PMATH 646: INTRODUCTION TO COMMUTATIVE ALGEBRA NOTES

HEESUNG YANG

1. JANUARY 06
Throughout this course, we will assume that R is a commutative ring with unity 1.

Proposition 1.1 (Zorn’s lemma). (., <) is a partially ordered set, and suppose that for
(Sa)acs, we have o <j B = so <y sg . If it exists s € S such that s > s, for all « € J then
< has a mazimal element.

Remark 1.1. In this course, we will use Zorn’s lemma mostly with . = collection of ideals
in a ring R, with < given by C. For instance, if R is a non-trivial ring (i.e., 0 # 1, then R
has a maximal ideal. In fact, if I is a proper ideal of R then there exists a maximal ideal M
such that I C M.

Proof of the above remark. Let .¥ = {J C R : Jideal,I C J C R}. If I is a proper ideal
of R, then I € . so . # (. Notice that if X is a totally ordered set and {I,}.cx isa

chain in .% (i.e., a <x = I, C Ig), then |J I, =:J D I. If a,b € J, then there exists
acX
o, € X such that a € I, and b € Ig with either I, C I3 = a, b€ lg=a+bec Iz C Jor

B<xa=IgCl,=bacly,=b+tacl,CJ.

If « € J,r € R then there exists o € X such that a € I, = ra € I, C J. So J is an
ideal and J D I. To show that J € . we must show that J C R. But this follows from the
fact that if J = R then 1 € J hence 1 € I, for some «, which is a contradiction. Hence we
can conclude that every chain in . has an upper bound, so by Zorn’s lemma there exists
a maximal ideal M € .. Thus M D [. If there is another maximal ideal M’ such that
M C M C Rthen M € . and M’ 2 M, contradicting the maximality. Thus M must be
the only maximal ideal, as required. [l

Ezxample 1.2. Take R to be an abelian group that does not have a maximal proper subgroup.
For instance, let R = {a € C* : there exists m > 1 such that a®” = 1}. Observe that any
proper subgroup of R is finite, so we can always make any proper subgroup bigger. Thus
R has no maximal proper subgroups. To make R into a ring without unity, we will define
addition () and multiplication (®) as 7 ® s = 1 (here, 1 is actually the additive identity 0)
and r @ s = r-s. This R has no maximal ideals. Thus, for our above argument to work, we
need R to have unity.

Theorem 1.3 (Chinese remainder theorem for rings). Let R be a commutative ring with 1
and Iy, ..., I, C R ideals satisfying

k
ﬂ[i = (0) and I; + I; = R whenever i # j
i=1
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(in other words, the I; are pairwise comaximal). Then we have

k
R[] R/L.
=1

Definition 1.4. Let R be a ring. Then an R-module M is just an abelian group (M, +)
endowed with a map Rx M — M defined as (r, m) — rm satisfying, for r € Rand m,n € M:
(1) r-(s-m)=(rs)-m
(2) r(m+n)=rm-+rn
(3) (r+s)ym=rm+ sm
(4) 1gm =m.

Example 1.5. If R =T a field and V is an F-module, then V' is an F-vector space. If R = Z,
then M is an abelian group.

Ezample 1.6. If R = R[z] and a M = C, define p(x) - A = p(i) - A.

Definition 1.7. Let R be a ring and M an R-module. Then the annihilator of M denoted
by Anng(M) is defined to be

Amng(M)={re€ R:rm =0 for all m € M}.

Remark 1.2. Anng(M) is an ideal of R. If r,s € Anng(M) implies that (r +s) - m =
r-m+s-m = 0y + 0y = 0y for all m € M. If a € Anng(M) and r € R, then
(ra)m = r(am) =r -0y = 0p. It is trivially true that Og € Anng(M).

Remark 1.3. If S = R/ Anng(M) then M has the structure of an S-module. Indeed, if
s € S and s = r + Anng(M) and we define s - m := r - m then the given multiplication is
well-defined by the annihilator’s property.

2. JANUARY 08

Recall that if I = Ann(M), then M inherits a structure as an R/I-module. If r = s
(mod I), then r—s € I, or (r—s)-m = 0 for all m € M. Therefore r-m = s-m. Therefore,
M gets an R/I-module structure via the rule (r+1)-m:=r-m & M.

Definition 2.1. An R-module M is faithful if Anng(M) = (0).
Remark 2.1. If I = Anng(M), then M is a faithful R/I-module.
Definition 2.2. If N C M and M is an R-module and N is an R-module, then we will call

N an R-submodule of M if:

(1) ny,ne € N implies ny +ny € N;
(2) r € R,n € N implies v -n € N; and
(3) Oar € N.

Remark 2.2. Some remarks on modules and submodules:

(1) R is an R-module.

(2) If I is an ideal of R, then I is an R-submodule of R.
2



(3) If M is an R-module and [ is an ideal of R, then we can construct an R-submodule
IM of M, where

IM = {lemzxzel,mze]\/[}

i=1

(4) If N C M is an R-submodule of M, we can form a quotient module M/N = {m+ N :

m € M}, where
(my+ N)+ (ma+ N) = (my +my) + N and r(m+ N) = rm + N.

Definition 2.3. If R is a ring and M, N are two R-modules, then we say that a map
f: M — N is an R-module homomorphism if:

(1) f(m1+mg) = f(mi) + f(mz) for all mi,my € M

(2) f(rm) =rf(m) for all r € R and m € M.
Remark 2.3. More facts about modules:

(1) ker( )={me M: f(m)=0} C M is a submodule.

(2) im(f) ={f(m):m e M} C N is a submodule.

(3) ker( )= ( ) iff f is injective

(4) im(f) = N iff f is surjective

(5) If f: M — M'is a surjective R-module homomorphism, then M/ker(f) = M’
(“First isomorphism theorem”).

Definition 2.4. For two R-modules M and N, define
Hompg(M,N):={f: M — N | f is an R-module homomorphism}.
If f: M — M, then f is said to be an endomorphism, and we write
Hompg(M, M) = Endg(M, M).

Remark 2.4. Notice that Homg(M, N) is itself an R-module, where (f + g)(m) := f(m) +
g(m) and (rf)(m) :=rf(m) = f(rm). Then it is a straightforward verification. If M = N,
then Homg(M, M) = Endg(M, M) is aring. Define the composition map o as multiplication.

Example 2.5. If R = C and M = C**! and N = C**! then Homc(C? C?) = M3,»(C).
Similarly, if R = C and M = C?, then Endc(C?) = M, (C).

Definition 2.6. A module M is simple if (0) and M are its only R-submodules.

Definition 2.7. We call D a division ring if every non-zero element of D has a multiplicative
inverse. Note that a division ring need not be commutative. Thus, a commutative division
ring is a field.

Lemma 2.8 (Schur’s lemma). If M is a simple R-module then Endg(M) is a division ring.
2.1. Direct sum and direct product.

Definition 2.9. Let X be an index set and {M, }qex is a collection of R-modules. Then
the direct sum of M, is defined as

@ M, = {(ma)acx : Mo € M, and {a € X : m,, # 0} is finite}

acX
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The direct product of M, is

I Mo = {(ma)acx : ma € M}

acX

Clearly, we have @ M, C [[ M,.

Ezxample 2.10. Suppose R = Z. Then is M; = M, as modules, where

M, ::Q?Z,Mg ::HZ?

The answer is no, since M; is countable while M, is uncountable. Therefore M; and M,
have different cardinality.

Definition 2.11. An R-module M is called free if there exists a set X such that

M=PR.
ieX
More intuitively, M is free if there exists a subset B = {m, : © € X} C M (“basis”) such
that every element of M has a unique expression

m = Z rem, where r, = 0 for all but finitely many x € X.
rzeX

Remark 2.5. To see the equivalence, let e, € @ R and y € X be the sequence with a 1 in
zeX
the y-th coordinate and zeroes everywhere else. Then

f : @R% Maf((ﬂt)wéX) - ermx

zeX zeX

is bijective.

Question (Hard question). Is [[ Z a free Z-module? (Answer: No. You will prove this in
i=1
Assignment #1.)

Remark 2.6. If R is a field, then every R-module is free (Zorn’s lemma exercise!). But if
R =7 and M = 7Z/27, then M is not free. Note that, since 2-m = 0-m for all m € M,
there can be no unique representation of m. That is, we can get a (non-empty) spanning
set, but it is not linearly independent.

Definition 2.12. We will write that R* := @ R and if |X| = n < oo, then we write
zeX

R":= @ R. If R = RX, then we call | X| the rank of the free module M.
i=1

Remark 2.7. We cannot answer this yet, but it is indeed true that the rank is well-defined,
i.e., R" = R™ implies n = m. Note that the rank is well-defined only when R is commutative.
If R is non-commutative, one can construct an example where R = R2,
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3. JANUARY 09

3.1. Exact sequences.

Definition 3.1. Suppose that M, M’ M" are R-modules, and let f : M" — M and g :

M — M’. Then the sequence M"” Iy M % M’ is said to be ezact at M if im(f) = ker(g).
More generally, if

VRSV ALY VAL DUNEL Vo
then the sequence is exact if im(f;) = ker(f;1) for all i = 1,2,...,n — 1. More specifically,
an exact sequence of the form

0= M LM% M -0
is called a short exact sequence.
Remark 3.1. If the sequence

0= M' LM M -0 (1)
is short exact, then:

(a) 0 — M” 5 M s exact, so f is injective, and im(0 — M") is )). So we have
(0) = ker(f), so f is indeed injective.
(b) M” LM S M s exact, so im(f) = ker(g).
(¢) M2 M’ — 0 is exact, so im(g) = ker(M’ — 0) = M’. Thus g is surjective.
If ([1)) is short-exact, then M/f(M") = M’ as R-modules, by the first isomorphism theorem.
Indeed, note that g : M — M’ is surjective, M/ ker(g) = im(g) = M’. But ker(g) = im(f) =
F((M”) so M/ f(M") = M.

Example 3.2. If M and N are R-modules, then the mappings
1M —>M&N,mo: M&N — N
defined as i(m) = (m,0) and me(m,n) = n give a short exact sequence
0>M5SMaNBN 0.
Example 3.3. Consider the short exact sequence
05252 %72/22 0,
where f(n) = 2n and g(n) = n + 2Z. But note that we have Z & Z /27 % 7.
3.2. Splitting.
Definition 3.4. A short-exact sequence
f

M=2=M —>0

T

O M//
is said to split if there exists an R-module homomorphism 7 : M — M such that gor = id,,.
Lemma 3.5 (Splitting lemma). If
0= M LML M -0

1s a short exact sequence, then the following are equivalent:
5



(1) there exists an R-module isomorphism 6 : M — M' & M" such that
(a) 0o f(m") = (0,m") for allm" € M" and
(b) w1 060(m) = g(m) for all m € M.

(2) there exists T : M' — M such that goT = idyy.

(3) there exists o : M — M" such that o o f =idp».

M9—>M/@M”

fT >< lﬂl

M// g M/
Proof. ((1) = (2)) Suppose we have the map 6 : M — M’ & M"”. We want to construct a
map 7 : M’ — M. Do this via 7(m/) = o=(m’,0). Then go 7(m/) = g(6~1(m’,0)) = m.
But then 7 o §(m) = g(m), so we can plug in m = 6~'(m’,0). Thus 7 (00~ (m',0)) =
g(0=t(m’,0)) = 7 (m',0) = m/.

((1) = (3)) We have 6 and want to construct cM — M". Define o(m) := m(6(m)). Now
need to verify: oo f = id)};, i.e., we must show that o(f(m”)) = m”, and m(0(f(m'))) =
mo 0 1(m") = ma(0,m") =m”.

((3) = (1)) We want to define § : M — M’ & M". Define 6(m) = (g(m),o(m)), where

00— M == M~ M —— 0
We need 71 (g(m), o(m)) = m1(0(m)) < g(m) and oo f(m”) = (0,m”). But then by exactness,
(g(f(m")), 00 f(m") = (0, m").
((2) = (1)) This time define instead ¢ : M’ @& M" — M by p(m’,m") = 7(m’) + f(m).
Yy u—

T

O M//

We claim that v is an isomorphism. For injectivity, consider ker(¢). Notice that if 7(m') +
f(m) = 0 and we apply g, then g o 7(m’) + g o f(m”) = 0. But by exactness, we have
go f(m”) =0 and go7(m') = m’. Hence m' = 0 (by injectivity of f), as required. Now
we need to show surjectivity. Pick m € M. We must show that there exists m” € M”
and m’ € M’ such that m = 7(m') + f(m”). Apply g to get g(m) = m/. Notice that
m—T7(m') =m—7(g(m)) = f(m") for some m, since m — 7(g(m)) € ker g = im f. So there
exist m’, m” such that ¢ (m,m”) = m.

Now define 0(m) = ¢~*(m). Check if m o ™' (m) = g(m) and ¥~ o f(m”) = (0,m").
This is a straightforward verification. O

4. JANUARY 13
Note that if M = M” @& M’ and
0= M LM% M -0
is a short exact sequence, we do not necessarily have a section for g or f.

Ezample 4.1. If R = Z and M' = (Z/2Z)°,M" = Z,M = 7 & (Z/2Z)*, then clearly

M=MeM'. Let f: M" — M,g: M — M’ such that f(n) = (2n,0,0,0,0,...) and

g(n,ey,e9,€3,...) = (n+2Z,e1,€9,€3,...). Then the given sequence is exact. But note that
6



g does not have a section, i.e., there cannot exist 7 : M’ — M such that g o 7 = idy;, since
every element in (Z/2Z)“ has order 2, but M is torsion-free (Z cannot have any torsion
element). Notice that g o7(1,0,0,...) = (0,%,,%,...), so g o 7 cannot possibly be id.

4.1. Structure theorem for modules over a PID.
Definition 4.2. An R-module M is called cyclic if there exists m € M such that M = Rm.
Ezxample 4.3. If R =7, then N = 7Z/5Z = (1 + 5Z) is cyclic, but M =7 @ 7Z is not.

Remark 4.1. If M is cyclic with M = Rm, we have an R-module homomorphism ¢ : R — M
is surjective, and is given by ¢(r) = rm. Then I := ker ¢ is an ideal of R, and by the fist
isomorphism theorem, R/I = M as modules. Note that I = Anng(M).

Definition 4.4. Let R be a ring and let M be an R-module. Recall that M is a finitely-
generated R-module if there exist d > 1 and myq,...,mgq € M such that M = Rmy + Rms +

Theorem 4.5 (Structure theorem for finitely-generated modules over a PID). Let R be a
PID and let M be a f.g. R-module. Then there exists unique d > 0 and some prime elements
1, T, ..., Ts € R (s >0 and not necessarily distinct but is unique up to ordering) such that

M=R'@R/(m) D@ R/(n%).

Proof. We prove it by induction on the number of generators d. Let d = 1 (base case). This
case is immediate since this means M is cyclic. Thus M = R/I for I = Anng(M). We have
two cases. If I = (0), then M = R', the free R-module of rank 1. If I # (0), then I = (a)
for some non-zero a € R. Since every PID is a UFD, a has a unique factorization umy' - - -t
where u is a unit and 7;’s are distinct prime elements. So I = (' - - i), For k=1,...,s,
let Ji = (m"). We claim that Ji’s are comaximal (i.e., k& # [ implies J, + J; = R) and
N Ji = I. Indeed, if k& # [ then J, + J; = (7%, ') = (b) since R is a PID. Therefore
k=1

(b) D () and (b) D (7;'). Hence b | 7 and b | m;'. Since 7, and 7 are distinct, it follows
that b = 1, as required. For the second part of the claim, one direction is easy note that

since I is contained in Ji for all k£ we have I C ﬂ Jp. I b e ﬂ Ji, then b € (m*) for all k.
k=1 k=1

(1 ) =1

Hence 7}* | b for all k, hence 7!
So by the Chinese remamder theorem,

R/I = HR/J,- =17/

as rings. But this is a stronger condition that being isomorphic as modules. Thus we can
make the analogous statement as modules. This completes the base case.

Now suppose the results holds whenever M is generated by fewer than d elements. Consider
M = (ml,...,md> :le—i-ng—i—---—l—Rmd.

Case 1. rymq+ -+ +rgmg =0 impliesr; =ry =---=ry; = 0.
In this case, it is immediate that M = R?.
Case 2. There exists non-zero (11,79, ...,7q) such that rymy + romg + - -+ + rgmg = 0.

Consider the set . consisting of all d-tuples (nl, ...,ng) € M?¢ such that M = Rn; +
Rng+-- -+ Rng. Given (ny,...,ng) € .7, let Jn1 ={reR:rny € Rng+---+Rny} =

.....



Ann(M/(Rns + -+ - + Rng)). Notice that if riny + -+ + rgng = 0 then rny = —(ra9ng +
<o+ 1rgng) € Rng + -+ + Rng. It is not hard to see that J(n1,...ng) 18 an ideal. Here comes
the key trick: pick (ny,ns,...,nq) € % such that Ji,, . ,,) is maximal in the collection of
ideals {Jin,,..ng) @ (N1,...,1q) € M}, Here, the following fact comes in handy: if 7 is a
non-empty collection of ideals in a PID then there exists J € .7 that is maximal in .7 with
respect to O. We will finish the proof in the next lecture. O

5. JANUARY 15

Lemma 5.1. If 7 is a non-empty collection of ideals in a PID then there exists J € 7 that
is maximal in 7 with respect to D.

Proof. Let (a;) € 7, and if (a;) is maximal, we are done. If not, choose (ay) so that
(az) 2 (ap) and if (a2) maximal, stop. We see that either we will eventually produce a

=

maximal element of .7 or we will produce an infinite ascending chain
(a1) C (az) C (az) € ---
of ideals in 7. Let

7 =) = )
i=1
(since R is a PID). Then b € J, so there exists j such that b € (a;), or (b) = (a;). This is a
contradiction since this implies (b) 2 (a;4+1) 2 (a;) 2 (b). O

=

Proof of Theorem (continued). Now that we proved Lemma , we can finish off the
proof. Pick (ni,ns,...,nq) € 7 if Ju, ., is maximal in the set {Jiy, v, ¢ (V1,...,04) €
}. Note that there exists € R such that Ji,, ., = (r) since R is a PID. We claim (to
be proved later) that if rny + -« 4+ rgng = 0, then r | ro, ... 7 | rq. So write r; = ra; for all
2 <i<dandlet nf =ny +agng + -+ + agng and n; = n; for all 2 < i < d. Now if we let
Ny := Rny € M and Ny := Rns + Rng € M, then by induction hypothesis, Ny and Ny both
have a decomposition of the desired form; hence, so does N; & Ns.

We clearly have N; + Ny = M. Thus we only need to check that N; N Ny = (0) to ensure
that M =2 N; @ Ny. So if a € Ny N Ny, then a € Ny, ie., a = un}, and since a € Ny,
a must be of the form wugn}, + - -+ + ugn/,. Notice that rn}| = r(ny + asng + -+ + agng) =
rng+rasng + - - +ragng = rng +rong + - - - +ryng = 0. Therefore, if a € Ny N Ny and a # 0,
then 7 { u. Hence (u,r) 2 (r) if a # 0. But un{ = usnl+- - - +ugnl, € Rnb,+ Rns+- - -+ Rn))
and rnf =0 € Rn}, + - -- 4+ Rn), form which it follows that

oty 2 (1) 2(1) = s )

But this contradicts the fact that our choice of J,, . n, is maximal. Now it remains to
prove the claim we initially assumed. U

Lemma 5.2. Ifrng + - +1rqng =0, then r | ro,...,7 | rq.

Proof. Suppose that rny + rong + -+ 4+ rgng = 0 and there exists ¢ > 1 such that r { r;.

Without loss of generality, let i = 2. Let s = ged(ry, r2) and (s) 2 (r). Write r = sa,ry = sb

with ged(a,b) = 1. There fore there exist ¢,d € R such that ca + db = 1. Take the

relation: rny + rong + -+ + rgng = s(any + bng) + r3ng + -+ + rgng = 0. Make a new

spanning set for M: n| = any + bng,ny, = —dny + cng,nfy = nf, ..., ng = n). From this

we have cn| — bnl, = (ac + bd)ny + (bec — be)ny = ny while we have dn + an, = ny. Now,
8



note that s(any + bng) + rsng + -+ - + rqng = 0, hence sn + rsn}y + -+ + rgn, = 0. Thus
Jny il 2 (8) 2 (1), contradicting the maximality assumption. O

6. JANUARY 15: INTRODUCTION TO TENSOR PRODUCTS

Definition 6.1. Let R be a ring and let M, N be two R-modules. A module M ®g N is
called the tensor product of M and N over R.

So how do we build this tensor product?

(1) Start by building a free module F' with a basis {e(mn) : (m,n) € M x N}. We will
take a submodule G C F. G will be the R-submoudle of F' spanned by all elements of

the following forms: €(m1+ma,n) — €(m1,n) = €(ma,n)s C(myni+n2) — E(mmni) — €(minz)> E(rmm) —

T€(m,n)s €(m,rn) — T€(m,n)-
(2) Define M @ N := F/G, and define e, ) + G =: m @ n.

Remark 6.1. It is important to know that not every element can be expressed as m ® n.
Question. What is (Z/2Z) ®z (Z/3Z)?

Solution: In this case, the free module we need is I = Zeg,0) @ Zeo,1) © Zeo,2) D Ze o) O
Ze 1) ® Ze( 2. We claim in fact that F' = G. For any ¢ € Z/2Z and j € Z/3Z, we have

€ij) = €@1,41) = i€ 1) = ijeany =0 (mod G),
since 6(1,1) = 6(3’1) = 36(1’1) = 6(1’3) = 6(1’0):0 by blhnearlty Thus F/G = (0)
7. JANUARY 16

We defined tensor product last time. Now we talk about the most useful property of tensor
products: universal property. Consider a bilinear map

¢:MxN—MegN
defined as (m,n) = m @ n = e + G € F/G. Note, however, that ¢ is generally not

surjective.

Proposition 7.1 (Universal property of tensor products). Let M, N, P be R-modules and
suppose that f : M x N — P is R-bilinear. Then

MxN—L.p
7

M ®r N
Then these exists a unique f € Hom(M ®g N, P) such that fo ¢ = f.

Proof. Suppose F is a free R-module with basis {e,} and if P is an R-module, then any map
¢ : {ea} — P extends uniquely to an element qg € Hom(F, P). So what do we do? For any
R-module homomorphism f : M x N — P, we have a unique homomorphism ¢ : F — P
such that e, ) — f(m,n). This implies that ¢|¢ = 0 since

77Z)(€(7‘m n) — T'€(m, n)) = Zb(e(rmn ) - Tw(e(mn ) = f(rm n) - Tf(m7n> = O’

with the last equality following from the fact that f is bilinear. This means that we can

define an R-module homomorphism f : F/G — P such that f(z + G) = t(z). This is
9



well-defined since t + G =y+G < rx—y € G < Y(z) = Y(y). So fop(m,n) = f(m@n) =

Remark 7.1. Note that M ®p N is spanned as an R-module by {m ®n: m € M,n € N}.
Write any = + G € F/G as follows:

T+ G =) riemm)+G =Y rimi@n; € M®gN.

Example 7.2. Compute (Z/27)®z(Z/2Z). In this case F' = Zeo,0) + Zeo,1) + Zeq 0y + Zeq ).
As we did last time, e(; ;) = ieq;) = ijeq,y (mod G). So F/G = Z(eqqy +G) = Z(1 ® 1).
Since 2(1®1)=2®1=0®1=0(1®1) =0, so F/G is either Z/27Z or (0). We claim that
(Z)2Z) ®z (Z)2Z) = Z/27Z. Let P = Z/27Z. We say that if the tensor product were zero,

then f will have to send everything to zero, but f(1,1) =1 # 0. So the claim follows.

Theorem 7.3 (Uniqueness of tensor product). There exists a unique R-module M @r N
with bilinear ¢ : M x N — M ®gr N with respect to having the universal property for all
R-module P and bilinear f: M x N — P.

Proof. Suppose that we have R-modules A and B with bilinear map ¢ : M x N — A and
¢+ M x N — B with the universal property. So by the universal property, there exists a
unique ¥ such that ¥ o ¢ = 1.

MxN-—2-B and MxN—-2~4

7 7
l¢> e lw -
PRIl PR
A B

Similarly, there exists a unique Q:S such that porh = ¢.

We claim that ¢ o1 = id4 and ¥ o ¢ = idg. We just need to do one of them since we can
apply the symmetric argument for the other one. We know that the image of ¢ must span
A. So pop(p(m,n)) = ¢(m,n) for all m,n. Another possible method is to consider the fact
that the following diagram must commute:

MxN-2-4
P 7
b
// Algorp
A
Since éo 1; = id4 works and that must be unique, the claim follows. U

Ezample 7.4. If m,n > 2, what is Z/mZ @z Z/nZ? We claim that Z/mZ @z Z/nZ = 7./ dZ
where d = ged(m, n). Consider the commutative diagram

7)mZ x TInZ —— 7,)dZ.
7
o
Z]mZ Ry Z|nZ

¥ : (a,b) — (ab) is bilinear and onto. The tensor product is spanned by i ® j = ij(1 ® 1).
But then d(1® 1) = (am+bn)(1® 1) =am ® 1+ bn ® 1 = 0. Hence the claim follows.
10



Proposition 7.5 (Properties of tensor product). The following hold:

(1) (commutativity) M @gp N = N @r M
(2) (associativity) (M @r N) @r P = M ®r (N ®r P) = M ®r N ®p P

8. JANUARY 20
Proposition 8.1. M ®r N = N Qr M.

Proof. Consider the following commutative diagram:

MxN—=NxM-1-p

/1
vl
X‘ l’ ~ 3lfor

M @p N

where 7 : (m,n) — (n,m) and ¥ : (n, m) — m ® n. Note f/c;ollz = f.
So M ®gr N satisfies the universal property for N x M with ¢ : N x M — M ®g N bilinear.
Therefore M @r N = N Qpr M. O

8.1. Tensor product of maps.

Definition 8.2. If f : M — P and g : N — @ are homomorphisms, then we can make a
bilinear map ¢ : M X N — P ®g @ such that (m,n) — f(m)® g(n). This map f ® g is said
to be the tensor product of f and g.

This map is bilinear, since

(rmq + ma,n) A f(rmy +msg) ® g(n)
= (rf(mi) + f(ma)) ® g(n)
=rf(my) ® g(n) + f(m2) @ g(n) = rip(mq,n) + p(ma,n).

Soif@//z\:M®RN—>P®RQisdeﬁnedas¢(m®n):f(m)®g(n),then$ogb:@/z. In

particular, ¢)(m,n) =¥ (mn) = f(m) ® g(n).

It is customary to let f ® g denote 1Z So in summary, if f € Hom(M,P) and g €
Hom(N, @) then there exists a unique f®g € Hom(M® N, P®Q) such that (f®g)(m®n) =
f(m) ® g(n).

One important special case is the following: if f : M — N, then f®ide : MRC - NC
is (f®ide)(m®c) = f(m) ®@c.

Theorem 8.3. If M LN 5 P50 is exact and C is an R-module, then the sequence
MerC 8 NorC ' PorC —0
18 exact also.

One can check that ¢ ®id¢ is onto. Note that P ®g C' is generated by p® ¢ <+ g(n) ® ¢ <>
(9 ® ide)(n ® ¢). In general, however 0 — M — N being exact does not imply that

0 >M®C— N®C(C is exact.
11



Ezample 84. Let M = N = Z and C = Z/2Z, and R = Z. If f : M — N such that
f(m) = 2m, then indeed f is injective. However,

05 2Z22/22"°%° 20 2/22
is not exact: f ® id¢ is the zero map, since (f ®ide)(n®e) =2nR®e=n®2e=n®0=0.

Definition 8.5. An R-module is flat if 0 - A®@ M — B® M is exact whenever 0 - A — B
is exact. M is faithfully flat if M is flat, and A ®g M # (0) whenever A # (0).

Example 8.6. Q is faithful and flat as a Z-module but is not faithfully flat. Recall that
Q®zZ/2Z = (0).
Proposition 8.7. Let R be a ring and M an R-module. Then R @z M = M.

Proof. Let ¢ : R x M — M given by (r,m) — rm. It is easy to verify that this is bilinear.
Suppose that R x M — P is bilinear.

Rx M-2-p

/1

@ -

l PR=iT
M

Our goal is to find a unique homomorphism QZ such that J o¢ = ). Since v is bilinear, we have
Y(r,m) = (r-1,m) = ri(1,m). We want Yim) = o ¢(1,m) < ¥(1,m). This (uniquely
determined) v is a homomorphism, since ¢ is bilinear: ¥(rm; + mg) = ¥(1,rmq + mg) =
(L, ma) + (1, ma) = 1 (my) + 1 (my). O
8.2. Direct sums.

Theorem 8.8. If {M,}acr is a collection of R-modules and C' is an R-module, then

(@ Ma> ®rC = P(M, @5 C).

acl a€el

Proof. We will prove the two direct sum case (M®N)QC = (MC)®(N®C), since the same
argument can be extended for the general case. Let 1y : M &N — M and 7o : M &N — N
be the projection maps. We will make linear maps m ® id : (M @ N) @ C - M & C
and T ®id : (M ® N)® C — N ® C and construct (m ® id,m ®id) : (M & N)® C —
MeC)e (N®C). Letig : M — M@&N and is : N — M & N be inclusion maps
i1(m) = (m,0) and iy(n) = (0,n). The inclusion maps give maps i; ® id : M ® C —
(M@ N)®Candia®id: N®@C — (M @® N)® C. The two maps extend to a map
(MeC)a(N®C)— (M & N)® C such that (i; ®id)(m @ ¢,n @ ) = i1(m) ® c. So we
getamaph: M®C)® (N®C) — (M & N)® C where h = i; ® id +iy ® id. Notice

(m®id, e ®id) o h(m @ ¢,n ® ) = (m ®id, m ® id)[(m,0) ® ¢+ (0,n) & (]

=Mmc+0®d,00c+n®d)=mc,n®c).
Hence (m ® id, m ® id) o h = id(mec)e(vec). For the other way,
ho(m ®id, m ®id)((m,n) ® c) = h(m®@c,n @ c)
=(m,0)®@c+ (0,n) ® c= (Mm,n) X c.
12



Therefore h o (m ® id, m, ® id) = id(men)zc. Notice that this is enough to prove that it is
identity since we proved the identity over all the generating elements, which implies that it
is the identity over all elements. 0

9. JANUARY 22
Corollary 9.1. If R* =2 RY (XY index sets, R a commutative ring), then |X|=|Y|.

Proof. Let P be a maximal ideal of R. Let F = R/P. Then RX = RY so RX @ F =
(R/P)X = FX. Therefore R* = RY = FX =~ Y as R-modules. Recall the following fact:

Claim. If M and N are isomorphic R-modules then Ann(M) = Ann(N) = [ is an ideal of
R. Then M and N are isomorphic as R/I-modules.

Proof of the claim. Let ¢ : M — N be an R-module isomorphism, and let 7 =r + 1 € R/I.
Create an R/I-module isomorphism ¢(m) = ¢(m) and ¢(7 - m) = ¢(rm) = r¢(m) = ro(m).
One can check that ¢ is well-defined and bijective. O

Now we consider the annihilators of FX. Note that F* = (R/P)%X, Since Ann(F¥) =
Ann(FY) = P and since FX = FY as R-modules, ist follows that FX = FY as F-modules.
Therefore | X| = |Y. O

9.1. Algebras, base change, and extension of scalars.

Definition 9.2. Let R be a ring. Then an R-algebra S is just a ring equipped with a ring
homomorphism « : R — S satisfying a(1g) = 1s.

Ezample 9.3. Every ring is a Z-algebra, since a : Z — R given by a(n) = n - 1g is a ring
homomorphism.

Ezample 9.4. C[z,y] is a C-algebra, with a : C — C[z, y| being defined to be a(c) = ¢, where
c is a constant polynomial.

Ezxample 9.5. C is an R-algebra, with o : R — C given by a(c) = c.

Notice that if S is an R-algebra then S inherits an R-module structure as well. Given
r € R,s €S, define r - s := «(r)s € S, where o : R — S is a ring homomorphism such that
a(lg) = 1g. Notice also then that if S is an R-algebra and M is an R-module then we can
form the tensor product S ®r M which is another R-module.

But note also that we can endow S ®z M with an S-module structure, via the rule

51+ (S2®@m) 1= 5180 @M,

and extend linearly, i.e., (s1 4 $2)(s' @ m) = s1(s' @ m) + s2(s’ @ m).

So we started with an R-module M for some ring R; and then for some R-algebra S, we
created an S-module S ®ir M, hence “extending” scalars. This process is therefore called
either base change or extension of scalars. So why is this interesting?

Remark 9.1. As a motivating example, imagine that V is a Q-vector space. And it is easy
to see that C is a Q-algebra. Let Vg := V ®g C is a C-vector space. If V' = Q", then

V @0 C & o Cx@ C) =~ C".
®q Q@ - »Q) ®qg Z@(@ ®q C)
n times

13



Remark 9.2 (A useful construction). If A and B are R-algebras then we can form A ®p B,
which is an R-module. But it actually has the structure of an R-algebra. For instance, if
we let (a1 @ by) - (a2 ® by) = ajas @ bibe, and « defined to be a(r) ® 1 = 1 ® f(r), define
v7:R— A®g B tobey(r)=a(r)®1=1® B(r). This gives us the R-algebra structure.

9.2. Noetherian rings.

Definition 9.6. Let R be a ring. We say R is Noetherian if every ascending chain of ideals
of R terminates. That is, if I[; C I, C --- is an ascending chain, then there exists n such
that [n:[n+1 — Adp42 — .

Example 9.7. Every PID is Noetherian. Also, a field is Noetherian, since it only has two
ideals: itself and the zero ideal. Alternately, you can observe that a field is a PID, hence
Noetherian.

Ezample 9.8. Let R = Clxy, 29, ...]. Then the following chain
(21) © (21, 22) C (21, 22,23) & -+

=

is an ascending chain of infinite length. Hence R is not Noetherian.

Definition 9.9. Let R be a ring and let M be an R-module. THen M is Noetherian if every
ascending chain of submodules of M terminates.

Remark 9.3. R is Noetherian as a ring if and only if R is Noetherian as an R-module.

Example 9.10. If R = Z and M = Q, then Q is not Noetherian as a Z-module, since the
following ascending chain does not terminate: Z -1 C Z - % CZ- i CZ- % -

Proposition 9.11. Let R be a ring. And the the following statements are equivalent:

(1) R is Noetherian
(2) Every ideal I is finitely generated
(8) Every non-empty collection of .# of ideals has a maximal element with respect to C.

Remark 9.4. One can prove analogous statements for modules in a similar manner.

Proof. ((2) = (3)) Let . be a non-empty collection of ideals, and if . does not have a
maximal element, then we can produce a chain I, C I, C I3 € ---. Now let J = [J ;.
By (2), we have J = (ay,aq9,...,as). For all ¢ € {1,2,..., s}, there exists ni such that
a; € I,,. Let N = max(ny,ns,...,ns), so J = (a,...,as) € I, T J,or I, = J. But this is a
contradiction.

((2) = (1)) Same idea: start with Iy C Iy C --- then let J = (JI; cannot be finitely-
generated by the same reason.

(=(2) = —(3)) Let J = (ai,as,as,...) be an ideal that is not finitely generated and
a1 €¢ (ay,...,q;) for all i. Let ¥ = {(a1,...,a;) : ¢ > 1}. Then .# has no maximal
element, since (ay,...,a,) C (ag, ..., ans1)- O

=
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10. JANUARY 23

Proposition 10.1. Let R be a ring and let M be an R-module. Let N be a submodule of
M. Then M is Noetherian if and only if N and M /N are Noetherian.

Proof. Let m : M — M/N be the canonical surjection. Recall that by the correspondence
theorem, the map P C M — 7w(P) C M/N gives an inclusion-preserving bijection between
submodules of M /N and submodules of M that contain N.

(=) If Ny C Ny C --- is a chain in N, then it is also a chain in M. Therefore it must
terminate. Similarly, if A; C Ay C --- is a chain in M/N then 77'(A4;) C 771(4,) C
7 (A3) -+ is a chain in M. Therefore it must terminate also. The claim now follows.

(<) Suppose that N and M/N are Noetherian, and let M; C My C --- are Noetherian.
Then Mi NN C MyNN C --- is a chain in N. So there exists m such that M,, " N =
Mpa NN = ---. Also, m(M;) C w(My) C --- is a chain in M/N so there exists some
p such that m(M,) = w(My1,) = ---. Let n = max(m,p). We claim that this implies
Mn:Mn+l :Mn+2:"'~

Let x € M,,;. We know that M,,; O M,. It is enough to show that € M,. Since
(M) = n(M,), there exists y € M, such that m(z) = 7(y). Then 7(z —y) = 0, so

r—yeENNM,;=NNM, Sox—y=z€ M,sox=y+x € M,. O
Corollary 10.2. If M and N are Noetherian, then M & N is Noetherian.
Proof. Note that (M & N)/M = N, since M = M & (0). O

Example 10.3. Note that the infinite direct sums of Noetherian modules need not be Noe-
therian. Let R =7 and M = @ 7Z. Then M is not finitely generated as a Z-module, so M
cannot be Noetherian.

Corollary 10.4. If R is Noetherian and M is a finitely-generated R-module, then M is
Noetherian.

Proof. Prove by induction in the number of generators d. If d = 0 then the claim is evident.
Let d = 1. Then there exists m € M such that M = Rm. Then r +— rm is a surjective
map, and by the first isomorphism theorem M = R/I. Then M is Noetherian since R is
Noetherian as an R-module and R/I is a quotient.

So assume that this is true for alld < n. Let M = (mq,...,my). Then N = (mq,...,m,_1).
By the induction hypothesis, N is Noetherian and M /N = R(m+N), so M /N is Noetherian.
Therefore M is Noetherian as well. O

10.1. Maximality principle.

Meta-theorem. If R is a Noetherian ring and one chooses an ideal I in R that is maximal
with respect to some “nice” property, then I is a prime ideal.

Definition 10.5. Recall that we define the product of the two ideals I and J to be

d
IJ = {Zitjt:dz,il,...,ike],jl,...,jkeJ}QR.

=1
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Theorem 10.6 (Noether). Let R be a Noetherian ring and I be a proper ideal of R.
Then there exist m > 1 and prime ideals Py, ..., P, (not necessarily distinct) such that
PPP;---P, CI.

Proof. Suppose the statement is not true. Let .7 be the collection of proper ideals that do
not contain a finite product of prime ideals. By assumption, .¥ # (). Pick I € .¥ maximal.
We will show that I must be prime. And then we will let m =1 and P, = I hence P, C I,
which is a contradiction.

Suppose I is not prime. Then there must exist a,b € R\ I such that ab € I. Now let J; :=
I+ Ra and Jy := I+ Rb. Notice that I C J; and I C Jo. Also note that J;Jo = (I + Ra)(I+
Rb) C I+ Rab C I. By maximality, Ji, Jo ¢ .. So there exist Py, ..., Py, Q1,...,Q, prime
ideals such that PPy --- P, C J; and Q1Q>---Q,, C Jo. Therefore PP, ... P,Q1...Q, C
JiJo C 1. O

Remark 10.1. Without loss of generality, we may choose the P; so that they contain /. If T
is a proper ideal of R and R is Noetherian and PP --- P,, C [ and P, P, ... P,, D I, then
if () is a prime ideal and @) D I then Q) O P;.

Assume not. Then for i = 1,2,... m,there exist a; € P; \ Q so ajag---ap € Py --- P, C
I C Q. This is a contradiction: note that aj---a@, = 0 in R/Q so there exists j such that
a; = 0 hence a; € Q.

So there are only finitely many primes in R that are minimal with respect to containing
I.

Definition 10.7. Let R be a ring and I an ideal of R. Then the radical of I is

VI = ﬂ P.
PoI
P prime
Ezxample 10.8. If R = Z/47Z, then what is 1/(0)? Note that out of three ideals (0),2(Z/47Z),
A(Z/AZ), we see that 2(Z/4Z) is the only prime ideal. Therefore /(0) = 2(Z/AZ).

11. JANUARY 27

Note that if R is Notherian, then /T = P, N --- N P,, i.e., there are only finitely many
ideals containing 1.

Theorem 11.1. Let R be a ring. Then \/(0) is nil ideal, i.e., if x € 1/(0) then there exists
n=n(z) > 1 such that 2" = 0.

Proof. Suppose not. THen there exists z € I := 4/(0) such that x is not nilpotent. Let
T={l,z,2%2% -} Then 0 ¢ T. Let ¥ = {J : J ideal, JNT = ()}. Then .¥ # () because
(0) NT = 0, meaning (0) € ..

If R is Noetherian, we just let J be a maximal element of .. If not, then we use Zorn’s
lemma to produce a maximal element. Namely, let {J,} be a chain of . and look at () J,.
Think about why this is in .. Therefore Zorn’s lemma gives a maximal element of .%.

Let J be a maximal element of .. We claim that .J is prime. To see this, if we assume that
J is not prime, then there must exist a,b € R\ J such that ab € J. Write J; := J + Ra and

Jo := J + Rb. Since J is maximal in ., and J C J;, Jo, we see that Jy, Jo ¢ .. Thus there
16



must exist ny,ns > 1 such that 2™ € J; and 2™ € J,. Then ™2 € J;J, C J + Rab C J,
but this contradicts the fact that JN7T = (.
Therefore J € . is prime. But this is a contradiction! Recall that

72 (] P=V0),

P2(0)
P prime

since J is a prime; therefore x € J. The claim follows. 0]

Corollary 11.2. If I is an ideal of R and x € /I, then there exists n = n(x) > 1 such that
" el.

Proof. Let S := R/I and apply the correspondence theorem to see that /(0) € S is matched
with v/T in R. Ifxe\/Tthen(x+])”:01n3,sox”61. O

Proposition 11.3. If R is a ring, then ag+ a1z + - - - + a,2™ € R[z| is a unit in R[z] if and
only if ag is a unit in R and ay, ..., a, are nilpotent.

Proposition 11.4. Let R be a Noetherian ring and I a nil ideal of R. Then I is nilpotent,
i.e., I" = (0) for some n > 1.

Proof. Suppose otherwise. Let . = {J : J ideal of R, 7(I) := (I + J)/J is not nilpotent in
R/J,m : R — R/J canonical projection}. Since (0) € ., then . # (). Let J € . be a
maximal element. We claim that J is prime. Otherwise, then we can find a,b € R\ J such
that ab € J. Let J1 = J + Ra, J; = J + Rb. By maximality of J, neither J; nor J; can be
in .. Hence 7([) in R/J; is nilpotent for i = 1, 2.

(Aside: What does it meant to say that 7(/) is in R/L, where 7 : R — R/L? Note that
m(I) is nilpotent if and only if #(I)™ = (0) if and only if (/ + L)*/L = L/L if and only
if /™ C L. Therefore there exist ni,ny > 1 such that I C J; and I™ C J,, from which
Imtm2 CJ Jy C J follows.)

Therefore we produced J € . that is also a prime. But then we see that 7(/) is a nil
ideal but not a nilpotent ideal in R/J (integral domain). But the only nilpotent element in
R/J is 0, meaning (/) C (0) and this is a contradiction. The result follows. O

Theorem 11.5 (Hilbert’s basis theorem). If R is Noetherian, then R[x] is Noetherian also.

Remark 11.1. Subring of a Noetherian ring need not be Noetherian! Note that R =
C(x1, 3, ... ) is Noetherian since R is a field, but within R lies a polynomial ring C[z1, xo, . ..].
The polynomial ring is not Noetherian.

Lemma 11.6. If S is Noetherian, then so is S/I (correspondence).

Corollary 11.7. The converse of Hilbert’s basis theorem holds also. Just let S := R[z] and
I:=(x).

Corollary 11.8. If R is a Noetherian, then R[xy,xs, ..., x| is Noetherian also (by induc-
tion). Therefore R[zy,...,xs]/I is Noetherian.

Definition 11.9. A ring of the form R[zy,...,z;]/I is called a finitely generated R-algebra.
Particularly, if k is a field, then a finitely generated k-algebra is Noetherian.

Notation. Given p(x) = po+pi1x+- - +p,2" € R[z] with p,, # 0, define in(p(x)) = p, € R.
17



Proof. Let I be an ideal of R[z]. We will show that [ is finitely generated as an ideal.
Pick fi(z) € I\ {0} of smallest degree. Then let d; = deg fi(z); a1 = in(fi(z)); and let
Ji=a1R. Let I} = fi(z)R(z) C I. If I = I, we are done. Otherwise, choose fo(x) € I\ I
with minimal degree. Let dy = deg fo, and let ay = in(fy). Let J; C Jy :== a1 R + aoR
and Ir = fi(z)R[z] + fo(z)R[z] C I. Note that dy > d; because we picked f; to be the
polynomial of the smallest degree. The idea is that this process should stop at some point,
and we will use that fact to show that J; must terminate also. O

12. JANUARY 29
Theorem 12.1 (Hilbert basis theorem). If R is Noetherian, then R[z| is Noetherian also.

Proof. Let I be an ideal of R[z]. We will show that [ is finitely generated as an ideal.
Without loss of generality let I be a non-zero ideal.

Step 1. Pick fi(z) = a;x® + lower degree terms € I\ {0} of minimal degree d;. Note
a; =in(fy) € R; then let I} = fi(x)R[z] C I, and define J; = ay R.

Step 2. If I = I, stop. We are done by letting I = (fi(z)). Otherwise, pick fo(z) =
asx® + lower degree terms € I\ I; of minimal degree. Let I, = fi(z)R[z] + fo(x) R[], and
let J, = a1 R + asR. Recall that do > dy. In general, we keep going in order to produce
filz),..., fai(x) € Rlz],a1,...,an—1 € R,dy,...,dy—1 € N; and let I, 1 := fi(z)R[x] +
oo+ fuo(x)R[z] and J,-y =R+ aR+ -+ a, 1R, where [; C I, C--- C I, 1 CI and
J1CJC---CJ1 CR.

If I = I, 1, we can stop: [ is finitely generated. Otherwise, pick f,(z) = a,z% +---+ag €
I\ I,_; of minimal degree d,,. As before, we have d; < dy < --- < d,_; < d,, with
I, =I,1+ fu(x)R[x] and J, := J,_1 + a,R. If there exists m such that I = I, then we
have that I is generated by (fi(x),..., fu(x)), and we are done. Thus we may assume that
I € I, € I3 € ---. But since R is Noetherian, the chain J; C J, C --- must terminate
in R. Hence there must exist m such that J,, = J,11 = ---. We claim that this implies
I, = I,,11, thereby deriving a contradiction.

Recall that we picked f,,41(x) € I'\ I,,, of minimal degree so that deg f,,+1 > deg f,,. Now
i1 € Jy1 = I = a1 R+ -+ + a,, R. So there exists ry,...,7,, € R such that a,,;1 =
riay + -+ . Since 1 f1(z), ra fo(x), o fr(2) € I, Note that dp,q > dy, ..., dp. So
Frns1(2) = Pyt f () = painsi e fy () = i () = g(2). Hence g(x)
has degree at most d,,1 — 1. Note that g(x) € I,,. Since f,+1(x) € I\ I, was chosen as an
element of smallest degree in I\ I,,, and deg(g(z)) < dypr1 = deg(fims1) we have g(x) € I,.
But this implies that fhii(z) = g(z) + "N f(@) 4+ - 4 rofr(@)abn i —dm € [ a
contradiction. Hence I = I,,,. O

12.1. Jacobson radicals.

Definition 12.2. Let R be a ring. We define the Jacobson radical of R to be

J(R) := N M2 () =V0).

M maximal ideal P prime

Ezxample 12.3. J(Z) = () pZ = (0). In this case, the nilradical and Jacobson radical are

p prime
equal.
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Ezample 12.4. Let R = {ab™' : a € Z,b € Z,b = 1 (mod 2)}. Then the maximal ideal
of Ris P={ab™ : a = 0 (mod 2),b = 1 (mod 2)}. Then we have a homomorphism
¢ : R — Z/27 defined by ¢(ab™') = a + 2Z = ab™' + 27Z, and ker ¢ = P. In fact, P is the
only maximal ideal of R. If () C R is a proper ideal, then () C P. Suppose otherwise. Then
there exists ab™! € R\ P. We know that a must be odd since ab~! ¢ P. But then ba™! € R
so ab~! is a unit. Therefore 1 = (ab™')(ba™') € R(a/b) C Q. So P is the maximal ideal So
J(R) =P =2R.

Now we prove some propositions that give alternate definitions of Jacobson radicals
Proposition 12.5. x € J(R) < 1+ ax is a unit of R for all a € R.

Proof. (=) Suppose that z € J(R) and a € R. Then ax € J(R). Suppose that 1+ ax is not
a unit. Then R(1+ az) € R. So there must exist a maximal ideal M such that 1+ azx € M.
But since ax € J(R), by definition ax € M. Therefore 1 € M. Contradiction!

(<) Suppose that 1 + ax is a unit for all @ € R but ¢ J(R). Then there must exist a
maximal ideal M such that x ¢ M. Sox+ M € R/M, and x + M # 0+ M. Clearly R/M
is a field. So there must exist a + M € R/M so that (—a+ M)(x + M) =1+ M. Therefore
(1+ax)+ M =0+ M,so1l+ax e M. Contradiction! O

Definition 12.6. A ring R is called a Jacobson ring if for every prime ideal P of R we have
J(R/P) = (0).

Example 12.7. Any field is a Jacobson ring. 7Z is another example of a Jacobson ring.

13. JANUARY 30

Remark 13.1. If R is a Jacobson ring, then by the correspondence theorem

(| M=rP

MDP
M maximal

N M= () P

M maximal P prime

SO

Theorem 13.1 (Nakayama’s lemma). Let R be a ring and M be a finitely generated R-
module. If J(R)M = M, then M = (0).

Example 13.2. Let R = {f(x)/g(x), f(x),g(x) € C[z], g(0) # 0} be aring. Then J(R) = xR,
and R is a maximal ideal of R and xR is the maximal ideal. Since the map givens by
f(z)/g(x) — f(0)/g(0) is a surjective homomorphism with kernel R, by the first isomor-
phism theorem we have R/xR = C. J(R) = xR since xR is the unique maximal ideal.

Now consider M = C(z), and r € R, f(0)/g(0) € M. We say that, if rf(x)/g(z) € M
then J(R)M = M.

If a(z)/b(x) € M then a(x)/b(x) = x[a(x)/(b(x)x)]. Therefore J(R)M = M. So we really
need M to be finitely generated.

Remark 13.2 (Usefulness of Nakayama’s lemma). If R is a local ring with the unique maximal
ideal P and if M is a finitely-generated R-module then M/PM is an R/P-module. Since

R/P is a field, we can view M /PM as an R/P(= F')-vector space.
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If mq,...,mg € M have the property that my,...,mg € M/PM form a basis for M/PM
as an F-vector space, then M = Rmy; + Rmy + - - - + Rmg. We will try to prove this claim.
Let N = Rmy + --- + Rmyg, which is indeed a submodule of M. Define A = M/N.
Then J(R)A = PA = P(M/N) = (PM + N)/N. But PM + N = M because M/PM =

(m1, ..., mg) meaning that M/PM = N, so equivalently PM + N = M. So by Nakayama’s
lemma, A = 0. Therefore M = N.

Proof of Theorem[13.1 Suppose that M is finitely generated and J(R)M = M with M #
(0). Then because M is finitely generated and non-zero, there exists d > 1 and my,...,mqy €
M such that M = Rmi+ -+ Rmg. Morevover, we may assume that d is minimal with respect
to there being a generating set of size d.

J(R)M = M, so M = {j1m1+- : -+jdmd : jl, ce ,jd € J(R)} We have my :j1m1+- -t
Jamq for some jy, ..., jq € J(R). Write (1 — jg)mq = jimi+- -+ ja—1mq—1. But then 1 — jg
is a unit, so my € (1 — jd)_1j1m1 +- 4 (1 - jd)_ljdqmd,l € Rmy+---+ Rmg_;. Hence
M = Rmy + Rmgy + - - -+ Rmg_1, but this contradicts the minimality of d. So M = (0). O

13.1. Localization.

Example 13.3. We start with a specific example, to give an idea on what localization is
about. Think of R = Z and S = Z \ {0}. Then Q = S7'R = {(a,b) : a € R,b € S}/ ~
where (a,b) ~ (¢,d) iff a/b = ¢/d. This is an example of localization.
Definition 13.4. Let R be a ring. A subset S C R\ {0} is said to be multiplicatively closed
if:

elcS

® 5,59 €S =818 €S
Given a ring R and a multiplicatively closed subset S C R, we can define the localization of
R with respect to S, which we denote S™'R.

As aset, STIR= R x S/ ~ where (r,s1) ~ (ra, 53) iff there exists some s’ € S such that
s'(s1r9 — so11) = 0. We claim that ~ is an equivalence class. We will only prove transitivity
since the other two are evident. Suppose that (r1,s1) ~ (72, 2) and (12, s9) ~ (73,53). So
there exist ', s” € S such that

§'(s9r1 — 8179) =0 (2)
" (8319 — sa13) = 0. (3)
So we need to construct s” so that s”(s3r; — s1r3) = 0:

5" s % — 518 X (3)) = s"s389m1 — 55355179 + 5" 538" 5179 — 5" 595,5'13

= 5's95" (1183 — r3s;) = 0.

So letting s = s'sy8” proves the claim.
We see that R x S/ ~ is a ring, with addition and multiplication being

sflrl . S;1T2 = <5152)71(7”1T2)
ST 85ty = (s5182) N8 4+ Ta51).

You can check if it’s well-defined and satisfies ring axioms.
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14. FEBRUARY 3

We know that Z C Q,but it is not necessarily true in general that R embeds into S™'R.
Consider the following example:

Example 14.1. Let R =ZxZ and S = ((Z\{0}) x {0})U{(1,1)}. Then S is multiplicatively
closed, and 0 ¢ S. Let (a,b),(c,d) € R and (s,t),(s',t') € S. Then ((a,b),(s,t)) ~
((e,d), (s',t')) < 3(v,0) € S such that (v,0) - (a,b) - (¢',t') = (v,0) - (¢,d) - (s,t). This
happens iff as’ = cs. Thus, S™'R — Q, with embedding [(a,b), (s,t)] — as™'.

In particular, R — S™'R defined by 7 — 17 !r is not an embedding since the map is not
injective. To see why, note that (0,b) is in the kernel for any b € Z.

Definition 14.2. We say that S is regular if S does not contain zero divisors.
Proposition 14.3. If S is reqular, then R — S™'R defined as v — 1711 is an embedding.

Proof. If 17'r = 1717/, then there must exist s € S such that s(r —r’) = 0. But since S is
regular, s cannot be a zero-divisor. Hence r = r/. ([l

Remark 14.1. If I C R is an ideal and S C R is multiplicatively closed, then S7!I = {s71r :
s € S,r € R} is an ideal of S7'R.

14.1. Universal property of localization.

Theorem 14.4 (Universal property of localization). Let R be a ring and S be a multi-
plicatively closed reqular subset of R. Then if T is another ring, and ¢ : R — T is a ring
homomorphism such that ¢(S) C T* (units of T ), then ¢ extends to a homomorphism from
STIR into T, and this extension is unique: if ¢ is injective, then the extension is injective
as well.

Proof. We first prove the existence. We define v : ST'R — T by ¢(s71r) = ¢(s)1o(r).
We will show that this extension works. Note that ¢(s)™! exists since ¢(s) € T*. First, we
need to show that 1 is well-defined. Let s;'r; = s;'ry. Then there exists s3 € S such that
s3(s1m2—s9r1) = 0. Since s3 is not a zero-divisor, s179 = sor;. Hence ¢(s1)o(12) = ¢(s2)p(r1),
from which ¢(s;) t¢(r1) = ¢(s2) '¢(r2). Therefore, v is well-defined. If r € R, then
P(171r) = (¢(1))'o(r) = ¢(r), so ¢ indeed extends ¢.
We need ¢ to be a homomorphism:
D(sy 115y ra) = Y((s152) 7 (r1ra)) = B(s152) T d(r172)
= ¢(s1) 7 (1) d(s2) T (1) = sy )Y (s5 ' ra).

Also,

P(sy 1+ s50m2) = ((s182) (5271 + 8172)) = P(s5182) " P71 + $1772)
= ¢(s1) ' d(s2) " (d(s1)B(r2) + B(s2)p(r1)) = Y(sy " r1) +1b(s5 7).

This proves existence.

Suppose that f : ST'R — T is any extension of ¢ to a homomorphism. Then 1 =
() = f(s's) = F(s™)f(s) = f(s )@(s). Therefore f(s™) = o(s)"%. So f(s~1r) =
f(sTHF(R) = ¢(s)té(r) = (s~ 'r), proving uniqueness.

Finally, assume that ¢ is injective and let s7'r € ker . Then ¢(s)"1¢(r) = 0, so r € ker ¢.
But since ¢ is injective, we have r = 0. Consequently, ¢ is injective. U
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Remark 14.2. Uniqueness gives that S~'R is a unique ring up to isomorphism with the
universal property. Suppose Bi, Bo both have this universal property. Then note that
¢’ o ¢ = idpg,. Reverse the role of By and Bj to get ¢ o ¢’ =idp,. Hence By = B, as desired.

Ezample 14.5. Suppose that f € R is not nilpotent, and let S = {1, f, f%,...}. Let R; :=
STIR.

If P is a prime ideal in R and S = R\ P, then S is multiplicatively closed. Write
Rp := S7'R. Note that Rp has an ideal PR, = {s™': S ¢ P,r € P}. We shall show that
PRp is a prime ideal.

Let T := Frac(R/P). Define ¢ : R - T by r — (r+ P)/1. If s € S = R\ P, then
o(s) € T*. Let ¢ : Rp — T be the unique extension of ¢ (universal property).

Note that 1 is surjective. If z = (a+P)/(b+P), where b ¢ P, then b € S and ¢(b'a) = x.
Hence ker (1)) is a maximal ideal of Rp, since T is a field. But ker¢) = {s™'r,s € S,r € P} =
PRp. So PRp is a maximal ideal of Rp a fortiori.

15. FEBRUARY 5
Definition 15.1. A ring R is a local ring if it has a unique maximal ideal.

Recall that if Rp is a local ring (R a ring and P a prime ideal) then PRp is a (in fact the)
maximal ideal.

Proposition 15.2. If R is a ring and 9N is a maximal ideal, then M is the unique mazximal
ideal of R if and only if 1 + x is a unit for all x € M.

Proof. If M is unique, then J(R) = (| P =M, sol+xisaunitforallz € J(R) =M.
P maximal

If 9 is not unique, then there exists a maximal ideal Q # 91. Then Q 4+ 9 = R. So there
exists ¢ € Q and x € M such that ¢ —x = ¢+ (—x) = 1. So ¢ = 1+ z. But ¢ is not a unit
since ¢ € . But z € 9 so there exists 9 such that 1+ x is not a unit. Contradiction! [J

So PRy is the unique maximal ideal of Ry. To see why, start with z € ‘BPRy. Then
r=s'awherese S=R\PandacP. Sol+z=s"'s+s'a=s"(s+a),so letting
s+a=teP wehave (st) ' =t"lssotes.

Definition 15.3. Let R be a ring and S C R be a multiplicatively closed subset that has
no zero divisors (regular). Given an ideal J of R, we say that J is S-saturated if whenever
s € S and x € R are such that sx € J we necessarily have x € J.

Ezample 15.4. If R =7Z and S = {1,2,22,23 ...} then 3Z is S-saturated but 47Z is not.

Proposition 15.5. Let R be a ring and let S be a multiplicatively closed set of regqular
elements. Then there exists an inclusion-preserving bijection between the poset of proper

ideals of ST'R and the poset of S-saturated ideals of R that intersects with S trivially.
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Example 15.6. Let R = Z and S = {1,2,22,23 ...}. Then S™!'R has proper ideals. The
proper ideals of ST!R are S™!(nR) where n > 1 and n odd.

Proof. Let I be an ideal of S'R and J an ideal of R such that J NS = (). Consider the
mappings f: I+~ f(I)=INRand g:J+ S~1J, and verify that they are bijections.

First, if I is a proper ideal of S™'R, then what is g o f(I)? We claim that g o f(I) =
S=1(INR) = I. Notice that INR C I and since I i an ideal, we have S~'(INR) = S~11 = I,
as desired. Conversely, to see that I C S™*(INR), let x € I. Then x = s'a for some s € S
and a € R. Since I is an ideal of ST'R, st =a € I soa € INR. Thusz = s~'a € ST (INR).
Thus I C S™H(INR).

If J is an S-saturated ideal of R and J NS = ), then what is f N g(J)? We claim that
fng(J)=S"1'JNR=J. The inclusion J =1"'JN R C S~'JN R is clear. For the other
way, start with z € S™*J N R. Then 2 € S—1.J, so there exist s € S and j € J such that
x=25"'.Sosr=7j€J. Sox € Jsince J is S-saturated. Thus z € R. So S"'JNRC J.

Notice that if I is a proper ideal of ST!R, then f(I) is S-saturated. Notice that if I is
a proper ideal of ST'R, then f(I) is S-saturated. Next, if J an S-saturated ideal of R and
JNS =0 then g(J) = S1J is a proper ideal. Otherwise, then 1 € S~'J so s7!j =1 for
some s € S and j € J, hence j = s, which is a contradiction. 0

Corollary 15.7. Let R be a ring and let S C R be a multiplicative closed subset of reqular
elements. If R is Noetherian, then S™'R is Noetherian.

Remark 15.1. Notice that the converse does not hold. Consider R = Clxy,x9,...] and
S = R\ {0}. Then S™'R = C(zy,72,...). ST!R is a field of fraction of R, so S7'R is
automatically Noetherian. But R is not Noetherian.

Proof. Let J, C J, C J3 C --- be a chain of ideals in S7'R. If J, = S7'R for some
n, then J, = J,y1 = Juio = ---. Otherwise, we can apply the map f to get a chain
f(J1) € f(J2) € f(J5) C --- of ideals in R. Since R is Noetherian, there exists n such

that f(J,,) = f(Jus1) = ---. Hence J, = g(f(Jn)) = Jus1 = g(f(Ju1)) =-+-. So ST'R is

Noetherian as well, as required. 0

Theorem 15.8. Suppose that F' is a field and K/F is a finitely generated (not necessarily
finite) field extension. If L is an intermediate field between F and K (i.e., F C L C K),
then L/F is also a finitely-generated field extension.

Remark 15.2. The above theorem need not hold when it comes to algebras. Note that C[z, y]
is a finitely-generated C-algebra, but C[zy*™ : i > 1] is not a finitely generated subalgebra
of Clz, y].

Remark 15.3. Let’s come back to the correspondence mappings f and g we discussed in the
proof of Proposition [15.5] These bijections restrict to bijections between prime ideals of
ST'R and { C R : ‘P prime, PN S = 0}.

16. FEBRUARY 6
Definition 16.1. Given a ring R, we let Spec(R) denote the set of prime ideals of R.

Remark 16.1. Spec(R) is a poset with respect to C.

Ezample 16.2. Spec(Z) = {2Z,3Z,52,7Z, - - - }.
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Let R be a ring, and S C R a multiplicatively closed regular set. Last time, we gave
an inclusion-preserving bijection between the set of proper ideals of ST'R and the set of

S-saturated ideals of R that intersect with S trivially, with the map given by [ L TN R and
S~LJ & .

These bijections send prime ideals to prime ideals. If P is prime in S™'R, then f(PNR) C
R is prime in R. To see why, suppose that ab € f(P) with a,b € R. Then abe PN R C P,
soa € Porbe P. Thereforea € PNR= f(P)orbe PNR= f(P).

Conversely, if Q < R with @ prime, then Q NS = 0: notice that this implies that @ is
S-saturated. Suppose s € S,x € R and sz € (). Thus s € Q or x € ), hence x € Q.
Then ¢(Q) is prime in S~'R. Suppose that s;'a,s;'b € S7'R and s as;'b € g(Q). Thus
(s152)"H(ab) € g(Q), hence ab € g(Q)NR = Q. Thus a € Q or b € @, which implies that
sita € g(Q) or s5'b € g(Q). Hence the maps f and g restrict to:

Spec(S'R) +— {Q € Spec(R) : QN S = 0}.

Ezample 16.3 (One special case). Let R be a ring and = a non-zero divisor. Let S =
{1,z,2% ---}. Then there is a correspondence between

Spec(R,) ¢ {Q € Spec(R) : Q N{L, f, f%,---} = 0} = {Q € Spec(R) : f ¢ Q}.

Ezample 16.4. Let R be a integral domain, and let P be a prime ideal. Let S = R\ P. Then
S7'R = Rp. Then there is a correspondence

Spec(Rp) «— {Q € Spec(R) : QNS =0} ={Q € Spec(R) : Q C P}.
This gives another proof that Rp is a local ring.

Ezxample 16.5 (Spec(R) vs Spec(Rp) vs Spec(R/P)). Spec(R) denotes the set of all prime
ideals of R. Recall that Spec(Rp) and the set of prime ideals of R contained in P have
one-to-one correspondence. On the other hand, by the correspondence theorem of ideals,
we see that Spec(R/P) and the set of prime ideals of R containing P a prime ideal have
one-to-one correspondence.

Remark 16.2. In Assignment #2, you will show that if K is a field extension of a field F' then
K is finitely generated as an extension of F'. This can be deduced by showing that K ®p K
is Noetherian. In fact, in the assignment you will show that if K ®p K is Noetherian, then
any field L with FF C L C K is finitely generated over F.

Theorem 16.6. Let F' C K be a finitely-generated field extension. If FF C L C K and L 1s
a field, then L/F is finitely generated as well.

Proof. By Assignment #2, it suffices to show that K ®p K is Noetherian.

Step 1. Since K/F is finitely generated, there exist aj,as,...,aq € K such that K =
F(ay,ag,...,aq). Let A= Flay,aq,...,aq] ={> i ida’f -~-afid sy, ., = 0 for all but
finitely many (iy,...,44)}. Then A is a finitely generated F-algebra. So by the Hilbert basis
theorem, A is Noetherian.

Step 2. On Assignment #2, you will show that if A and B are finitely generated F-algebra,
then A ®p B is ale finitely generated. So since A = Flay, ..., aq] is finitely generated as an
F-algebra, so is A ®r A. Again by the Hilbert basis theorem, A ® A is Noetherian.

Step 3. Let S = A\ {0}, which is multiplicatively closed and regular. Let 7' = {s1 ® s5 :

s1,8 € S}. We will show that T (A ®r A) & ST'A®r ST'A = K ®p K and that T is
24
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regular. So, if A®p A is Noetherian, then T71(A ®5 A) is Noetherian, which shows that
K ®p K is Noetherian (then we are home free). O

Proposition 16.7. Let A, B be F-algebras and let S, T be multiplicatively closed, regqular
subsets of A and B respectively. Then if U = {s®t:s € S,t € T}, then U™ (A ®F B) =
SilA Rp TﬁlB.

Proof. Let f: A — S™1A given by a — 17'a and g : B — T~ 'B given by b + 171b. SO
we have a homomorphism f® ¢g: A®p B — S'A®pr T 'B. Notice that if s®@t € U
f(s)®g(t) =s®t, then s ®t is a unit in S™'A ® T-'B with inverse s ' ®t71. So f®g
extends to a homomorphism. SInce f®g: U ' (A®r B) = ST'A®p T~'B by the universal
property of localization, all that remains is to show f ® ¢ is an isomorphism:

(1) f ® g is surjective
ST'A®T™'B is generated by things of the form s 'la®@t™1b = f@g((s®t) " (a®D)).
(2) f ® g is injective
One has to be careful here: even though f: A — C' and g : B — D are injective,
f®g: A®r B — C ®pr D need not be injective. Consider f : Z/27 — 7. /27 defined
by [a] — [2a]. But f ® f has the non-trivial kernel, since (f® f)(1® 1) =2®2 = 0.

O

Ezample 16.8. If F = Q and K = Q(m,/2), then A = Q[r, /2] is finitely generated F-
algebra. Note that

A= {Z cijﬂi\/ﬁj ¢ € Q,¢;; = 0 for all but finitely many (i,j)} .

17. FEBRUARY 10

Proposition 17.1. If A, B,C, D are F-vector spaces and f : A — C and g : B — D are
injective, then f @ g: A®r B — C ®p D is also injective.

Proof. Let {X,}aer be a basis for A and {Yjs}ses a basis for B. Since f and g are injective,
the subsets {f(Xa)}taer € C.{9(yp)}ses € D are both linearly independent. So we can
extend {f(Xa)}aer to a basis {z,},ep for C' and similarly extend {g(ys)}ses to a basis
{ws}ser for D. Recall that {zq ® ys}(a,)crxs form an F-basis for A®r B. So if f® g is not
injective, then there exists ¢, 3 € F' not all zero such that ¢, g = 0 for all but finitely many
(2,8) € I x J and such that (f @ 9) (X e ® ys) = 0, 01 3 cas(F(za) @ 9(y3)) = 0.
Notice that we may write this as Z dy 524 @ws = 0, where d, 5 = 0 for all but finitely
(v.0)€l’x.J’
many (v, ), and d, s are not all zero. But this is a contradiction, since {2, ® ws}(y.s)cr <.
form a basis for C ®p D.

Corollary 17.2. ST'"ArT'B2 (S®T) ' (A®F B).

Remark 17.1. If S and T are regular in A and B respectively, then S®@ T = {s®t: s €
S;t € T} C A®p B is regular also. Since S and T have no zero divisors, it follows that
f:A— Aand g: B — B given by f(a) = sa and g(b) = tb are injective. Therefore
f®g: A®r B— A®p B is injective also, so s ® t cannot be a zero divisor.
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17.1. Hilbert’s Nullstellensatz (“zero-locus theorem” or “theorem of zeroes”).

Definition 17.3. Recall that R is a Jacobson ring if for any P € Spec(R) we have J(R/P) =
(0).

Example 17.4. Any field F, the polynomial ring of a field F[z], and the ring of (rational)
integers 7Z are all Jacobson rings.

Definition 17.5. Recall that if R is a ring and S is a ring, then S is an R-algebra if there
exists a (not necessarily injective) homomorphism from R to S such that a(lg) = 1g. We
say S is finitely generated as an R-algebra if there exists n > 1 and sq,...,s, € S such that
every x € S can be expressed as a polynomial p(si,...,s,) with the coefficients of p in R.

Remark 17.2. Equivalently, if S is finitely generated by si,...,s, as an R-algebra, then
there exists a surjective homomorphism ¢ : R[xy,...,z,] — S given by p(z1,...,2,) —
p(s1,...,8n). Therefore if I = ker ¢, then by the first isomorphism theorem we have S =
Rlxy,...,x,]/1.

Theorem 17.6 (General Nullstellensatz). Let R be a Jacobson ring and let S be a finitely
generated R-algebra. Then

(1) S is also a Jacobson ring.
(2) if M C S is a mazimal ideal of S, then a(R) NI =: N is a mazimal ideal of a(R)
and S/M =: F is a finite extension of a(R)/N.

Let’s first consider a special case: when R = k = k, an algebraically closed field. Write S =
klx1,...,2,]/I where I is a proper ideal. Notice that there is a correspondence between the
set of maximal ideals of S and ideals 9t of k[z1, ..., ;] containing /. So S/(maximal ideal) =
k[xy, ..., x,]/9% of which the latter is a field and is a finite extension over k. Then 9t := IMMNk
is a maximal ideal of k, so 9t = (0) and k/M = k.

If k£ is algebraically closed, then a finite extension of £ must be k itself. Therefore
klxy, ..., z,]/9 = k so there exist Aq,...,\, such that 9 = (x; — A\, ..., 2, — \,), with
the isomorphism ¢ given by p(z1,...,2z,) = p(A1,...,Ay). Thus ker ¢ = 9.

So far, we haven’t seen any “zero locus”. So how does this fit in? Start with fi(z1,...,x,),

o fa(xy, .. w,) € K21, ..., 2, and k algebraically closed (i.e., k = k). If I = (f1,..., f4)
is a proper ideal of k[z1,...,x,], then there exists 9 = (x; — A\y,..., 2z, — A,) 2 . This
means that fi,..., fq are in the kernel of ¢. Therefore f;(A1,...,A\y) =0 for all 1 < i < d.
Thus (A1, ..., Ag) is the so-called “zero locus”.

18. FEBRUARY 12

To do the general Nullstellensatz, we will use the so-called “Rabinowitsch trick”, which
gives a useful characterization of Jacobson rings.

Theorem 18.1 (Rabinowitsch trick). Let R be a ring. Then the following are equivalent:

(1) R is a Jacobson ring.
(2) J(R/P) = (0) for all P € Spec(R)
(3) For all P € Spec(R), P is the intersection of all the mazximal ideals containing P.
(4) Whenever P € Spec(R), and T := R/ P has the property that there exists a non-zero
b e T such that Ty := {1,b,0*,... } *T =T[b"'] is a field, then T is already a field.
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Proof. ((1) = (4)) Suppose that R is Jacobson and let P € Spec(R) and let T := R/P.
Suppose that there exists b € T\ {0} such that 7T} is a field. Our goal is to show that T’
is a field. Recall that there is a one to one correspondence between the prime ideals of T
and the prime ideals of T" that do not contain b. But since we assume that T} is a field, it
follows that Spec(7;) = {(0)}. Therefore by the correspondence every non-zero prime ideal
of T contains b. Now if T"is not afield, then every maximal iaedl of T" contains b. Therefore,
we have
JT)= (] M0,
O maximal

which implies J(T') # (0). But this is a contradiction since R is Jacobson and T' = R/P.

((4) = (1)) Suppose that whenever T'= R/ P has the property that there exists a non-zero
b € T such that T} is a field we must have T is a field. We must show that J(R/Q) = (0)
for all @ € Spec(R). Towards a contradiction, suppose that J(R/P) # 0 for some prime
ideal P. Let S = R/P. Pick 0 # b € J(S). Then every maximal ideal of S contains b.
Consider the ring S, := S[}]. Then there exists a maximal ideal @ of S,. Recall that there
is a bijective correspondence between the two following sets:

{prime ideals of S,} «— {prime ideals of S that do not contain b}
Q—SNQ

SpQ +— Q'

So then there exists @)’ € Spec(S) such that S,QQ" = @ and b ¢ @Q'. Notice that @’ is not
maximal since b ¢ @’. So S/@’ is not a field. Let 0 # b be the image of b in S/Q’. Then
(S/QN[3) = S[3]/S[31Q = S,/Q, but S/Q is not a field. Since R — S — S/Q, we have
S/Q = R/I for some prime ideal I of R. This is a contradiction because (R/I)[;] is a field
but R/I is not.

((1) & (2) < (3)) These directions are immediate from the definition of the Jacobson
ring. U

Theorem 18.2 (Full Nullstellensatz). Suppose that R is a Jacobson ring, and S is a finitely-
generated R algebra, i.e., S = Rlxy,...,x4]/1 for some ideal I. Suppose a(R) = R/(RNI).
Then:

(1) S is Jacobian.
(2) If M is a mazximal ideal of S, then M := M N a(R) is a mazimal ideal of a(R) and
S/9M is a finite field extension of a(R)/N.

Proof. Suppose that R is Jacobson. Then R/J is also Jacobson for any proper ideal J. If
@ is a prime ideal of R/J, then there exists P D J in R such that R/P = (R/J)/Q — since
J(R/P) = (0), then J((R/J)/Q) = (0), implying that R/.J is Jacobson also. Notice that S
is a finitely generated a(R)-algebra

S = (a(R))[x1,...,zal/I, I Na(R) = (0).
Therefore, without loss of generality we may assume that a(R) = R.
The key steps of the proof are the following;:

(i) Show that the theorem is true when S = R[x]. This is the hardest step.

(ii) Use induction to show that the theorem is true for S = Rz, ..., x4
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(iii) Use correspondence to show that the theorem is true fro S = R[zy,...,x4|/I with
INR=(0).

We will assume (i) for now and prove (ii) and (iii).

(ii) Assuming (i), we have that R[x] is Jacobson where R is Jacobson. Therefore, by
induction we have R[z1, ..., x4 Jacobson for any d. Write S := R|xy, ..., z4]. Next,
let M be the maximal ideal of S = Rlxy,...,z4. Write S = T[z4], where T =
Rlxy,...,x4-1]. So S/ is a finite extension of T/M where N := T NIM by (i). Also
note that 91 is a maximal ideal of T'.

Argue by induction on d, we then have T'/91 is a finite extension of R/(R NMN).
Since [S/M : T/N, [T/N, R/(RNM)] < oo, the claim follows.

(iii) We have by (ii) that R[zy,..., x4 Jacobson = S := R[z1,..., 4]/ is Jacobson and
I'NR = (0). Let M be a maximal ideal of S. Note that there is a correspondence
between

{maximal ideals of S} <— {maximal ideals of R[zy,...,z4] containing I}
M C Rlxy,x9,...,24] /] — M C Rlzy,...,24]

Then M := M’ N R is maximal by (ii), and R[z,...,z4]/9 = S/M, and
[R[z1,...,xq] /I : R/N, [S/OM, R/N] < 0o, and MNR=IM NR="N.
So it remains to prove the Nullstellensatz when S = R[z]|. Let’s look at special case R =
k,S = k[z]. Consider the case when |k| = oco. Why is S Jacobson? To answer this,
we need to consider what Spec(S) looks like. If P # (0), then P = (f(z)) where f(x)
is irreducible, making P maximal. So J(k[z]/P) = (0) since k[z]/P is a field. And so
klx]/P = k[x]/(f(z)), and [k[z]/(f(x)) : k/(k N P)] < co. Note that k = k/(k N P) and
[Klz]/(f(2)) : k/(k 0 P)] = deg f(z).
Why is J(k[z]) = (0)7 Observe that

JREa) = () (f@) S (== =0,

f(x) irred. A€k

if |k| = 0. O
19. FEBRUARY 13

Proof of Theorem cont’d. To show that S = R|xz] is Jacobson where R is Jacobson and
P a prime ideal of R, let T = S/P = R[z]/P and let R' = R/(R N P). We must show that
if Ty, is a field and b is non-zero, then T is a field. Notice that R[z]/P = R'[z]/Q for some
prime ideal @ of R'[z] and QN R’ = (0). Assume that 7}, = Frac(T"). We claim that @ # (0).
Suppose otherwise. Then T'= R[z]/Q = R'[z]. If K = Frac(R’), then T C K[z]| C Frac(T),
hence T, = Frac(T) C Klz|, C Frac(T), = Frac(T). Therefore K[z], = Frac(T). We
showed that K[z] is Jacobson, so by the Rabinowitsch trick, K[z], is a field, making K|z]
a field, which is a contradiction. If 7" = R'[z]/Q and @ N R’ = (0) and @ # (0) with
T, = Frac(T') a field, we need to show that 7" is in fact a field. Since @ N R = (0), we
have an injection T — K[z]/K[z]Q. Note that K[z]/K[z]Q = 'R'[z]/'Q, where
& = R'\ {0}, image in R'[z]/Q. Now T, is a field, so (K[x]/K[z]Q), i a field too. Therefore
Ty is a localization of T,. Thus K|[z] is Jacobson, so ()1 := K|z|@ has the property that
K[z]/Q, is afield. Hence @) is a maximal ideal in K[z]|. Also, since d = [k[z]/Q : k] < oo, we
have Q1 = (2% +bg_12971 + -+ +by) with b; € K = Frac(R'). So clearing the denominators,
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we get agr? + -+ ag € Q = k[z] N Q1 with aq # 0. So just inverts aq to form R, . Then
Qo = QR [z] 3 (2 + ag_1a7'z" " + - + apay’).
Then the image T of x € R, [z]/Qq satisfies a monic polynomial

Tq+ aq_ 1ad1xd 1+---+a0a;120. (1)

Recall that R'[z]/Q =T so R, [v]/Qo = T,, and that R}, Q T,,. Since T, is generated by
T over R, , we have T,, C R, + R, T+ - + R, T¥! by . By assumptlon Ty is a field,
80 Tagp = (Th)a, is a field. Therefore (R, [ 1o is a field. So Ta is a finite module over R

spanned by 1,7, ...,7% . Now we claim that there exists m > 1 so that cg,cy,...,cm € Ry,
not all zero satisfies ¢g +c1b + - -+ + ¢,,b™ = 0. To see why, write
1=1

— —d—1 /
b= Qo+ a1+ -+ a1 g (OJU € R )
2 —d—1

b° = Q20 +---+ Qg 41T

So think of o' — (o, ..., %a1) € (R,,)" ' C K.

If m > d, then 1,b,0% 03, --- ,b™ are linearly dependent over K. So there exist vy, ..., Vm €
K not all zero such that v + 710 + 72b* + - -+ + 7,,b™ = 0. Now clear the denominator to
get co+ci + -+ ™ = 0.

Without loss of generality, let cg # 0 and ¢,,, # 0. So co+c1b+ -+ -+ ¢, 0™ = 0 Invert ¢y to
get 1 =b(—cicgt — - — CmCy o 0™ in (Rl )e[2]/ R, ., Q- Write Q R! . Q. This means
that b is a unit in R, [* ]/Q =T,

Now T} is a field, so (T,,)s is a field. But b is a unit, so T,, ., os a field. So T,, .,

a finite module over R, .. By “the black box” from the last lecture, T, ., if a field then
R,,c is a field. And then by the Rabinowitsch trick, R’ is a field, whence R’ = K. So
S = R'[z]/Q = K[z]/Q. K|z]|/Q is Jacobson already, so indeed S = R[] is Jacobson.

Now the last step is to show that 9 is an ideal of S where 9t N R =: N is maximal in
R and [S/9 : R/fN] < oo. But we just showed that if 9t C S is a maximal ideal, then

= R/RNM is a field. To see why, if S/9 = R'[z]/P and PN R’ = (0). Note R'[x]/P is
a field and ' N P = (0). And everything in R’ is a unit, so R = K. O

aq,co agq,co

20. FEBRUARY 24: INTEGRAL EXTENSIONS

Let R C S be rings. Then 1z = 1g. If 7 : R — S is an inclusion map, then i gives an
R-algebra structure.

Definition 20.1. We say that S is an integral extension of R if every s € S satisfies a monic
polynomial equation with coefficients in R, i.e., there exists n > 1 and rg,...,r,_1 € R such
that s" +7,_15" 1+ -+ 19 = 0.

Example 20.2. QQ is not an integral extension of Z. Take s = % € Q. If s were integral over Z,
then s"+r,_15" '+ -+ = 0 for some r; € Z. Therefore 2~ "4r,_12~ " Dp. . .27 4y =
0. Thus we see that the sum of an integer and % is 0, which is impossible.

Ezample 20.3. Z[/2] = {a + bv/2 : a,b € 7} is integral over Z, since every s = a + byv/2 €
Z[/2] satisfies 22 — 2ax + a® — 2b* = 0.
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Definition 20.4. An element s € S is called integral over R if it satisfies a monic polynomial
equation with coefficients in R.

Proposition 20.5. If R C S, and S is a finitely-generated R-module, then S is an integral
extension of R.

Proof. Write S = Ray+---+ Rag, where ay,...,aq € S. Let s € S. We need to find a monic
polynomial. Notice that there exist r;; € R with 1 <4, < d such that

S a; = E Tz'jaj.

j=1
Then
ai i Tiz - Tid ai
a2 ro1 - T2d a2
s = )
@d Tar Ta2 *tc Tdd ad
Thus
aq 0
Q9 0
(sI —A)| . = ,
Qq 0

where A = (r;;) € Myg(R) and I : S — S? the identity map. If we multiply by (s/ — A)*¥ :=
(—1)" det((sI —A);;) (where (sI —A);; denotes the (d—1) X (d—1) matrix with the j-th row
and the i-th column of s/ — A removed), then indeed det(sI — A)a; = 0 for all i. Therefore
det(sI — A)(Ray+-- -+ Rag) = 0, so det(s] — A) = 0. Note that det(s/ — A) is a polynomial;
let det(s] — A) =: pa(s). Note that p4(s) is a monic polynomial with coefficients in R.

We will now show that if S O R then T':= {s € S : s integral over R} forms a ring with
RCTCS.

Ezample 20.6. Let R=Z and S = Q. Then T = A= {s € Q: s is a root of a monic
integer polynomial} is a ring, and A is said to be the set of algebraic integers.
Proposition 20.7. Let R C S be rings and let s € S. Then the following are equivalent:

(1) s is integral over R;
(2) there exists a finitely-generated R-submodule M of S such that sM C M and sM #
(0).

Proof. ((1) = (2)) If s is integral over R, then there exists n > 1 and r; € R such that
Sy s 4oy +19=0. Let M = R+ Rs+ Rs>+---+ Rs"!. Then M is a
finitely-generated R-module, with 1 € M hence sM # (0). Also, note that
sM=s(R+Rs+---+ Rs" ') = Rs+ Rs*+--- + Rs"
=Rs+ Rs*+ -+ R(—rp,_18" ' — - —ris—1)
CR+Rs+---+Rs" ' =M.
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((2) = (1)) Suppose that 1 € M = Ray + --- + R,, with sM # (0) and sM C M. As
before,

sa; = E TigQg,  Tij € R.

j=1
If A= (r;) such that

aq 0

[¢5) 0

r-ay | =]

aq 0
then det(s/ — A)a; = 0 for all ¢ hence det(s/ — A) = 0, which is enough to show that s is
integral over R (see the proof of Proposition . O

Corollary 20.8. If T'= {s € S : s integral over R}, then T is a ring with RCT C S.

Proof. Let x,y € T. Then x and y are integral over R. So we have 2™ + r,_j2" ! + -+ +
rx+ro=0and y" 47, _y" '+ + iy + 75 =0. Now let

n—1m—1

M:ZZinyj C S.
i=0 j=0
Then M is finitely generated and 1 € M. Notice that xM C M. To see why, note that
- i1y if i <n—1
ety =47 . | fg<n—l)
(=(rp_1x™ V4 rp a4tz +r)y?) (ifi=n-—1).

So M C M, and similarly yM C M. So (x + y)yM C aM +yM C M + M C M, and
similarly zyM C x(yM) C M C M. THerefore z + y and xy are integral over R and hence
are in T. Also, T" O R: if r € R then r satisfies x —r = 0. Hence T is a ring containing
R. O

Definition 20.9. Given R C S| the ring
T :={s e S :sis integral over R}
is called the integral closure of R in S. Specifically, if R is an integral domain, then the

integral closure of R is the integral closure of R in Frac(R), the field of fractions of R.

Example 20.10. Let R = C[t*,t*] C C[t]. What is the integral closure of R? In fact it’s C[¢].
First, notice that ¢ is a root of 22 —t* € R[x]. So t is integral over R. Thus C[t] is contained
in the integral closure of R.

If s € C(t) is integral over R, then it is also integral over C[t]. Thus R C CJ[t]. So it suffices
to show that C[t] is integrally closed. For this, it suffices to prove the following theorem,
which we shall prove on Thursday.
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21. FEBRUARY 26
Theorem 21.1. Let R be a UFD. Then R 1s integrally closed.

Proof. Let ab™' € Frac(R) with ged(a,b) = 1 with b # 0 and ab™! integral over R. Then
because ab~! is integral over R, there exist n > 1 and r,...,r,_; € R such that

(ab™)" +rp_1(ab™)" o f g =0.
Multiply both sides by 0" to get
a4 rpa" O+ rab g™ = 0.

multiple of b

So b|a™ But ged(a,b) = 1, hence ged(a™, b) = 1. Therefore b is a unit, so ab~! € R. Thus
the integral elements of Frac(R) over R are precisely the elements of R. 0

21.1. Lying over & going up.

Remark 21.1. The theorems we shall cover in this section will tell us about prime ideals in
S in terms of prime ideals in R when S is an integral extension over R.

Theorem 21.2. Let R C S with 1g = 1g be an integral extension. If p € Spec(R), then
there exists q € Spec(S) (q is in general not unique) such that q N R = p. Moreover, if
q1 € Spec(S) is such that q N R C p, then there exists q € Spec(S) such that q 2 g1 and
gNR=rp.

Ezample 21.3. If S = Z[/2] and R = Z, and p = (2), then q = (v/2).
Ezample 21.4. If R =7 and S = Z[v/3] and p = (5), then q can be (1 + 2i) or (1 — 2i).

Proof. Let p; = q; N R be an ideal of R. We claim that p; is a prime ideal of R, since q; is
prime.

First reduction: we may replace S by S/q; and R by R/p; = R/(RNqq). Then § is still
integral over R, so we may assume that q; = (0) — and it suffices to show that there must
exist q so that N R =p. Now let U := R\ p C S. Recall that this set is multiplicatively
closed. Time for the second reduction.

Second reduction: Replace S by U~'S and R by U'R = R,. Then by a question in
Assignment #3, ULS is integral over U !R. We can reduce to this case by results on
localization.

So now R is a local ring with the unique maximal ideal p (which is pR, based on the
notation used in the second reduction). And S is still integral over R. Consider the ideal
pS C S. If pS € 9, then there must exist a maximal ideal £ such that € O pS so that ¢
is prime. Note that tN R C R since 1 € £. So we see that €N R C p, since p is a unique
maximal ideal. But then EN RO pSN R Dp,sotN R =p. So take q =€ and we are done.

So we may assume that pS = S. In particular, assume that 1 € pS. Thus there exist
pP1,D2,---,Pa €pand sy1,...,85 € S such that p1s; + - -+ pgsq = 1. Let S’ be the R-algebra
generated by sq, ..., Sq.

Then pS” = S’. Note that p1s; + -+ pgsq =1 € pS’. So 8" C (p1s1 + -+ + pasaS’ C
pS’S" C pS’. Also, by the integrality of S" (over R), S’ is also a finitely generated R-module,
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which is stronger than being finitely generated as an R-algebra. Let’s try to explore why.

Note that
S = E Rs{'sy « - st C E Rs(! -+ st =2 M.
i1y 0<i;<n;—1
0<j<d

But then S is integral over R so there exist n; > 1 such that s € Rs!""' +--. + Rs; + R.
Also, M is a finitely generated R-module. So we have pM = M and p = J(R). So by
Nakayama’s lemma it follows M = (0). But this is a contradiction, since 1 € S" means
S" D R. O

One corollary to this theorem is incomparability:

Corollary 21.5. Suppose R C S is an integral extension with 1r = 1g. If q # q' € Spec(S)
and qNR=q N R =1p, then q and q' are incomparable: that is, ¢ Z ' and ' Z q.

Proof. Suppose that ¢’ € q. Then ¢ R = p. So if we mod out by ¢’ then we can replace S by
S/q and R by R/(RNq’) = R/p. Notice that S is still integral over R. Now this reduces to
the case when p = (0),q' = (0),q # (0),gN R = (0). Now pick x € q\{0}. Then z is integral

over R so there existsn > 1 and r,_1,...,ro € R such that 2" +7,_ 12" '+ - 4+riz+ry = 0.
Without loss of generality, let o # 0, which we can do since S is an integral domain and
x # 0.

But now, note ry = —a™ — r,_j2" ! — ... —rix, so 1y € RN q since each monomial on

the RHS is in q. That is, ro € RNq = p = (0), so ro = 0, hence a contradiction. Thus
it is impossible to have (0) € q C S such that g R = (0) with R integral domain, as
required. 0

22. FEBRUARY 27

Definition 22.1. Given a ring R, we define the Krull dimension of R to be
Kdim(R) := sup{n : there exist a chain Py C P, C --- C P, of prime ideals in R}.
Ezxample 22.2. Every field F' has Kdim(F') = 0. We have Kdim(Z) = 1, since (0) C (p) is the

=

only chain available, where p is prime. Kdim(F[z]) = 1, since the only prime ideal chains
can be (0) C (p(x)) where p(z) is irreducible.

=

Theorem 22.3. If R C S and S an integral extension of R with 1g = 1g, then Kdim(R) =
Kdim(S).

Ezample 22.4. Let K be a finite field extension of Q, i.e., [K : Q] < oco. Then if we take
R =7Zthen S = {s € K : s integral over Z} = ANK =: Ok (where A is the set of algebraic

numbers), and Of is said to be the ring of integers or a number ring. Since Kdim(Z) = 1,
it follows that Kdim(Ok) = 1.

Proof. First suppose that Kdim(R) > n. So there exists a chain By C P, C P, C --- C P,
in Spec(R). Now we use lying over and going up, so that for any prime ideals Py C P, C R
and Qo N R = P where () is a prime ideal in S, then there exists ()1 an ideal of S such that
Q1 N R = P;. Do this for any chain of ideals of R, there exists a chain Q)9 C (1 € Q2 €
-+ C @y in Spec(S) with @Q; N R = P,. So Kdim(S) > n.

If Kdim(S) > n, then there exists a chain Qo € @1 € -+ € @, in Spec(S). Take

P, .= Q; N R prime ideals. Then we have Py C P, C --- C P,. How do we know that the
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containment is strict? Suppose otherwise. But this contradicts the fact that )y and ()1 must
be incompatible, by Corollary [21.5] Thus the strict containment follows. O

Proposition 22.5. Suppose R is Noetherian. Then the following are equivalent:

(1) R has Krull dimension 0

(2) All prime ideals of R are maximal.

(3) If N is the nilradical of R (i.e., N = /(0) = {x : z nilpotent}), then R/N =
Fy X Fy x --- x Fy for s > 1, where each F; is a field.

Proof. ((1) & (2)) Take P € Spec(R). If P is not maximal then there must exist a maximal
ideal 9t such that M D P, so Kdim(R) > 1, which is a contradiction. The other direction
is immediate.

((3) = (1)) We claim that F} X - - - x Fy has Krull dimension 0. First, if P is a prime ideal,
then we claim that there exists j € {1,...,s} such that P = F} x -+ x Fj_1 X (0) X Fj1;1 X

x F,. Ifwelet e; = (1p,...,00) 2 = (Op, 1py, -+ ,0p)s- - ,es = (0,0, , 15), then
we have ¢, - ¢, = 0 whenever k # [. Thus ege; € P, so either e or ¢; is in P. Therefore there
must exist j such that ei,...,ej_1,€j41,...,es € P. So there must exist P such that

PO F x- - xFj_1 x(0) X Fjpq %+ X Fy=:1j.

So if we let Fy x Fy x --- x Fy/I; — F}; such that (ay,as,...,as) — a;, then the kernel of
this map is I;. Therefore I; is maximal, so P = I;. Therefore all the prime ideals of R are
maximal, which implies that Kdim(R) = 0.

((1) = (3)) Suppose that R has Kdim(R) = 0. Since R is Noetherian, there exist
Py, Py, ..., P; € Spec(R) such that (0) C P, for all 1 <i < s, and such that if () is another
prime in R containing (0) then ) D P; for some i. This implies that Spec(R) = { P, ..., Ps},
and if @ ¢ Spec(R) and ) 2 P; for some i, then () = P;, which is a contradiction. This
proves that every P, is maximal. Therefore P, + P; = R whenever 7 # j. By the Chinese
Remainder theorem, we have

RN = /(B =] B/P, = [
i=1 =1 i=1

proving the desired direction. 0
Lemma 22.6. Let R be a ring with Kdim(R) = d. Then d + 1 < Kdim(R[z]) < 2d + 1.

Proof. Let Py C P, C P, C --- C P; be a chain in Spec(R). Let Q; = PR[z] = {ao +
ax + o+ apx™ : m > 0,a0,- -+ ,a, € P}. Then Rlz]/Q; = (R/P)[z]. Note that
(R/P;)[x] is an integral domain. So Qy € Q1 C --- € Qg is a chain in Spec(R|[x]). Then
Rlz]/Qq = (R/P;)[z] and (z) is a prime ideal in this ring. So by the correspondence of
chains, we have Qp € @1 € -+ € Q4 C (Qg, ) is a chain of length d + 1.

For the other bound, suppose that there is a chain

QoS Q1S QS - C Qa1 S Qaayo
in Spec(R|x]). Let P, = Q;NR. Then Py C P, C -+ Pyy.9 is a chain in Spec(R). So we have
a chain of length 2d+3. But note that this is impossible unless some ideals are equal, since we
cannot have more than d + 1 distinct ideals in this chain. By the pigeonhole principle, there
exists some i so that P; = P,y = P;,5. Thus we have Q; C Q;11 € Qi 2 in Spec(R[ 1) Where

all three of them contain P. So by correspondence there exists a chain Ql - Qz 11 C QZ 42
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in Spec((R/P)|x]) = Spec(R[z]/PR|z]). Let S = R/P so we have Q; C é;/l - @;/2 in
Spec(S[z]). Moreover Q; N S = Qi1NS=QianS = (0).

Let T'= S\ {0}, which is multiplicatively closed since S is an integral domain. Thus
T71S = Frac(S) =: K. Then QN] NT = (Z)/fgj :/z',\z'—i— 1,74+ 2. So by the results from
localization, there exist prime ideals Q; C 6/2:; - @; in T71(S[z]) = (T719)[x] = K|[z].
But then Kdim(K [z]) = 1 since K is a field. This is a contradiction since we just constructed
a chain of length 2. 0

23. MARCH 3: NOETHER NORMALIZATION

Theorem 23.1 (Noether normalization theorem). Let R be a finitely generated k-algebra
for some field k. Then there exists a k-subalgebra S of R such that

(1) S = kl[x1, 29, ...,24], where d = Kdim(R);

(2) R is a finitely-generated S-module.

Remark 23.1. Hard part of the proof of the normalization theorem is proving that d =
Kdim(R). This is the part we will get to later.

Proposition 23.2. If R is a finitely generated k-algebra then Kdim(R) < oo.

Proof. Recall that R = k[z1, ..., x,]/I. So Kdim(R) = Kdim(k[z1, ..., z,]/]) < Kdim(k[z

., Zm]) by the correspondence. We showed that if Kdim(R) = s then s+1 < Kdim(R]z])
2s + 1. By induction we have Kdim(k[z1]) = 1, and Kdim(k[xy, z5]) < Kdim k[z][xs] <
and so forth. So by induction we have Kdim(k[xy, ..., z,]) < 2™ — 1.

[y

)

“IA

Y

O

Proof of the normalization theorem. Let m be the number of generators for the k-algebra R.
We will do this by induction on m. Let’s say R = k[ay, ..., a,] (not necessarily a polynomial
ring). Then {ai,...,a,} is a set of generators.

Start with the base case m = 1. Then R = k[ay]. So R = k[z]/I, where I = (0) or
I = (p(x)) where p(z) is the minimal polynomial of ay. If I = (0) then R = E[z]. So
S = kla1] = klz] and R = S so R is a finitely generated S-module. If I = (p(x)) with
p(z) # 0, then R = k[x]/(p(x)) is e-dimensional k-vector space where e = degp(z). In this
case, take S = k; and dim; R < 0o, so R is a finitely generated S-module.

Induction hypothesis: let’s assume that the claim holds whenever R is generated by fewer
than m elements. Consider the case when R = klay,...,ay], the k-algebra generated by
ai,...,a,,. First, suppose that aq,...,a,, are algebraically independent over k. In this case,
we have R = k[zy,...,z4. To see why, consider the map ¢ : k[z1,...,x,] — R defined by
x; +— a;. Note that ker ¢ = (0), so in this case S = R = k[zy,...,2,] and S is clearly a
finitely generated R-module as S = R.

Now suppose that aq,...,a, are not algebraically independent over k. So there exists a
non-trivial polynomial relation ¢(as, ..., a,) = 0. Before proceeding, we turn to an exercise
which will appear in Assignment #4: prove that there exist natural numbers Aq, ..., A,,_1 >
0 such that q(z+zdt, ... vy +rdm=1 x,) = Cal+p(zy, ..., 2,,) where C # 0 is a constant
and p(xy,...,x,) is a polynomial such that the degree of x,, is less than D.

We can find w4, ..., u,, such that a; = u; —|—uf7‘§ foralls =1,...,m — 1 and a,, = u,,,
as u; = a; — u’t = a; — a’ € R. Notice also that k[uy, ..., u,] = klay,...,a,] = R. One
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direction (2) follows since a; = u; + uzi for all i < m and the other one (C) follows since
U; = A — af;’.
Notice that (by the aforementioned exercise)

D—1
0= Q<a1a cee 7am> - Q(ul +unA@i7 sy Um—1 +u§1M717um) = C'uﬁ—i_zpi(ul? s 7um—1)uin (*)
=0

Now let T = kfui,...,up_1]. Then R = Tu,] = T + Tupm + -+ + Tul ™ by (). So R
is a finite T-module. But T is generated by fewer than m elements, so by the induction

hypothesis there exists S = k[z1,...,x4) such that T is a finite S-module. So since R is
a finitely generated T-module and T a finitely generated S-module, then R is a finitely
generated S module. Thus we are done. U

To show that Kdim k[xy, ..., 24 = d and that R is a finitely generated k[xy, .. ., z4]-module
implies that Kdim(R) = d, we will need the Gelfand-Kirillov dimension and integrality.

Let k& be a field, and let A be a finitely generated k-algebra. And let V be a finite-
dimensional k-vector space with V' C A such that 1 € V' and V contains a set of generators
of A. Define V? := span,{vw : v,w € V} D V since 1 € V. If xy,..., 2, is a basis for V
then {z;z; : 4,7 € {1,...,m}} span V2. Similarly, we get the chain V C V, C V3 C ... and
dimy V" < oo for all n > 1.

We now define the Gelfand-Kirillov dimension:

Definition 23.3. The Gelfand-Kirillov dimension of a finitely generated k-algebra GKdim(A)
is defined to be
log(dim V"
GKdim(A) := lim sup &m)'
n—00 logn
Remark 23.2. We will see that this does not depend on V. That is, we get the same result

for any finite-dimensional k-subspace of A that contains 1 and a set of generators. Also,
intuitively speaking one can think that if dim V" ~ Cn for some C' > 0 then d = GKdim(A).

Example 23.4. GKdim(k[x]) = 1. Take V = k+kx = span{1,z}, and V" = span{1,x, 2%, ...,
2™} with dim V™ = n + 1. Then

1 1
GKdim(k[z]) = limsup log(n+ 1)
n—soc0 logn

Example 23.5. What about GKdim(k[z,y])? Let V' = k + kx + ky = span{l,z,y}. Then
V" = span{a’y’ : i +j <n} so dim V" = ("3?) ~ 2

=1.

24. MARCH 5

Suppose that k is a field, A a finitely generated k-algebra, and V' C A a finite-dimensional
k-vector subspaces of A with 1 € V and V' contains a set of generators for A (such V is said
to be a generating subspace for A). We defined the Gelfand-Kirillov dimension last time.

Proposition 24.1. The definition of the Gelfand-Kirillov dimension is independent of choice
of generating subspace.
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Proof. Suppose that V and W are two generating subspaces. Then V C V2 C V3 C ... C

UVr=A4,and W CW2CW3C ... C|JW" = A. It follows that there exists p, ¢ > > 1 such
that V C WP and W C V4. Therefore it follows that V™ C WP for all n > 1. Therefore
1 i " 1 ' pn

lim sup —og(dlm V) < lim sup og(dim(I™"))
n—o00 10g n n—so00 IOg n
. on

o 122(mOV) o)

e300 log(pn) logn
log(di n

< lim sup 28 dm W)

n—00 logn

And similarly since W C V4, we see that
log(di n log(di n
lim sup 2BV o 108 V).
n—00 logn n—00 logn

Proposition 24.2. If A is a finitely generated k-algebra then GKdim(A) = 0 if and only if
dimy A < oo; and if dimy A > 0 then GKdim(A) > 1.

O

Proof. If dim, A < oo, then V = A is a generating subspace. But now V2 =V3 =... = A
for all n > 1, so
GKdim(A) = limsup log(dim(4))
n—soc0 logn
as log(dimy(A)) is a finite quantity and logn — oco. Conversely, suppose that dimy(A) = oo,
and let V be a generating subspace for A. Thus V C V2 C V3 C ..., If Vi = V! for some
i then V?.V = VL.V = Vi*2 50 by induction we have V" = V' for all n > 4. This means

=0,

dimy A < 00, a contradiction. SInce VC V2 C V3 C -+, we have dim V" > n, and so
log(dim V" lo
lim sup w > lim sup %8n _ .

Theorem 24.3. Let d > 1. Then GKdim(k[xy,...,z4]) = d.
Proof. Let V =k + kxy + kxy + - - - + kxg. Then
V" =span{zi -2l cip 4o ig < n}

So dim V" = (":lrd). To see why, note that we can create a bijection between {z' - -:L‘Zd :
i1+ --+1iq < n} and the set of all ways of placing d X’s into n +d slots, and there are (":l“d)

ways to do this. Since

(n;rd) _ (n+d)-é!-(n+1) :Z_T(HO(%)).

log(dim V™)  log %?(1 +0(3))

logn N logn
_ dlogn —logd! +log(1 + O(n™1)) _ dlogn  logd! N O(n™1) N
logn logn logn logn
as n — 00. Thus GKdim(k[zy, ..., z4]) = d. O
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Our main theorem that we hope to prove is the following:

Theorem 24.4. Let k be a field and let A be a finitely generated k-algebra. Then GKdim(A) =
Kdim(A).

Corollary 24.5. Kdim(k[z1,...,z4)) = d.

The proof of the main theorem will use two facts, one from Assignment #3 and the other
from Assignment #4:

(1) (from Assignment #3) If R C S and S is a finitely generated R-module, then S is
integral over R; hence Kdim(S) = Kdim(R) if S is a finite R-module.

(2) (from Assignment #4) If R C S and S is a finitely-generated R-module then
GKdim(R) = GKdim(.5).

Proof of the main theorem. Notice that if A is a finitely generated k-algebra then by the
Noether normalization theorem there exists B C A such that B = k[y,, ..., y4] such that A
is a finite B-module. Since A is finite as a B-module, we see that A is integral over B hence
Kdim(A) = Kdim(B) > d.

Also A is finitely generated as a B-module, so GKdim(A) = GKdim(B) = d. So we sat
least know that Kdim(A) > GKdim(A). Let

a = inf{GKdim(A) : A finitely generated such that Kdim(A) > GKdim(A)}.

So there exists A such that Kdim(A4) > GKdim(A) and GKdim(A) < a + ;. So now by
the Noether normalization theorem that there exists d and B = k[yy,...,yq) with B C A
such that [A : B] < oo so Kdim(A) = Kdim(B) and GKdim(A) = GKdim(B) = d. Since
Kdim(A) > GKdim(A), we have Kdim(A) > d+1. So we are in the situation where we may
assume Kdim(k[z1,...,x4)) > d+ 1. That means that there exists a chain (0) C P, € -+ C
Py in Spec(k[xy, ..., 24]). Then we claim that Kdim(k[zq,...,24]/P1) > d, and that if B
is a finitely generated k-algebra that is also an integral domain and I # (0) is an ideal of B
then GKdim(B/I) < GKdim(B) — 1.

Once we have the claim, we see that Kdim(k[zy,...,z4/P1) > d and
GKdim(k[z1,...,24/P1) <d—1 < «a. But by the definition of a, we see that
GKdim(k[z1,...,z4/P1) = Kdim(k[z1, ..., x4]/P1), which is a contradiction. We will prove
the necessary claims tomorrow and move on to transcendence degree. U

25. MARCH 6
We need the following claim to finish off the proof:

Claim. Let A be a finitely generated k-algebra that is an integral domain. If I is a non-zero
ideal of A then GKdim(A/J) < GKdim(A) — 1.

Proof. Let m : A — A/I be the canonical surjection. Let V' be a generating space for A.
Then 7(V) =: V is a generating space for A/.J. For each n > 1, pick a subspace W,, of V"
such that m(W,) = V" and dim W, = dim(V").

Pick f € V\{0} such that f € I. Then we claim that the sum W+ fW,,_+-- -+ "W, C
V™ is a direct sum. Suppose that is not the case. Then there exists w; € W, i =1,...,n
not all zero so that w,, + fw,_1 + f2w,_o+---+ f*lw; = 0. So there exists a largest m < n
such that w,, # 0. So f* ™w,, + ---+ f*tw, = 0 with w,, # 0. Since A is an integral

domain, we see that fw,,_; + -+ f™tw, € I. Now apply 7 to see that 7(w,,) = 0 and
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7(I) = (0). But dim(W,,) = dim(V") and 7(W,,,) = V. Hence 7 is injective meaning that
wy, = 0, but this is a contradiction.

Now we want to show that GKdim(A/I) < d — 1, where d = GKdim(A). Suppose that
CKdim(A/I) > d—1. Then GKdim(A/I) > d. Let e < 1. This means that dim(V") > n?-*
for infinitely many n. To see why, assume that this is not true. Then dim(vn) < n%¢, hence

log dim(V") _ (d—e)logn

=d—c¢
logn logn
for all sufficiently large n. Hence
log dim V"
GKdim(A/T) = limsup 22V g g
n—00 logn

which is a contradiction. By assumption, dim W,, = dimV". So dim W,, > n?* for infinitely
many n. Now V" - VnH c...C V2n, sodim W, < dimW,,; < --- < dim Ws,. Thus there
are infinitely many n such that dim W,,, - - -dim W,, > n%°. Recall that W, ® fWs,_1 ®

[P Wap o @® -+ @ f27 1, C V. So
dim V** > dim(Way,) + dim(fWap_1) + - - - + dim(f"W,,) + - - - + dim(f**~'W7)
> dim(Way,) + dim(Wa, 1) + - - + dim(W,,) > n® ¢ - n = ntt!==

Therefore
logdimV?* _ (d+1—¢)logn
log(2n) — log 2n ’
> log dim V"
d = GKdim(A) ~ limsupw >d+1—e>d,
n—00 logn
which is a contradiction. U

Corollary 25.1. Let A be a finitely generated k-algebra. Then Kdim(A[z]) = Kdim(A) + 1.

Proof. We already showed that Kdim(A[z]) > Kdim(A) + 1. Now by Noether normalization
there exists B C A such that B = k[xy, ..., z4], with d = Kdim(A) and A a finitely generated
B-module.

Write A = Ba; + - -+ + Bas. Then Alz] = Blz]ay + - - - + B[z]as. Thus A[z] is a finitely
generated B[z]-module. And we know by Assignment #3 that Kdim(A[z]) = Kdim(B[z]) =
Kdim(k[xy, ..., z4lz]) = d+ 1 (note Blx] = klzy, ..., zq4)[z]). O

25.1. Transcendence degree.

Definition 25.2. Suppose that K is a field extension of a field k. Then a set ¥ C K
is algebraically independent if every finite subset {z1,...,x4} of . has the property that
if p(x1,...,2q) = 0 and p(ty,...,tq) € k[t1,...,tq] then p(ty,...,ts) = 0. We define the
transcendence degree of K/k to be

trdeg;,, K = sup{#.7 : ./ algebraically independent subset of K}.

We will only worry about finite transcendence degree.
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Theorem 25.3. Let k be a field and let A be a finitely generated k-algebra that is an integral
domain and let K = Frac(A). Then Kdim(A) = trdeg,, K.

Proof. Let d = Kdim(A). By Noether normalization, there exists B = k[xy, ..., z4] with
B C A and A a finitely generated B-module. Let by, ..., bg be a set of generators for B. So
B =kby,...,bg] = klzy,...,24. Then the set {by,...,bs} C K is algebraically independent
over k. So trdeg, K > d.

Now suppose that trdeg, K > d. Then there exists c¢,...,cq41 € K algebraically inde-
pendent over k. Since K = Frac(A), we can write each ¢; in the fraction form. Take the
least common multiple of the denominators. So there exist b € A\ {0} and ay,...,a441 € A
such that ¢; = a1 /b, ..., cqp1 = age1/b. Thus k[yr, ..., yar1] = kler, ..., cai1] C A[D7Y]. Now
Kdim(A[b™']) < Kdim(A) = d. A[b] is finitely generated so GKdim(A[b™!]) < d as well.
Thus ke, -+ -, cge1] has G-K dimension d + 1 but A[b~!], which contains klcy, ..., c41] has
G-K dimension d. This is a contradiction, according to the claim below.

Claim. If R C S and R, S finitely generated k-algebra, then GKdim(R) < GKdim(S).

To see why the claim is true, start by picking V' a generating space for R. Now add in a set
of generators for S to obtain a generating space W D V for S. Then dim(V") < dim(W™")
for all n. Thus GKdim(R) < GKdim(SS). O

26. MARCH 10
Definition 26.1. Given a ring R and P € Spec(R), we define the height of P to be
ht(P) := Kdim(Rp) =sup{n: Qo S Q1 C -+ € Qn, @, C P,Q; € Spec(R)}.
Definition 26.2. For any R, we define M-Spec(R) to be the set of maximal ideals of R, i.e.,
M-Spec(R) := {M : M a maximal ideal of R}.

Now we shall put a topology on Spec(R). Then M-Spec(R) will inherit the subspace
topology. Particularly, we will put the Zariski topology:

Definition 26.3. We define the closed sets of the Zariski topology as follows: if I is an ideal
of R, then

Cr:={P € Spec(R): P D I}.

Let’s verify if this topology is indeed a topology. Clearly, Cr = () and Spec(R) = C(q).
Let’s check it Cr, U---UCT, = Cny;. This is clear since

PelCLbUu---UC, < POLorBLOILor ---PL DI,

S P2 ﬂ I;
j=1
For the last <, the = is obvious, so let’s just show the <= direction. Suppose that B 2 () I,
but does not contain any ;. Then there exists a; € I;\*B for j =1,2,...,n. Soajas---a, €
(N 1; € *B. But then P is a prime ideal so a; € P for some j. Contradiction, so we proved
what we wanted to show.

Notice that an arbitrary union of Cf,’s need not be closed.
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Ezxample 26.4. Let R = Cl[z], so Kdim(R) = 1, since (0) € (x — A) are the only available
chains of prime ideals. Suppose I = (p(x)). Then

Cr={(z—X):(x—X 2 (px)}

so there is a bijection between C; and {\ € C: p(\) =0}, as (z— ) 2 (p(x)) & x— \|p(x).
Thus Cf is a finite set. So in this case,

Spec(R) if I = (0)
Cr = { finite set  if I # (0)
(0) if I =R.
Then Z := |J C(y—n) is not closed, since Z is countably infinite while Spec(R) is uncountably

nez
infinite.

Finally, it remains to show that the arbitrary intersection of the C}’s is closed. Namely,
we show

Proposition 26.5. |JC;, = Cyy,.
Proof. Pe|JC;, & PeCp foralas PO I, foralas P DY I, O

Remark 26.1. We actually only need to consider C; when I = /I, since C; = C7- Note
that I C VI, soif P D I then P D I. But if P D I, then

P2 () Q=VIT,
Q21
Q prime
soPDI& PDVIL HenceC}:C’ﬁ.
Remark 26.2. Clearly, if I O J, then C; C C.
We consider some specific examples of Spec(R).

Ezample 26.6. Spec(Q) = {(0)}. Spec(Z) = {(p) : p prime number}.

Let P € Spec(R). Then what is the closure of P? Recall that the closure P = Cp = {Q €
Spec(R) : @ D P}. Then {P} = {P} if and only if P is maximal. Also, P is dense (i.e.,
P = Spec(R)) if and only if P = 1/(0).

Ezample 26.7. In Spec(Z), every point is closed; the dense point is (0). If I is an ideal in
Z, then either I = (0) = C; = Spec(Z), or forn >2, I = (n) = Cr={(p) : (p) 2 (n)} =
{(p) : p|n}. Clearly, if I = Z then C; = (). Thus this topology is a cofinite topology since
the complement of an open set is finite.

Example 26.8. Let R = Zy. Then there is a correspondence between Spec(Zz)) and the
set {P € Spec(Z) : P C (2)}. (2) is a closed point in Z and (0) is the dense point in Z.
Similarly, by this correspondence, 2Z ) is a closed point and (0) is the dense point. We will
elaborate on this point more in the following theorem:
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Theorem 26.9. Let R be an integral domain. Suppose also that P € Spec(R), and that
X = {Q € Spee(R) : Q C P}
with the subspace topology. We showed that there is a correspondence:
X & Spec(Rp)
QL QRp
JNR <.

Then f and g are continuous bijections and so X is homeomorphic to Spec(Rp). If C 1is
a closed subset of Spec(Rp), then C = C; where I is an ideal of Rp. That is, C = {Q €
Spec(Rp) : Q D I}.

Proof. Note that
f1(C)={L€Spec(R): LC P, f(L)=LRp DI} ={L&Spec(R): LDINR}NX,

which is closed in X. Also, note that LRp 2 [ < L = LRp N R D I N R, as required.
Conversely, if C' C X is closed, then

C=XnN{LeSpec(R): LDI}
for some radical ideal 1. So
g C)={LRp:LOI;LC PY={LRp:LDI}
={LRp:LRp D IRp} ={Q € Spec(Rp) : Q 2 IRp} = Cig, C Spec(Rp). O

27. MARCH 12

Let R be a ring and X = Spec(R), where the closed sets are of the form C; = {P €

Spec(R) : P D I}. Recall that we can only consider the cases when I = /T and J = /.J
hence Cr = C ;and C; = C 7. f C; 2 Cy, then {P: P2 I} D {P: P2 J}, hence I C J.
Conversely, if C; O C'; then whenever P O J then P O I. Hence

N P2 () P

P prime P prime
PDJ PDI

So vJ D VI so J DI as required.

Remark 27.1. Cr with the subspace topology on Spec(R) is homeomorphic to Spec(RR/I).
This claim follows from correspondence. Let f : C; — Spec(R/I) such that f(P) = P where
J is the image of J under the natural map J — J/I. Then f is a bijection, since by the
correspondence theorem we have
Cr={P:P DI} <+ Spec(R/I)
P&SP

To see that f isa homeomc&phism, note that if J is an ideal of R/J then there exists an
ideal L O I of R such that L = J, by correspondence. So we have

FHCs) = [ ({Q € Spec(R/I) : Q 2 {é) —{PeSpec(R): PO I} =C, CCy,



so f is indeed continuous. Conversely, if C'is a closed subset of C}, then C' = C, for some
L 2 I. Then note that f(Cz) = {Q € Spec(R/I) : Q D I} = C7. Therefore f! is

continuous so f is a homeomorphism.

This example fits more generally into the following framework. Consider the following
problem from Assignment #4. In Assignment #4, you will show that if ¢* : R — S is
a ring homomorphism, then an induced map ¢ : Spec(S) — Spec(R) defined as ¢(P) —
(¢*)"Y(P) =: Q is a continuous map. In this setting, if ¢* : R — R/I given by r + r + I
gives a continuous map, then the image of ¢ : Spec(R/I) — Spec(R) is Cf, and this ¢ = f~1.

So far, we have been talking about closed sets. What about open sets then? Start with
f € R. Let’s define U(f) := Spec(R) \ C(yy = {P € Spec(R)}\{P: P2 (f) & fe P} =
{P € Spec(R) : f € P}. Note that {P € Spec(R) : f € P} = Spec(Ry). Then U(f) is
indeed open.

Definition 27.1. Such U(f) is said to be a principal open set.

Remark 27.2. The sets U(f) form a basis for the Zariski topology. Notice also that if U is
an open set with U = Spec(R) \ Cr and if f € [ then U(f) C U. Note that if f € I then
V(f) € V1,50 C; C Cp). Therefore Spec(R)\ Cs) C Spec(R)\Cy, or U(f) C U as desired.

Theorem 27.2. Let R be a ring. Then the following are equivalent:

(1) Spec(R) is disconnected
(2) R has an idempotent e # 0,1
(8) R= Ry X Ry where both Ry and Ry are non-trivial.

Proof. ((1) = (2)) Suppose that Spec(R) is disconnected. Then there exist I, J ideals of R
such that Spec(R) = C; U C}, where U denotes the disjoint union. So if C; N C; = (), then
Cryy = 0. On the other hand, if C; U C; = Spec(R) then Cjny = C1; = Spec(R). Note
that Cryy =0 < I+ .J = R, and that Cr; = Spec(R) < p prime P = 1/(0) 2 1.J. Since
I+ J = R, there exist z € [ and y € J such that x +y =1 and zy € IJ C \/@, ie.,
(zy)™ = 0 for some n > 1. Now

2 2
l=(z+y)" =2+ ( 1”):1:2”_1er---+ (:)x”y”

2n n—1 n+1 2n 2n—1 2n
+(n+1>x o Ty

s

It is easy to see that e(1 —e) = 0. Why? note that e € 2"R and 1 —e € y"R so
e(l1 —e) € (zy)"R = (0). So €* = e. So we are done once we show that e # 0,1. But
this is easy: sincee € 2"RC I C Rand 1 —e € J C R, we see that e # 1 and 1 — e # 1.
Therefore e # 0,1 as required.

((2) = (3)) Suppose that there exists ¢ € R, e # 0,1 such that e = e. Let Ry = Re and
Ry = R(1 —e). Since e # 0,1 neither Ry nor R, is the zero ring. So R; anD Ry are rings
with identities as e and 1 — e respectively. Now the following claim comes in handy:

Claim. If f is an idempotent in R then Rf is a ring with unit f.
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If r € Rthen rf € Rf. Thus (rf)f = rf* = rf, and f(rf) = rf? = rf. Also,
(rf)-(sf)y=rsfandrf+sf=(r+s)f as desired.
Define ¢ : R — Ry x Ry by ¢(r) = (re,r(1 —e)). We claim that ¢ is an isomorphism. ¢
is a homomorphism since
¢<T1 -+ 7’2) = (
= (rie,r1(1 —e)) + (r2e,m2(1 —€)) = @(r1) + &(r2)
o(rire) = (riree, rira(1 —€))
= (riree?, rira(1 — €)?) = (rierge, r1(1 — e)ra(1 —¢))

= o(r1)¢(ra).

For injectivity, suppose ¢(r) = (0,0). That is, re = 0 and r(1 — e) = 0. therefore re +
r(1 —e) =r = 0. As for surjectivity, given any ae € Re and b(1 —e) € R(1 — e), we have
dlae+b(1 —e)) = (ae,b(1 —e€)). So R = Ry X Ry as claimed.

((3) = (1)) This one is quite immediate. If R = Ry x Ry then I = R; x {0} is an ideal, and
similarly J = {0} x Ry is an ideal. Clearly /J = (0,0) and I +.J = R so C; U C; = Spec(R)
as required. O

(r1 +ro)e, (11 +12)(1 —e))

Definition 27.3. A topological space X is reducible if there exist proper closed subsets
Cy and Cy (not necessarily disjoint) such that X = C; U Cy. Otherwise, X is said to be
1rreducible.

Remark 27.3. Evidently, if X is disconnected, then X is automatically reducible. However,
the converse is false.

28. MARCH 13
Can we find a ring R such that Spec(R) is connected but reducible?

Ezample 28.1. Let R = Clx,y]/(x,y). Let T,y denote the images of  and y in R. Then
Spec(R) is reducible since Cz) U C(5 = Spec(R): zy = 0 so if P € Spec(R) then zy € P. So
zePorye PsoPeCCyorPeCy. Now we need to show that Spec(R) is connected.
Notice
R ={c+zp(T) +yq(y) : ¢ € C,p(t), q(t) € C[]}.

We showed that Spec(R) is disconnected if and only if there is an idempotent e#0,1. If
e = c+ zp(T) + yq(y) is an idempotent, so (¢ + Zp(Z) + yq(y)* = ¢* + 2¢zp(Z) + 2cyq(y) +
72p(7)* + 5%q(y)?. Hence deg(zp(z)) = deg(yq(y)) = 0. Thuse =c € Csoe = 0,1. So
Spec(R) is connected.

Theorem 28.2. Spec(R) is irreducible if and only if N := \/(0) is a prime ideal. Therefore,
Spec(R) is irreducible if and only if R/N is an integral domain.

Proof. Spec(R) = Spec(R/N), so we may assume without loss of generality that R is reduced
(i.e., (0) = 4/(0)). Now if R is not an integral domain, then there exist a,b € R\ {0} such
that ab = 0. Then Spec(R) = C() U C(s) = Cla)np) = Car) = Cr0y = Spec(R). So if R is not
an integral domain, then Spec(R) is reducible

If Spec(R) is reducible, then Spec(R) = C;UCy = Cry. So IJ = (0) and I,J # (0).
Pick a € I\ {0} and b € J\ {0} such that ab = 0. Thus R is not an integral domain, as

desired. n
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Corollary 28.3. C; C Spec(R) is irreducible if and only if VT is a prime ideal.

Proof. Spec(R/I) = C; = C ;7 = Spec(R/VI), and S = R/\/T is reduced. Thus C is
irreducible if and only if S is an integral domain. This is equivalent to saying that /7 is a
prime ideal. O

Theorem 28.4. Let R be a ring. Then Spec(R) is quasi-compact. That is, if Spec(R) =
U Us where U, open sets, then there exists a finite collection of open sets {UOC17 U}

such that Spec(R) = |J Us,,-
i=1

Proof. Suppose that Spec(R) = |JU,, where U, = Spec(R) \ Cy, for some ideal I, of R.

Then | U, = Spec(R) if and only if (| C}, = 0 if and only if CZ I, = Q); and this is equivalent
to saying that > I, = R. So there exist i,, € I, such that 7o, + - + la, = 1. This would

mean that Io, +---+ I, = R. Thus Cy~7, =0, so ﬂ Cr,, = 0. So ﬂ U,, = Spec(R). 0O

Let R be Noetherian. When is Spec(R) Hausdorff?

Theorem 28.5. Suppose that R is a Noetherian ring. Then the following are equivalent:

(1) Kdim(R) =0

(2) Spec(R) is compact and Hausdorff

(3) Spec(R) is finite and discrete

(4) R/N = Fy x --- F, where N = 1/(0),s > 1 and F; fields.
Proof. Earlier we showed (1) < (4), and we just showed (3) = (2) = (1). Thus we only
need to show (4) = (3). If R/N = F} x F; then Spec(R) = Spec(R/N) = Spec(F; x Fy).
But since F} x F is Noetherian and has Krull dimension 0, it has only finitely many prime
ideals, all of which are maximal. So | Spec(R)| < oo and each point is closed. Therefore the
topology is discrete. O

28.1. Noetherian topological spaces.

Definition 28.6. Let X be a topological space. We say that X is a Noetherian topological
space if whenever C} O Cy O (3 O --- is a descending chain of closed subsets of X then
there exists n such that C, = C,,11 = C,40 =

Definition 28.7. If X is a topological space, then we can define the Krull dimension of X
to be

Kdim(X) := sup{there exists a chain Cy 2 Cy 2 --- D C,,, C; irreducible subsets}.

Example 28.8. If R is a ring then Kdim(R) = Kdim(Spec(R)).
28.2. Artinian rings.

Definition 28.9. A ring R is Artinian if every descending chain of ideals terminates, i.e.,
if Iy O Iy O --- then there exists n such that I,, = I,,7 = I,,o = ---. An R-module M is
Artinian if it satisfied the descending chain condition on submodules.

Proposition 28.10. R is Artinian if and only if R is Artinian as an R-module.

Proof. Just as with the Noetherian case, the same proof shows that R is Artinian iff every
non-empty subset of ideals has a minimal element with respect to inclusion. [l
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29. MARCH 17
Lemma 29.1. If R is a ring and
0— M, — M5 My —0

s a short exact sequence of R-modules, then M is Artinian if and only if My and My are
Artinian.

Proof. (=) This is clear, since My = M/M; and M; C M.

(<) Suppose that M; and M, are Artinian, and let Ny O Ny O -+ be a descending chain
of submodules in M. Without loss of generality, let My C M. Then NyNM; O NoNM; D ---
is a descending chain in M, and since M; is Artinian there exists 7 such that N; N M; =
Niy1 N My = ---. Similarly, we have that 7(Ny) 2 w(N2) O - -+, which must stabilize as M,
is Artinian (i.e., exists j such that 7(N;) = m(Nj4q1) = - - -

Let n > max(4,j). Then we claim that N,, = N,41 implies Npax(ij) = Nmax(j)+1 = =
Thus the chain terminates so M is Artinian. Since n > j we have w(N,) = m(N,41). We
also know that N,,; C N,, so we need to show that N,,,; O N,. Suppose x € N,,. Then
m(z) € m(N,) = m(Npt1), so there exists y € N,41 such that m(x) = 7(y). Hence m(x—y) =0
so x,y € My. But then z —y € N,,sox —y € N, N M; = N,.1 N My since n > i. Hence
T—yE€Np1s0r€y+ Nyy1 € Nyyg. O

Proposition 29.2. If R is a ring in which (0) = MMy --- M, where M;’s are mazimal
ideals in R, then R is Artinian if and only if R is Noetherian.

PTOOf. (<:> Let Al = Ml,Ag = MlMQ,Ag, = M1M2M3, . ,As = M1M2M3 s MS = (0) and
Ao = R. Suppose that R is Noetherian but not Artinian. Then Ay = R is not Artinian as
an R-module. However, A; = (0) is Artinian as an R-module. Therefore, there must exist
some largest ¢ such that A; = M; M, --- M; is not Artinian but A;, 1 = MMy --- M, is.
Note that

0— Ai+1 — Az — Ai/AiJrl — 0

is a short exact sequence. Our goal is to show that A;/A;;; is Artinian, since that would
imply that A; is Artinian, when R is Artinian (hence a contradiction). So it suffices to
show that A;/A; 1 = MyMs -+ M;/MyMy - -- M;,; is Artinian. Notice that M, ; annihilates
A;/Aiy1 so A;/A;y1 inherits the structure of an F-module, where F' := R/M,,;. Since
R is Noetherian, A; is Noetherian also. Therefore A;/A;,; is Noetherian as an R-module.
Therefore A;/A; 1 is Noetherian as an F-module or equivalently as an F-vector space. Recall
that an F-vector space is Noetherian as an F-module if and only if the vector space is finite-
dimensional. Therefore dimp A;/A;11 < 0o. Another fact: suppose that F' is a field and V' is
an F-vector space. Then V is Artinian as an F-module if and only if V' is finite-dimensional.
Hence A;/A;+1 is an Artinian F-module, so A;/A;;1 is Artinian as an R-module, as M4
annihilates A;/A;,,. Contradiction!

(:>) Let Al = Ml,AQ = MlMQ,Ag = MleMg,...,As = MlMQMg"'MS = (O) and
Ag = R. Suppose that R is Artinian but not Noetherian. Then Ag = R is not Noetherian as
an R-module. However, A; = (0) is Noetherian as an R-module. Therefore, there must exist
some largest ¢ such that A; = MM, - -- M; is not Noetherian but A;,1 = MMy - -- M;,4 is.
Note that

0— Ai+1 — Al — Ai/AiJrl —0
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is a short exact sequence. Our goal is to show that A;/A;y; is Noetherian, since that
would imply that A; is Noetherian, whence R is Noetherian (hence a contradiction). So it
suffices to show that Ai/Ai—l—l = M1M2 s MZ/MlMQ tee Mi+1 is Noetherian. Notice that Mi+1
annihilates A;/A;11 so A;/A;41 inherits the structure of an F-module, where F' := R/M;,.
Since R is Artinian, A; is Artinian also. Therefore A;/A;; is Artinian as an R-module.
Therefore A;/A;+1 is Artinian as an F-module or equivalently as an F-vector space. Recall
that an F-vector space is Artinian as an F-module if and only if the vector space is finite-
dimensional. Therefore dimg A;/A;11 < co. Another fact: suppose that F' is a field and
V is an F-vector space. Then V is Noetherian as an F-module if and only if V is finite-
dimensional. Hence A;/A;.; is an Noetherian F-module, so A;/A;;; is Noetherian as an
R-module, as M, annihilates A;/A; ;. Contradiction! O

30. MARCH 19
Theorem 30.1. R is Artinian if and only if R is Noetherian and has Kdim(R) = 0.

Proof. (<) If R is Noetherian and has Krull dimension 0, then by Noether’s result, there
exist prime ideals Py,..., Ps; such that P,P;--- P, = (0). Since Kdim(R) = 0, each P; is
maximal so (0) is a product of maximal ideals and R is Noetherian. Thus by Proposition

29.2] R is Artinian.

(=) For this direction, we need to prove a few claims first.

Claim (Claim 1). Let R be Artinian and let P € Spec(R). Then P is maximal. In particular,
Kdim(R) = 0.

Proof of Claim 1. Let S = R/P. By correspondence, S is Artinian and S is an integral
domain. We will then show that S is a field. Let x € S\ {0}. Consider the chain xS 2

228 D 23S D ---. Since S is Artinian, there exists n such that z"S = 2"*t'S. So if
2™ € "8, then there exists y € S such that 2" = 2"*!y. Divide both sides by 2" to get
xy = 1. Therefore x has an inverse meaning that S is a field. O

Claim (Claim 2). Let R be Artinian. Then Spec(R) is finite.

Proof of Claim 2. Suppose that we have distinct prime ideals P;, P, . ... Note that by Claim
1, we know all of them are maximal. Consider the chain

POPNPRDOPNPNAPD .

This chain terminates, so there exists n such that

n+1

Nr=Nr
i=1 i=1

Therefore P, --- P, C P,,;. Recall that the P;”s are all distinct and all maximal by Claim
1. Therefore there exists a; € P, \ P4y foralli=1,...n. Soa;---a, C P,--- P, C P,y1.
But this contradicts the fact that P,,; is prime and none of a;’s are in P, ;. The claim
follows. O

Claim (Claim 3). If R is Artinian then J(R) is nilpotent.
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Proof. Let J = J(R). Consider the chain J 2 J* D J® D ..., Since R is Artinian,
there exists n such that J* = J"* = .... So J" = J?". Trick: Let ¥ := {I C R :
I'ideal of R, I C J™,IJ™ # (0)}. Note that ./ # 0, since J" € .%: notes that J"J" =
J?" = J" = (0). Since R is Artinian, there exists a minimal elements L € .. So LJ" # (0)
but if L' C L then L'J" = (0). Since LJ™ # (0), there exists x € L such that zJ™ # (0).
We claim that L = Rx. Since x € L, clearly Rx C L. Since zJ" # (0), we have
J"Rx # (0). Thus by minimality L = Rx. Now by assumption we have J"L # (0)., and
J"J"L = J*L # (0). Thus J"L = L by minimality. But then since J"L C JL = L, by
Nakayama’s lemma L = (0) (recall that L = Rz is finitely generated). Contradiction! O

Claim 1 gives us Kdim(R) = 0. Claim 2 says that Spec(R) = {P,...,P.},k > 1.
Moreover, by Claim 1, Py, ..., P, are maximal so

k
J(R)=(\P2 PP
i=1
So by Claim 3, we know there exists m > 1 such that J(R)™ = (0). Therefore J(R)™ =
(0) D (PyPy--- P,)™, which is a finite product of maximal ideals. So (0) is the finite project
of maximal ideals, and since R is Artinian, Lemma give us that R is Noetherian. [

Corollary 30.2. If R is Artinian and J(R) = (0), then R = F} x --- X Fy with s > 1 and
F; fields.

Proof. (0) = J(R) = PPN PyN---N Py, where each P, is maximal. Therefore P;’s are pairwise
co-maximal. So by the Chinese remainder theorem we have

R—n/(\P.= [ R/P.
=1 =1

Letting F; := R/ P; yields the result. O

Definition 30.3. Let R be a noncommutative ring. Then we say that R is (left-)Artinian
if ever descending chain of left ideals Ly O Ly O --- terminates. The Jacobson radical of R
J(R) is defined to be

J(R) = N M.

M max. left ideals

Theorem 30.4 (Artin-Wedderburn theorem). Let R be a ring (not necessarily commuta-
tive). If R is left-Artinian with J(R) = (0), then

R= f[ M, (D;),
i=1

where M,,, (D;) is the matriz ring over the division ring D;.
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30.1. Primary decomposition.

Remark 30.1 (Motivation). If I is an ideal of R and I C P, for i = 1,...,s are the maximal
ideals so that VI = P N---N P,. In particular, if I = VT then T is a finite intersection of
prime ideals.

Definition 30.5. Let I a proper ideal of R. We say that I is primary if whenever xy € I we
have either x € I or there exists n such that y” € I. Equivalently, I is primary if whenever
xy € I at least one of the following holds:

ercl

eycl

e there exists n such that 2™, y" € I.

Ezxample 30.6. Let R = Z. Then 6Z is not primary since if x = 3,y = 2 then xy € 6Z but
x ¢ 6Z and y™ ¢ 6Z for all n > 1. 8Z is primary: if zy € 8Z then 8|zy. Therefore either
8|z or 2|y so 8|y3. Thus either x € 8Z or y* € 8Z. 37Z is primary, since if zy € 3Z (i.e.,
3|zy) then either x € 3Z or y' € 3Z.

Lemma 30.7. Let n > 1. Then nZ is primary if and only if n = p* for some p prime and
and k> 1.

Proof. 1f n # p* then n = ab with a,b > 1 and ged(a,b) = 1. So nta,ntb hence nfa®, ntbF.
Conversely, if n = p*Z and xy € p*Z then either p* |z, p* |y or (p|z and p|y). Therefore
pkla* and p*|y*. Thus either x € p*Z,y € p*Z or a2, y* € p*Z. O

Proposition 30.8. Let Q be primary. Then \/Q is a prime ideal.

Proof. Suppose that /@ is not prime. THen there exist z,y such that zy € /Q but
r,y ¢ /Q. Because ry € /Q we have x"y" € Q for some n > 1. Now no power of
x can be in ), and the same holds for y. This means that () is not primary, which is a
contradiction. U

31. MARCH 20

Recall that last time we proved that
(1) If P is prime then P is primary.
(2) If P is primary then v/P is prime.

In general, the converse of (2) does not hold.

Ezample 31.1. Let R := C[z,y, z]/(zy — 2*?) = C|[z, 7, 2] where 7y = z%. Let P = (7,z) C
Notice that R/P = Clz,y,z/(%,2) & Clz,y,2]/(zy — 2%,2,2) = Clx,y,2]/(z,2) = C[y]
which is an integral domain. Since R/P is an integral domain, P is prime. Let Q = P2
Then /@ = P prime but we claim that @ is not primary. Clearly Z -4 € Q, since

z-z€ P?=Q. If Q is primary, either Z € Q or § € @ for some n > 1.

Notice that if §" € Q = P? then y" € P. But R/P = C[t] (let Z,z + 0 and 7 + t) so
y" ¢ P because t" # 0. Also, ¥ ¢ Q. Why? Note that P2 = (z,7z, 2%). This means that
T € P%if and only if x € (2%, 22, 2%, wy — 2?), but this cannot happen. Hence y" ¢ Q for all
n>1and T € () so @) is not primary.

There is a partial converse, however.
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Proposition 31.2. Let Q be an ideal of R and suppose that P := /Q is a mazimal ideal.
Then @ is primary.

Proof. Let S = R/Q. Then S is a local ring with the unique maximal ideal P/Q =: M.
Since S is local, if x € S\ M is a unit in S. Suppose that zy € Q. This means -5 =0 € S.
If 2 ¢ M, then Z is a unit. So gy =0in Ssoy ¢ Q. If y ¢ M, then gy is a unit. Therefore
z=0€Ssox e Q. If z,y € M then there exists n such that 2" = ™ = 0 so 2™ and y" are
in Q. O

Definition 31.3. Let I be a proper ideal of R. We say that I is reducible if [ = JN K
for some ideals J, K where J 2 I and K 2 [. I is irreducible if whenever I = J N K and
J, K O I ideals, we have J =1 or K = 1.

Proposition 31.4. Let R be a Noetherian ring. Then every proper ideal is a finite inter-
section of irreducible ideals.

Proof. Suppose otherwise. Then . := {I : I ideal; not a finite intersection of irreducible

ideals} is non-empty. Since R is Noetherian, there exists a maximal element J of .. J is
not irreducible, so there exists I.K 2 J such that J = INK. Now I, K ¢ . by maximality
of J;sol =LiNLyN---NLs, and K = Ny N---N K, where each of the L;’s and N;,’s is
irreducible. So J =INK =LiN---NL,NNyN---N N so J is a finite intersection of
irreducible ideals. So . = (), as desired. 0

Theorem 31.5. Let R be a Noetherian ring. Then every ideal I of R has a decomposition
I=0Q1NQ2N---NQs where each Q; is primary.

This theorem follows immediately from the following lemma:
Lemma 31.6. Let R be a Noetherian ring. Then every irreducible ideal is primary.

Proof. Let I be an irreducible ideal, and let S := R/I, and suppose that x,y € R and zy € I.
We need to show that either z € I or y” € I for some n > 1. In S, we have z - y = 0 and
we must show that either z = 0 or " = 0 for some n > 1. We also know that (0) is an
irreducible ideal in S. We know this because of correspondence. Suppose that & # 0. We
will show that " — 0 for some n > 1 and we are done. For m > 1, let

Im ={a €S :ay™ = 0},

which is an ideal of S; and we also hate J; C J, C J3 C ---. Therefore, since R is Noetherian,
there exists n such that J, = J,.1. In other words, if aj®*! = 0, then ay™ = 0. From this
we claim that

Claim. (0) = (z) N (y"™).

Suppose that a € (z) N (y"). Then a = bz and a = cy”. So ay = bry = 0. Hence
ay =cy" -y =cy"t =0. Soc € Jpy1 = Jp. Thus ¢ =a=0. So (0) = (z) N (y"). But
(0) is irreducible, so " = 0 since we assumed that z # 0. So (0) is primary, which implies
that I is primary also. U

Remark 31.1. This is quite nice for R Noetherian integral domain of Krull dimension 1. Here
Q is primary if and only if @ = (0) or /@ is maximal. Then every non-zero [ = Q;N---NQ,
where each /(); is maximal.
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32. MARCH 24: VALUATION RINGS

Definition 32.1. Let K be a field. A valuation v on K is a map v : K — Z U {oo} such
that:

(1) v(a) =0 & a =0,

(2) v(ab) = v(a) 4+ v(b) where co +n =n+ 0o = 00 + 00 = 00,

(3) v(a+b) > min(v(a),v(b)).
Ezample 32.2 (p-adic valuation). Let K = Q and p a prime number. For n € Z non-zero,
write n = p*n/ with p { n’. Define v,(n) = k; and if m/n € Q with m € Z and n non-zero

integer, define v(m/n) := v(m) — v(n). One can check easily that this is well-defined and is
a valuation.

Ezample 32.3. Let K be the field of rational functions on C, C(x). Given f(z) € K \ {0},
we shall define
n  if f(z) has a zero at x = 0 of order n > 0
v(f(z)) =< —n if f(x) has a pole at x = 0 of order n > 0
0 if f(z) is analytic at x = 0 and f(0) =0

Time for some comparison between the two:

| | K =C(a) | K=Q |
Starting ring Clz] Z
Valuation v(p(x)) = order of zero at x =0 v(n) = k where p*||n
Associated ideal (x) pZ
v(p(z)) =k < p(z) € ()" \ ()" [v(n) =k & n e (p2)°\ (pZ)*"

Definition 32.4. Let K be a field and let v : K — Z U {00} be a valuation. We define the
valuation ring of v:

O, ={a€ K :v(a) > 0}.

As it turns out, O, is a ring. If a,b € O, then v(ab) = v(a)+v(b) > 0 so ab € O,; similarly,
v(a 4+ b) > min(v(a),v(b)) > 0so a+b € O,. Finally, since v(0) = oo and v(1) = 0, it
follows that 0,1 € O,. But there is more.

Remark 32.1. O, is a local ring with the maximal ideal M, := {a € O, : v(a) > 0}. Tt
is straightforward to see that 9, is an ideal. If z € O, \ M, then v(z) = 0 (and = is a
unit). Therefore, v(z~! - z) = v(1) = 0. Therefore, 0 = v(z) + v(z™ 1), so v(z~') = 0. Hence
7t € O, so x € O Hence M, is the unique maximal ideal of O,,.

Ezxample 32.5. Let K = Q,p = 2, and v be the 2-adic valuation. What is O,7 Let
0, = {% ca,beZ,b=1 (mod 2)} M =20,
Ezample 32.6. K = C(z), and v be the valuation as defined before.Then

0.~ {85 40 #0}.

Then 9, = 20,,.
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33. MARCH 26
Definition 33.1. A ring of the form O, is called a discrete valuation ring (DVR).

Remark 33.1. Recall that O, is a local ring with the unique maximal ideal 0, := {a : v(a) >
0} C0O,.

Proposition 33.2. Let R be a DVR. Then R is a PID.

Proof. Let I be an ideal of R. If I = (0) or I = R, then [ is evidently principal. So without
loss of generality assume that (0) # I C 9,. Pick a € I with v(a) minimal. We say that
I = (a). To see this, suppose that v(y) € I\ {0} where v(y) > v(a). Let K = Frac(R).
Then ya=! € K and v(ya™) = v(y) — v(a) > 0. Therefore ya=! € R. So y = (ya~')a € R,
so Ra C I C Ra. Thus I = (a). O

Question. What are the possible Krull dimensions of a PID?

Solution: 0 and 1, and that’s it. Let’s see why. Suppose that R is a PID. Consider the
chain (0) € P € @ with P, @ prime ideals. Since R is a PID, there exist z,y € R such that
P = (z)and Q = (y). = € (y) so x = ay for some a € R. So ay € (z) so a € (z). Thus
a = xb for some b, so x = ay = xby. Hence 1 = by so 1 € (y). But this is a contradiction
since (y) is proper. Therefore Kdim(R) < 1.

Corollary 33.3. If R is a DVR with a non-trivial valuation, then R is a PID, so R s
Noetherian with Krull dimension 1.

Proof. We saw that R is a PID, so it is Noetherian and is finitely generated. We know that
R has the (non-zero) unique maximal ideal 9, which is clearly a prime ideal. Therefore
Kdim(R) > 1. Hence Kdim(R) = 1. O

Theorem 33.4. Let R be a DVR. Then R is integrally closed (that is, if x € K be integral
over R (that is, if K = Frac(R) and x € K and x is a solution to some monic polynomial
over R, then © € R).

Proof. Let K = Frac(R) and let + € K be integral over R. Then there exists n >
1,79,71,...,7n—1 € R such that

g+ 2" 4 =0,

To show that € R, we need to show that v(x) > 0. Suppose toward a contradiction
that v(z) = ¢ < 0. Then v(z") = nc and v(r;z') = v(r;) + v(z') = v(r;) +ic > ic for all

i <n. Now 2" = —r, 12"t —r, 92" % — .- —rix — ry. Note that v(a; +as + -+ +a,) >
min(v(ay),...,v(ay)), since v is a valuation. So we have
ne=v(z") = v(—rp_12" ' — - — iz — o) > min(v(r,_12" ), ..., v(ro))
> min((n — 1)¢, (n —2)¢,...,0) = (n — 1)c.
So nc > (n — 1)c, hence ¢ > 0 as required. O
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34. MARCH 27

Theorem 34.1. Let A be a Noetherian local domain of Kdim(A) = 1. Let P be its mazimal
ideal of A. Then the following are equivalent:

(1) Ais a DVR

(2) A is integrally closed

(3) P is principal

(4) dimy, P/P? = 1, where k := A/ P, also called a residue field

(5) every non-zero ideal of A is of the form P™ for some n > 0

(6) there exists a non-zero x in A such that every non-zero ideal of A is of the form (x™)

for some m > 0.

Remark 34.1 (Why DVRs are useful). To see why DVRs are useful, we need to consider the
general strategy in commutative algebra.

(1) Input: Some Noetherian integral domain R and some problem

(2) Step 1: Show that you can reduce to the case where R is integrally closed by consid-
ering its integral closure.

(3) Step 2: For each prime P of height 1 in R, we have R — Rp, which is a DVR
(Noetherian and has Krull dimension 1).

Example 34.2. Let p be a prime. Then consider X = Z/pZ x Z/p*Z x ---. Note
that Z, C X, and that Z/p'Z can be given the discrete, compact topology. So X is
a compact topological space and one can show that Z, C X is a closed subset of X.
Thus Z, is a compact topological space under the subspace topology — and it is also
a ring., with the usual multiplication and addition. Clearly Z — Z, with injection
given by n +— ([n],,[n]2,...). Also the image of this injection is dense. Thus Z, is a

DVR with the maximal ideal pZ,,.

Now let’s move to the proof of Theorem |34.1|

Proof. ((1) = (2)) We just did it today.

((2) = (3)) Pick z € P\ P?. Why can we do this? By Nakayama’s lemma if P = P? then
P = J(A)P = P? so P = (0) since P is finitely-generated. Now \/@ = P, so there exists
m > 1 such that P™ C (z). Pick the smallest n so that P"* C (x). If n = 1 then we are done,
since P = (z). Solet n > 1, without loss of generality so that P"~' C (z). Pick b € P"!\(z).
Let y = b/x. Then y ¢ A. Otherwise, we would have b = yx € (z), a contradiction. On the
other hand, Py = (Pb)/x because since b € P""' we have Pb/x C P"z~! C A recall that
P" C (x). Thus Py C A so Py is an ideal of A. Thus, either Py C P or Py = A. If Py = A,
then Pb/xz = A so Pb= Az. But sincen >1,b€ P"! C P. Thus Az C P- P = P?. But
this contradicts the fact that a € P\ P?. If Py = P, then P C A is a finitely-generated
A-module with A an integral and Py C P. So y is integral over A. But since A is integrally
closed, y € A. This is a contradiction! Therefore n =1 and P = (z).

((3) = (4)) Suppose that P = (z),z # 0. We need to show that dimy P/P? = 1. Write
P = Az. So P/P? = Ax/P?. Now if a € A then ar + P? = a(x + P?), witha € k = A/P.
So P/P? = k(x + P?). The claim follows.

((4) = (5)) We observe that we can get ((4) = (3)) by applying Nakayama’s lemma. Notice
that P/P? is one-dimensional over k, so there exists z € P\ P? such that x + P? generates

P/P?% as an A/P-module. Therefore P/P? is a finitely-generated A/P-module. We claim
53



that P = (x). Why? Suppose M = P/(z). Then PM = (P? + (x))/(z) = P/(z) = M.
Recall that P = J(A), so by Nakayama’s lemma we have P/(z) = M = (0). Therefore
P = (). Now let I # (0) be an ideal of A. Again, let /I = P so that there exists n such
that P™ C I. In particular, there exists some largest natural number m such that I C P™.
Otherwise, we would have I C P™ and P" C I, meaning I = P" and we will be done.

So we have I ¢ P™! = (™). Pick y € I\ (z™"!). But then y € (™) so y = az™,
where a ¢ (x) = P. Soa € A\ P. Therefore a is a unit so (y) = (z™) C I C P™ = (2™) so
in fact P = 1.

((5) = (6)) Pick z € P\ P2 Now (z) = P™ for some m > 0. Notice that 1 < m < 2,
since z € P\ P2 Hence m = 1 so P = (z). Thus P" = (2") for all n > 0, as required.

((6) = (1)) Define a map v : A\ {0} — Nso by v(a) = m, where m > 0 is the unique
non-negative integer such that a € P™\ P™"!. But here is one question we need to address
before proceeding: why can’t 0 # a be in (z™) for all m > 0?7 You will see why in Assignment
#4. For this reason, v is well-defined.

We extend v : K — Z U {oc} by v(a/b) = v(a) — v(b) for a,b € A with b # 0 (as in the
example with Q,) and v(0) = co. Then we claim that v is a valuation and that A is the
valuation ring of v.

Since A is local, we have P = (z). If a € A\ {0}, then (a) = (2™) so a = ua™ for some
unit u (i.e., v(u) = 0). Similarly, if a,b € A\ {0} then a = ua™ and b = v'z™ where u, v’
units. Thus a/b = u(u')"tz™™™, so v(a/b) = m — n.

Notice that v(a/b) > 0 & m —n > 0 & a/b = u()2¢ with d = m —n > 0.
Hence a/b € A. So A = {a/b € K* : v(a/b) > 0} U{0}. Now we should check that
v is a valuation. Indeed, if & = w;2%, 8 = usx® with uy,us € A* and dy,dy € Z, then
v(aB) = di+dy = v(a)+v(B). Also, note that a+3 = ujz® +usr® = 2% (u; +ugz® =) € A.
If dy < ds, then v(a+ B) = dy + v(up + ugx®~) > dy. Similarly, v(a + ) > dy if dy < d;.
So v is indeed a valuation, as desired. O

35. MARCH 31: DEDEKIND DOMAINS

Definition 35.1. A Dedekind domain is a Noetherian integral domain A that is integrally
closed (in Frac(A)) and has Kdim(A) = 1.

Remark 35.1. If P is a maximal ideal of A, then Ap is a DVR.

Example 35.2. 7, k[t] (k field) are Dedekind domains. If [K : Q] < oo then Ok, the integral
closure of Z in K, is a Dedekind domain.

Theorem 35.3. In a Dedekind domain R, every non-zero ideal I has a factorization into
prime ideals
I=pP™...P".

Moreover, this factorization is unique up to permutation of factors.

Historically speaking, Dedekind domains arose in number theory with FLT. It used to be
thought that by some that Z[e?™/"] is a UFD — until Kummer pointed out that this is wrong.

Remark 35.2 (Strategy for proving Theorem [35.3). Our strategy is as follows:
(1) Use primary decomposition: I = Q) N-N Qs, with Q); primary
(2) Show that in a Dedekind domain, (0) # @ primary implies that @) = P™ where P is

maximal and m > 1.
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(3) Use (1) and (2) to show that I = P{"™ N --- N P’ with each P; distinct
(4) Show that P -+ P = P ... Pms = [,
(5) Use local rings to prove uniqueness.

Note that Step 4 follows from the following fact: if Iy, ..., I are pairwise comaximal ideals
of R, then I1yNIsN---NIy = I1I5---1I,. The inclusion I1Iy---I, C I;N---N 1, is immediate.
Fro the reverse inclusion, let’s consider the s = 2 case for insight. If I + I = R, then there
exista € [1,b € Iy suchthat a+b=1. lf t € 1 NIy, thenx=x-1=x-a+x-b€ 11,. In
general, if I, ..., I, are pairwise comaximal, then I; and [ I; are comaximal.

JF#

Without loss of generality, consider I3 and [ob N I3N-- %ﬂ I;. We know for each j, there
exist a; € I; and b; € I; such that a; +b; = 1. Thus I; and Iy---I; are comaximal.
So 1 = (as + by)(as + b3)---(as + bs) = x + babsg---bs € Iy N ---I;. For each j there
exist ¢; € I; and d € [] I such that ¢; + d; = 1. Therefore if z € I; N --- N I  then

k#j
r=x-1=x(c1+dy) - (cs+ds) € Iy I, 80 [ N---NIy =11 I as required.

Proposition 35.4. Let A be a Noetherian integral domain of Krull dimension 1. Then the
following are equivalent:

(1) A is integrally closed (equivalently, A is a Dedekind domain)
(2) Every primary ideal in A is of the form P™ where m > 1 and P is prime
(3) If P is a prime ideal of A, then Ap is a DVR.

Proof. ((1) = (3)) Suppose A is integrally closed. If P is a prime ideal of A then Ap is also
integrally closed. Let’s see why this must be the case. In fact, a more general fact holds:
if R is integrally closed in K = Frac(R) and is S is multiplicatively closed, then S7'R is
integrally closed in K. We will prove this more general fact instead. Suppose that x € K is
integral over ST'R. So there exists a monic polynomial 2™ + (1,15, )a" 1 -+ - +rosy ' = 0.
Write s = s, 18,2 - - $150. Then there exist rj, -+ ,7/,_; € R so that 2" + (r/,_,;s )" +
<+ (rjsTHa + rjs™! = 0. Multiply by s" to get

(s2)" 4+ 7! (s2)" T+ (v _o8)(s2)" A -+ (118" (sw) +rps" T = 0.

Therefore, sz is integral over R. Since R is integrally closed, sz € R. Therefore x € S7'R,
so S7!R is indeed integrally closed.

From this we see that Ap is also integrally closed. So Ap is a local Noetherian ring with
Krull dimension one, so Ap is a DVR.

((3) = (1)) Suppose that P € Spec(A) and Ap is a DVR. Assume that C' C K = Frac(A)
is the integral closure of A. So A C C C K. Our goal is to show that A=C. Let f: A — C
be the inclusion map. We will show that f is surjective. Suppose that there exists ¢ € C'\ A,
and let P be the maximal ideal of A. Then Ap C S™'C where S = A\ P C C. Now Ap is
integrally closed and observe that S~'C' is integral over Ap.

Suppose s~ lc€ STIC. If " +ap_1c" L +---+ag = 0, then multiplying by s~" we see that
STy 18 4 +aps™ = 0. So we have (s7ie)" +a, 157 (s7ie) T 4 agsT = 0,
so s !c is indeed integral over Ap.

Since Ap is integrally closed and S~!C is integral over Ap, we see that Ap = S7!C > ¢
for all P. Soif c € C'\ A then ¢ € S7'C so ¢ = az'where x € A\ P. So for each maximal
ideal P, there is a, € A and x, € A\ P such that ¢ = apxgl, ie., zpc = a, € A. Let
J={re A:rce A}. Then J is an ideal of A. Notice that if J # A then J C P for some
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maximal ideal P. But then z, € J and z, ¢ P so J = A. Hence 1 € J so c € A. This is a
contradiction! O

36. APRIL 2

Theorem 36.1. Let A be a Noetherian integral domain with Krull dimension 1. Then the
following are equivalent:

(1) A is integrally closed
(2) Every primary ideal is a prime power.
(3) Every local ring Ap with P # (0) prime ideal, is a DVR.

Proof. We showed (1) < (3) last class. Let’s show (2) < (1,3).

Suppose that (2) holds. Let P be a non-zero prime ideal (so P is maximal). Consider the
local ring Ap. We will show that Ap is a DVR. Let J be a non-zero ideal of Ap. Then there
is a correspondence (by the correspondence theorem) J <+ (J N A)Ap. What is the radical
of J an ideal of Ap? Note that we can let v/J = PAp. Since Ap is Noetherian there exists
n such that (PAp)" C J. Letting I = J N A, we see that P* C I. Then /I = P since P
is maximal. Recall that if v/T is maximal then I is primary. Therefore there is m such that
P™ = 1. But then J = IAp = P"Ap = (PAp)™, so Ap is a DVR (by Theorem [34.1{(6)).

Conversely, suppose that (1) holds. Let I be a primary ideal and P = v/I (P maximal).
Since Ap is a DVR, [Ap = (PAp)™ = P,,Ap for some m > 1. We are done once we show
that P™ = I. We know that we have a bijection between the proper ideals of Ap and S-
saturated (i.e., if J is an ideal and xs € S with s € S then x € J) ideals of A contained in
P, where S = A\ P. The bijection is J <+ J N A (where J is an ideal of Ap and J N A an
ideal of A).

Since [Ap = P™Ap, we have IApN A = P"Ap N A. We claim that T[Ap N A = I and
Pm"Ap N A= P™ hence P™ = I. We will show that I and P™ are S-saturated. Suppose
that rs € I. Since [ is primary, either x € I or s" € I, but we know that s" ¢ I since
s" ¢ P to begin with (thus s ¢ P since P is a prime ideal). So I is S-saturated. Similarly,
P™ is also S-saturated. Thus by the bijection we see that [Ap = P"Ap = [ = P™, as
required. 0

Now we are ready to prove Theorem [35.3]

Proof of Theorem[35.5. Let I be a proper non-zero ideal of A. Then I has a primary decom-
position I = Q1N---NQ,. By our last theorem, A is a Dedekind domain, so Theorem m(l),
we have that every primary ideal is a prime power. It implies that there exist P, ..., P
prime (maximal) ideals such that Q; = P/™. Now write I = P™ N ---N P". Without
loss of generality, we can let P;,..., P, be pairwise distinct, with s taken to be minimal

with respect to this property. Then P/ .- P"s are pairwise comaximal (as to why we can

do this, see Remark [36.1). Then we have P™ N P2 N --- N PM™ = PPl ... P = ],
So we have at least one factorization into prime ideals. To see uniqueness, suppose that
I =Pm™.-.-P™ = Q7" ---Qf, where Py,..., Ps are pairwise distinct and Qq,...,Q; are
pairwise distinct (and m;,n; > 1).

Clazm {Pl,...7Ps}:{Q1,...,Qt}.

To see why, if Q; ¢ {Py,..., Ps} then P™ .- P = Q7" ---Qf* C Q;. So P/"™ --- P €
Q;. If no P, C A;, then for each i there exists a; € P, \ (); such that aj"a3”---al* €
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P ... P™s C ();. But this is a contradiction so there exists ¢ such that P; C ;. But since
P, is maximal, indeed P, = );. This proves {Q1,...,Q:} € {P,..., P} and by symmetry
the reverse inclusion follows.

So now we can consider [ = P{" ... P"s = P/"t ... P with m;,n; > 1. Now it suffices to
who what m; = n; for all i. Let’s look at this in the local ring Ap,:

TAp = (P/"™ - P )Ap = (P" -+ P]*)Ap,
(P ... P™)Ap = H(P,-Api)mi = (PAp)™
=1

(Pr - PP )Ap, = (PLAp )™ - (BiAp)™ - (PeAp,)™ = (PiAR)™.

Note that, if J an ideal of A and ) # J NS > s then S7'J is an ideal of S™'A. Then
s€ Asol=ss"te S A Thusif P and Q are distinct maximal ideals then PAg = Ag.
Therefore we have (P;Ap,)"™ = (P;Ap,)". We just need to show that m; = n;. If not, assume
m; < n; without loss of generality. Then we would have that (P,Ap )™ = (PAp,)™t =
-+« = (P,Ap,)™. But by Nakayama’s lemma, (P,Ap, )™ = (0), which is a contradiction since
P; # (0) and A an integral domain. So m; > n;; similarly, by symmetry we can show that
m; < n;. Therefore m; = n; as desired. O

Remark 36.1. Take s to be minimal. If some P, = P; then take P/ N P/ = pramims),

)

So we would get a shorter expression. Now P/"*, ..., P are pairwise comaximal. To show
this, we will prove the following general claim: if P and () are comaximal then P™ and Q™
are comaximal. If P and @) are comaximal, then there exist x € P,y € () such that t+y =1

hence P+ @Q = A. Now (z +y)™™ =1, and

m+n _ m+n\ , .,
($+y>m+n:xm+n+< )mm+n 1y+__._|_< . )Z‘y

1
o
+ (m+n>x"_1ym“ et (m+n>ym+” =1,
m—+1 m-+n

eQm
so P+ QM = A.

This is the official end of the course materials for commutative algebra!

37. APRIL 6

Theorem 37.1. Let A be an integral domain and suppose that every non-zero ideal factors
into prime ideals. Then A is a Dedekind domain.

Proof. We will prove a special case of this theorem, namely when A is Noetherian.

Suppose that (0) € Q@ C P, where @), P € Spec(A). Then notice that Ap has the same
factorization property as A. So in particular, the ideal QAp + (PAp)? must factor into
prime ideals, say QAp + (PAp)? = Ly--- L, where s > 1 and L; € Spec(Ap). Notice that
s < 1 also, since otherwise each L; € PAp, which would mean that L,--- L, C (PAp)® C
(PAp)%. One can show that Q € P? (exercise!). So this gives us a contradiction, because
QAp + (PAp)* 2 (PAp)?. Therefore s =1, so QAp + (PAp)? = L, where L is prime.
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Also, if z € PAp then 2* € (PAp)? C L. Because L is prime, it follows that z € L. So
L D PApso L = PAp since PAp is the maximal ideal of Ap. Now QAp+(PAp)? = PAp, so
if M = PAP/QAP, then (PAP)M = ((PAP)2 +QAP)/QAP = PAP/QAP =M. Therefore,
by Nakayama’s lemma, M = (0). Thus PAp = QAp, hence P = (), a contradiction.
Therefore A has Kdim(A) = 1.

To see that A is integrally closed, let z € P\ P? with P € Spec(A) and P # (0). Let
J = Az + P%. Then arguing as before, we see J = P. So Ar + P? hence M = P/Ax and
PM = M. So by Nakayama, M = (0). Hence P = Az, so A is integrally closed by Theorem
B4l O

One important skills to have as a mathematician is knowing lots of examples. Also, it is
important to think of analogies to get an insight on an unknown but seemingly similar setting.
What is equally important is to ask questions about weakening hypotheses, generalizing, and
study converses.

Question. Give an example of examples of integral domain(s) such that:

(1) is Noetherian and integrally closed but does not have Krull dimension 1.
(2) is Noetherian and has Krull dimension 1 but not integrally closed.
(3) has Krull dimension 1 and is integrally closed but is not Noetherian.

Solution: For the first part, note that C and Clz, y] are the examples. For the second part,
note that the integral closure of C[t] is the integral closure of C[t?,¢%]. The third part is
slightly harder, but here is an example: R := C[z, \/x, v/, ...]. This is not Noetherian since
(x) € (V&) € --- is an strictly increasing chain of ideals. Note that R has Krull dimension
1 since R is integral over Clz] and C[z] has Krull dimension 1. Finally, to see that R is
integrally closed, write K := Frac(R). If § € K, then § = p *\/x/q %/« for some n > 1 with
p,q € C[t]. If 0 is integral over S, then there exists a monic polynomial such that

g +Cm,1(2%)0m71 4. +Co(2\L/E) -0

for some L > 1. Let N = max(L,n). Then 6 € C(*\/z) and is integral over C[*\/z] = C[t],
and C[t] is an UFD hence integrally closed. So § € C[2\/z] C S.

Theorem 37.2 (“Fermat’s last theorem”). Let a(t),b(t),c(t) € C[t], relatively prime and
non-constant. Let n > 2. Then a(z)™ + b(x)™ # c(x)".

Proof. First, we can assume that deg(a(z)) > max(degb(x),degc(z)). Also, we can assume
that ged(a, b) = ged(a, ¢) = ged(b, ¢) = 1. Suppose that

a(z)" 4+ b(x)" = c(x)". (%)
Differentiate both sides to get
na(z)" 'a'(z) + nb(z)" ' (x) = ne(x)" 1 (z). (1)

Then nc(x) x () —c(x) x ({) gives us a(x)"[nd (z)a(x) —na' (x)c(x)] +b(x)"nb(x)d (z) —
nb'(z)c(x)] = 0.
Divide both sides by n to get

a(z)" ¢ (z)a(x) — d'()c(x)] = =b(z)" " b(2)d (z) — ¥ (z)c(x)].



But since ged(a, b) = 1, indeed a(x)" | b(z) (x)—c(z)V (x). Now deg(b(z)c (z)—c(z)V' (z)) <
degb(z) + dege(x) — 1 < 2dega(z) < (n—1)dega(x) since n > 3. So b’ — cb’ = 0 hence

d (b
=~ () =o.
dz (C)
So b(z) = Ac(x) for some A\ € C. But this means b(x),c(x) € C but this is a contradiction

as ged(b, c) = 1. d

DEPARTMENT OF PURE MATHEMATICS, UNIVERSITY OF WATERLOO, 200 UNIVERSITY AVENUE WEST,
WATERLOO, ON, CANADA N2L 3G1
E-mail address: hsyang@uwaterloo.ca

59



	1. January 06
	2. January 08
	2.1. Direct sum and direct product

	3. January 09
	3.1. Exact sequences
	3.2. Splitting

	4. January 13
	4.1. Structure theorem for modules over a PID

	5. January 15
	6. January 15: Introduction to tensor products
	7. January 16
	8. January 20
	8.1. Tensor product of maps
	8.2. Direct sums

	9. January 22
	9.1. Algebras, base change, and extension of scalars
	9.2. Noetherian rings

	10. January 23
	10.1. Maximality principle

	11. January 27
	12. January 29
	12.1. Jacobson radicals

	13. January 30
	13.1. Localization

	14. February 3
	14.1. Universal property of localization

	15. February 5
	16. February 6
	17. February 10
	17.1. Hilbert's Nullstellensatz (``zero-locus theorem" or ``theorem of zeroes")

	18. February 12
	19. February 13
	20. February 24: Integral extensions
	21. February 26
	21.1. Lying over & going up

	22. February 27
	23. March 3: Noether normalization
	24. March 5
	25. March 6
	25.1. Transcendence degree

	26. March 10
	27. March 12
	28. March 13
	28.1. Noetherian topological spaces
	28.2. Artinian rings

	29. March 17
	30. March 19
	30.1. Primary decomposition

	31. March 20
	32. March 24: Valuation rings
	33. March 26
	34. March 27
	35. March 31: Dedekind domains
	36. April 2
	37. April 6

