
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(3) If t > supdimg(A4;), then H'(A;) = 0 for all i. Hence H* (U Ai> = 0. Thus,
‘ i>1
(4) On the other hand, if t < sup dimpy (A;), then there exists i so that t < dimpy(A;). In

this case, H'(A;) = +00, so Ht(UA) +00o as well.
(5) If the d-dimensional Lebesque measure of A is positive, then dimg(A) > d since
He ~ )\ up to a constant.
(6) If A is countable, then dimg(A) = 0.
Ezample (Computing dimg(C)). We start with computing the upper bound. Find one se-
quence of coverings which give finite values for Z diam(B;)®. Take 0 > 0 and n large enough

i
so that 37" < §. Then the 2" intervals from stage n in the construction form a J-covering of

C. Thus

2m 9 n

> diam(B;)* =2" 37" = (3-) .

i=1
If s = }Zgg, then (2/3°)" =1, so Hj(C) = inf {Z diam(B;)° : {B;} isa d — coverlng} <1
Thus H*(C) < 1, so dimp(C) < }ggg.

Computing the lower bound is trickier, and will need the mass distribution principle, which
is formally stated as Theorem below. First, we need a measure ¢ on C. We use the
invariant measure p of the IFSP with py = p; = % So each nth level “part” gets mass 27"
and length 37". So we want to show that u(U) < cdiam(U)* for sufficiently small U. Take
diam(U) < 1 and let k be such that 37%~1 < diam(U) < 37*. Then U intersects at most one
interval of level k. So it follows that

—k _jlog2 . log2
u(U) < 27% = 37ME8 < (3 diam(U7)) 1o,

Thus by Theorem [12.1} we have dimg C > }zgg (and H%(C) > —i+). Hence dimy(C) =
3log3

log 2
log3°

Theorem 12.1 (Mass distribution principle). Let p be a finite, positive Borel measure on
A and suppose that there exist ¢ > 0 and 6 > 0 such that for some s we have

pw(U) < ¢-diam(U)*
for U with diam(U) < §. Then

(1) H*(A) > A and

Proof. If {B;} is a d-cover of A, then

0<p(A (UB>§§;/L(B

Thus for all sufficiently small §, we have Hj(A) > u(A)/c, so H*(A) > u(A)/c > 0 as well.

The second claim readily follows from the first claim. 0]
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Suppose that wy([0, 1]) Nwy ([0, 1]) = @, and wy([0,1]) (resp. w1([0, 1])) has the length 1/3
(resp. 1/4). Suppose that s is the solution to (1/3)* + (1/4)* = 1 where py = 1/3° and
p1 = 1/4°. So we see that

i awofuwn (o (0. 3))) = 5 §

_1115
p0p1p0—343-

Finally, we want some measure p so that u(U) ~ ¢ - diam(U)® for some constant c¢. So the

similar argument as we did with the Cantor set gives us dimy A = s; besides, s satisfies
N

Z t? = 1 where ¢; is some scaling factor for each w; when the IFS consists of similarities on
i=1

R (i.e., affine functions) with disjoint parts.

Definition 12.3. A function f is called Lipschitz if d(f(z), f(y)) < Kd(x,y) for any x and
y for some K. f is bi-Lipschitz if both f and its inverse f~! are both Lipschitz.

If f: X — Y is Lipschitz with factor K, then diam(f(B))® < K?®diam(B)*. Thus
H*(f(B)) < K°H*(B), or dimy(f(B)) < dimg(B). If f is bi-Lipschitz then dimy(f(B)) =
dimy(B). Let {w;} be an IFS with contraction factors ¢; < 1 with an attractor A. Let s
satisfy > ¢f = 1, and ¢ := max¢; < 1. If 6 > 0 is given, take n sufficiently large so that
" < ¢ so that all diam(w,, 0 Wy, 0 -+ 0 w,, (A)) < 4, so the collection of all these sets is a
d-cover.

If 7 is a string of length n, then

Z diam(A Z diam(A = diam(A)* Z(CU)S = diam(A)°.
Thus Hg(A) < diam(A)* for all sufficiently small §, so H°(A) < diam(A)®, from which
dimg(A) < s follows.

and

13. OPEN SET CONDITION

Definition 13.1. The IFS {w;} satisfies the open set condition if there is a bounded, non-
empty open set U with

(1) Uwi(U) €U
(2) w;(U) Nw;(U) =0 for all i # j.

Theorem 13.1. Suppose that the open set condition holds for {wy,...,wx} on R® where
the w; are similarities with scaling ¢;. If s > 0 satisfies >, ¢ =1, then
(1) dimgy(A) = s
(2) 0 < H*(A) < oc.
14. BOX DIMENSIONS

Take A C R? and § > 0. Define

Ns(A) := min {n eN:AC UB(;(.IZ'),.% € A} .
i=1
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Suppose that D satisfies N5(A) ~ c¢- 67, so we have

_ . log(Ns(A))
D-(l;_r)r(l) log(6-1)

Definition 14.1. The D define above is the box dimension provided the limit exists, which
we write dimp(A).

In general, the limit doesn’t exist, so we have to define the upper and lower box dimensions.

Definition 14.2. For any A, the upper box dimension dimpg(A) and lower box dimension
dimg(A) are each defined as follows.

— , log(Ns(A
dimp(A) = limsup %

. . log(N5(A))
dimp(A) = lim inf TTog(5-1)

Ezample. For any line of length L (call it L, abusing the notation), we have

L
Ns(L) < | — 1
(D)< 5] 1
S0 ,
log(Ns(4)) _ log(67) _
log(6=1)  log(6~)
Ezample (Cantor set). For 6 = 37", we need Ns(C) = 2", so
log(Ns(C) _ nlog(2) _ log(2)
log(6~1)  nlog(3) log(3)
If 371 < § < 3™, we have Ns(C) < 27! and so
(n+1)log(2)  log(2)
log(6~) log(3)
Example. Take x, =n"P withp >0forn=1,2,...,and let A={n"?:n € N}U{0}. Take
0>0.If z,, — x,,11 < 29, we have

Tm
< — .
N.(A) < 5% +m+2
So if f(x) = 7P, then —f/(§) = p/&PTL. Let —f/(€) = 20 for some m < & < m + 1; using
this, we get

1

Ns(A) < p 7T (20) 77T + 7+ (20) 7 ~ b7,

So
log(Ns(A))  (p+1)'log(6™") 1

log(61) log(0—1) Cp+ 1
So the box dimension of A is (p+ 1)~

Proposition 14.1. Let A, B be a sets.

(1) If A is unbounded, then Ns(A) = 400, so dimp(A) = +o00.
29



(2) A C B implies Ns(A) C Ns(B), so dimp(A) < dimp(B).
(3) MB(A U B) = max{mB(A),mB(B)}
(4) However, the similar claim does not hold for dim: one can find A and B so that
dimg (AU B) > max{dimpg(A), dimgz(B)}.
(5) If f : X — X is Lipschitz, then Nis(f(A)) < Ns(A). Hence, dimp f(A) < dimpg(A).
(6) dim(A) < dim(A).
If Ais covered by Nj/2(A) balls of radius 6/2, then
H(A) < 6°Nsja(A).
If 1 < H*(A) < 0°Nsj2(A) for small 6, then
. log(Ns/2(A)
~ log(26—1) — log(2)’

so dimpy(A) < dimg(A).
Theorem 14.1. If {wy, ..., wx} is an IFS of similarities on R which satisfies the open set
condition, then dimp(A) = dimy(A) = s.
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