PMATH 940: COMPUTATIONAL ALGEBRAIC NUMBER THEORY

HEESUNG YANG

1. JANUANY 6: MULTIPLICATION AND DIVISION

Many problems in algebraic number theory (especially computational ones) require good
manipulation of polynomials. Addition of two polynomials is easy. Let A(x) := a,z"+- - -+ag
and B(x) = b,z™ + -+ by. Then C(z) = A+ B is just

max(m,n)
C(x) = Z (a; + b;)x’
=0

There is a faster method to multiply two polynomials than the naive method we learnt in

high school.
Ezample. Let A(x) = a1z + ag and B(x) = byx + by. Then
A(2)B(z) = a1by2® + (a1by + brag)x + agbp.
We need four multiplications and one addition if we are to use the naive method.

On a computer, addition is very fast, but multiplication is not as fast. The speed of this
method depends on the multiplication. The addition is irrelevant since it is “very fast”.

Consider ¢y = agbg, c2 = a1b1,d = (a3 — ap)(by — by) and ¢; = ¢g + ¢co — d. We now claim
that A(z)B(x) = cex® + c1@ + ¢ requires three multiplications and four additions. Thus
this is faster. This can be scaled up in a number of ways. The easiest method is by using it
recursively. Others include fast Fourier transforms, or higher order approximation.

Ezample. Let A(z) = azx® + aex® + a1z + a9 = Ay (x)2? + Ag(z) and B(z) = bgz® + byz? +
biz + by = Bi(z)x? + By(x). Then A(z)B(z) = Cy(z)z* + Cy(x)x? + Co(x), where

Cy(x) = Ay(z)Bi(7) = (azr + az)(bsr + by)
C()(ZE) = Ao( )Bo(ZE) = (Cbll’ + (lo)(blx + b())
D(z) = (Ai(x) — Ao(2))(Bi(z) — Bo()) = ((az — a1)z + (ag — ap))((bs — br)z + (by — bo))

Ci(z) = Cy(z) + Ca(z) — D(2).

Thus it takes nine multiplications to multiply A(z) and B(z). The naive method would take
16 multiplications.

In general, to multiply two 2¥ — 1 degree polynomials would take (2%)? = 4% in the naive
method, and 3% using this recursive method. This becomes really important for large-degree
polynomials.
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Now we move on to division of polynomials. We saw that the high school didn’t get it
“right” when it comes to multiplication. It turns out that the standard method learnt in
high school is exactly what we would want to use.

Let A(z), B(z) be two polynomials. We wish to find Q(z) and the remainder R(x), with
R(z) < deg(B), such that A(x) = B(x)Q(z) + R(z). First, initialize wth R(z) = A(z) and
Q(z) = 0. Then loop the following computations as necessary (lcoeff(A) denotes the leading
coefficient of A):

(1) If deg R < deg B, then we are done.

lcoeff(R) qeg r-deg B
2 new — ° -
2) Quew = Q) + e 7
lcoeff (R)
lcoeft(B)
(4) Rinse and repeat until the halting step is reached.

Ezample. A(z) = 2+ 3z + 1 and B(x) = 2? + 2. Start with R(z) = 2®+ 3z + 1 and Q +0.
Applying the above algorithm once gives me Q(z) =z and R(z) = 2®> + 3z +1—z(23 +2) =
x + 1. We se that deg R < deg B, so indeed Q(z) = z and R(z) =z + 1.

Definition 1. We say C(x) is a common divisor of A(z) and B(x) if C(x) | A(z) and
C(x)|B().
Definition 2. A common divisor G(z) is the greatest common divisor if for all other common
divisors C(z) we have C'(z)|G(x).
There is a standard (and very old) method to find the greatest common divisor, called the
FEuclidean algorithm. Initialize S(x) = A(z),T(xz) = B(z) and loop the following algorithm
as necessary:

(1) If T'(z) = 0, then S(x) is the ged.

(2) Write S(x) = Q(z)T'(z) + R(z)

(3) Set Spew(x) = T(x), Thew(x) = R(z).

(4) Repeat the steps until the algorithm halts.
We do NOT want to do this over R[z| or Clz], since it’s difficult to tell the difference
between the case when R(x) is zero and when R(x) is close to zero. In fact, in some cases it
is impossible to tell. Thus we need a “nice” field where such mess does not happen.

Ezxample. Recall that

(3) Rupew = R(2) deg R=deg BB (),

i
i

oo
1 w2

2
n
n=1

=1
Consider A(z) = 2° —6 E —, B(z) =z — . Finding the ged of these two guys is annoying.
n
n=1

Ezample. Find the ged of 23 — 1 and 2° — 1.

S(x) | T(x) S(x) = Q(x)T(x) + R(x
-1 -1[2=1=0-(2"-1)+ (25 - 1)
-1l =125 =1=2*2>-1)+ (2> = 1)
-1 =1 2 —1=z@@*-1)+(z—-1)
?-1|x—-1| 22-1=(@x—-D(x+1)+0
x—1 0 -




Therefore, x — 1 is the ged.

2. JANUARY 6: FACTORING POLYNOMIALS, PART I

Quite often in algebraic number theory, we want the minimal polynomial of some algebraic
number, and what we have is some higher degree polynomial. Factoring polynomials is useful.

Fact. If A(x) mod p is irreducible in Fp[z] then it is irreducible in Z[x] also. Note, however,
that this requires that p does not divide the leading coefficient of A(z).

However, the above fact is not as useful as we think. That is, there are polynomials that
are irreducible, but always factor in F,[z] for all primes p. Consider the polynomial z* + 1,
for example. But sometimes, the factors mod p for multiple p’s will tell us something about
the factors of that polynomial.

Ezample. Consider A(z) = z* + 52 + 922 4+ 10z + 9. Then A(z) = z(z® + 22° + 1) mod 3
and A(z) = (22 4+ 2)? mod 5. If A(x) factored, say A(z) = B(x)C(x), then we see that one
of B(x),C(z) would be degree one, and one degree 3; and at the same time, both are degree
2. This cannot happen, so A(z) is irreducible.

To factor a polynomial in [F,[z], there are three main steps each, each an algorithm on its
own.
Step 1: Write a square-free factorization

A(z) = Ay (2)Ay(x)* As(z)3 - - - Ap(2)F

where each A; is co-prime to each other. These are in general not irreducible.
Step 2: Given a square-free factor Ay, write

k

Agz) =]  Awl)

=1 all factors of degree 4

Step 3: Given a squarefree polynomial Ag(x) with all irreducible factors of degree k,
factor this polynomial completely.

3. JANUARY &

= H Ay()

Suppose that

Then the derivative is
Al(x) =) idi(x)  Ajx) [ A)(2)
i=1 JF#i
But there are two potential problems: it’s possible to have either i = 0 (mod p) or Ai(z) =0
(mod p). If AY(x) =0, then

Ai(z) = ag + aya? + - - + apa?* = (ag + a1 + - + axz™)?  (mod p).
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As the A;(z) are supposed to be square-free, this can’t happen. However, the other situation
still can happen. Let

T(z) = ged(Alx), @) =[] A ] A"

1Z0 (mod p) 1=0 (mod p)

Initialize Ty = T and Vi = A/T. If p|k, define Vi1 = Vj, and Ty = Ti/Vis1. If pt k, then
define Vi1 = ged(Vi, Tx) and Tyyq1 = Ty /Vii1. The algorithm stops when T}, is a polynomial
in xP.

Ezample. Let A(x HA " (mod 3). Then Ty = ged(A, A') = AVALA3A3 AL and V) =

A1A2A4A5 Then ‘/2 A2A4A5 SO T2 = A%AZA% Note that A1 = ‘/1/‘/2 Thus ‘/3 = A4A5
and V3 = A3A, A2, We have Ay = V,/V3 thus Vy = AyAs and Ty = A3 As. Similarly, we have
Vs = As and T5 = A3. The algorithm stops since T is a polynomial in z®. Thus we have

As =V, Ay = Vi)V, Ay = V3 /Vy and Ay = V3 /V;. Write A(x) such that

A(z®) = Ty(x) = Ag(x)®.

Then factor A(z) as before. In general,

= [ 4@ *]] A

i>k+1 pli

=4

i>k

pfi
A = Vk/vk+1 for p)(k:.

Let A(z) = 2° + 2° + z mod 3. Then Ty(x) = ged(2® + 2° + 2,52 + 1) = 2* + 2 and
Vi(x) = A(x)/T(x) = 2° + 2x. Then Ty = T} /Vi = 1, which is a (boring) polynomial in z3.
Thus Ay(z) = 2* + 2 and A;(z) = Vi(z)/Va(z) = 2. So A(z) = z(z* + 2)2.

Now we need to do more to factorize z* + 2.

3.1. Distinct degree factorization

Our goal in this section is to take a square-free polynomial and factor into parts with the
same degree. As usual, we will let Ag(x) = Ag1(x)Ag2(z) X

Fact. If B(z) is an irreducible polynomial of degree d, then B(z)|z?" — z. But actually,
something stronger is true: B(x)|z?" — x for all e, with d|e.

Ezample. Consider Ay(x) = 2* + 2. Then Ay;(z) = gcd(AQ( ),x® —z) = 2* + 2. In this
case, we can stop, as the quotient of Ay(z)/As1(z) = x® + 1 must be irreducible (as in
having no linear factors). If we had a larger degree polynomial, we would have removed
the linear part, and looked at gcd(A(az:),.tlﬂ"2 — z), and then 2" — z, and so forth. So far
A(z) = (2t +2)? = 2((2? + 2)(2? + 1))?, and z and 2% + 1 are irreducible polynomials and
2?2 + 2 have two linear factors.
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3.2. Final factorization
Proposition 3. Let p > 2. Let A(z) be a square-free polynomial such that all irreducible
factors are degree d. Let T'(x) € Fplx] and T'# 0. Then

A(z) = ged(A, T) ged(A, TP =D/2 — 1) ged(A, T*'D/2 4 1).

Remark. There is a good chance that ged(A,T) = 1, but that the other two factors are both
non-trivial. We then recurse on the new factors.

Proof. Clearly A(z)|2?" — z, and A(z) is square-free, and all factors are degree d. Further,
27" — x factors completely in Fpalz]. If € Fpa, then T(a) € Fpa. So « is a root of
T(x)* — T(x). As this is true for all o, we have 2#" — x| T(2)?" — T(z). Notice that

T(2)" — T(z) = T(x) (T(a;)@d*lw - 1) (T(:C)W*U/2 + 1) .

Further, if o € Fq, then only one of these factors is 0. Hence they are all co-prime, which
proves the result as required. O

Let A(x) and B(z) be two polynomials of degree d, with roots a, 3 € F,a. Either o' =D/2 4

1 =0, or a®=D/2 _ 1 = (. The similar claim holds for B also. There is ~ 50% chance of
either. The random map 7" : F,« — [F,« mixes these up. So there is a 50% chance that T'(x)
will separate o and 8 and hence A(z) and B(z). Continue until it is completely factored.

Ezample. 2% 4+ 2 is a product of two linear factors.
T(x) ‘ ged(A, T) ‘ ged(A, T — 1) ‘ ged(A, T +1)

T 1 T+ 2 x+1
r+1 r+1 1 T+ 2
T+ 2 T+ 2 r+1 1

4. JANUARY 13

4.1. Resultants and discriminants
Definition 4. Let A(x) = a,z" + -+ + ap and B(z) = b,a™ + -+ + by. We define the
resultant of A(z) and B(x) as

Res,(A(x), B(x)) := ap' B(ay)B(aw) - - - B(aw,)
where A(z) = a,(x — o) (z — ag) - -+ (x — ). Equivalently,

Res, (A(x), B(z)) = (—=1)""b, A(51)A(B2) - - - A(Bm)

= apop, [ [ (i = 85),

i=1 j=1

where B(z) = by, (z — f1) - (x — B).



One can write the resultant as the determinant of a matrix:

ap, Gn_y - ag 0 0 ... 0
0 a, an, -~~~ a 0 - 0
O O O a/'n, G/n,1 a/O
L S T S| 0
0 by boy - by O 0

[0 0 - 0 by bpy oo by |

Remark. First, it is not obvious that these are all equal (in fact they are). A proof can be
easily found in most algebraic number theory texts however. Also, note that the order does
matter, as it may change the sign. Also, we have Resx (A, B) = 0 if and only if A and B
have a common root. Also, if A, B € Z[z] then Resx (A, B) € Z.

Definition 5. We define the discriminant of A(z) as
disc(A(z)) = (=1)™™m= D2 Resx (A(z), A'(x)).

Note that disc(A) = 0 if and only if A(x) has a repeated root.
Example. Since x° — 1 and x3 — 1 have a common root, it follows Res,(z® — 1,23 — 1) = 0.
Example. disc(x® — 1) = Res, (2% — 1,32?) = 3 - 12 - 3w? - 3wt = 27.
4.2. Factoring polynomials, part II

Factoring a polynomial in [F,[x] can give (if we are lucky) good information about how it
factors in Z[z|. By using Hensel lifting, or the Chinese remainder theorem, this can often
result in a factorization in Z[z]. Instead we will introduce a technique called LLL (Lenstra-
Lenstra-Lovasz) which requires a good approximation of a root of the polynomial. This

algorithm normally recovers a polynomial of lower degree with the same root. After that,
we can used ged’s to get a factor.

Definition 6. We say that L is a lattice if it is a discrete subset of R? of the form
L= {Zalbz ta; € Z,bl € B,|B| < OO}

Ezample. L = {(a,2b,3c) : a,b,c € Z}. Thisis a lattice with basis {(1, 0, 0), (0, 2,0), (0,
But the following horrendous basis also works: {(1,2002,30000), (0,2, —600000), (0,
The first basis is much “nicer” than the second.

0,3)}.
0,3)}.

The goal of LLL is to find a “nice” basis, given some input basis.

Ezample. Let A(x) = 2% — 22 — 2z + 2 with root o &~ 1.4142828. Consider a lattice with a
basis
B = {(1,0,0,1000a2), (0, 1,0, 1000a), (0,0, 1,1000)}.
This has a “nicer” basis
B’ = {(1,0,-2,1000(a® — 2)), (0, 1,0, 1000a), (0,0, 1, 1000)}.

Note that a? — 2 is quite close to 0. Note that the first basis element of B’ is much smaller,
as a? — 2 ~ 0. We guess that a is a root of 22 — 2, and note that ged(A,z? —2) = 2% — 2.

So we have a factor.
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Definition 7. Let V be a vector space. Consider the two-variable map (_,_) : V. xV — C
which satisfies

(1) (v1 + ve,w) = (vy,w) + (vg, w)
(2) (v,wi +wy) = (v,wr) + (v, wy)
(3) (A, w) = XN v, w)
(4) (v,w) = (w,v).

(5) (v,v) =0« v =0, and (v,v) >0 for any v € V.
Then the map (_, ) is said to be an inner product.

Definition 8. We define a norm ||b]|*> = (b, b).

Definition 9. We say B = {b1,...,b,} is a reduced basis if

(1) The vector by has minimal non-zero norm in the lattice. b; is not unique.

(2) The vector by has minimal norm in the lattice of those vectors linearly independent
from b,.

(3) The vector by has minimal norm in the lattice of those vectors linearly independent
from b; and b,.

(4) (keep going like this...)

If we can find such reduced lattice, we are done. But the problem is that finding the
reduced lattice is NP-hard. Instead, we will find a lattice that’s not reduced but reduced
“enough” (or “nice” enough).

Definition 10. Such sufficiently reduced lattice will be called LLL-reduced.

Recall the Gram-Schmidt orthogonalization process. Let bq,...,b, € V linearly indepen-

dent. Define

i—1

b; ==0b; — Z,U/i,jb;a

j=1

where
Y * L\

;)

Then b7, ..., forms an orthogonal basis of the same subspace. That is,

span{by,...,b,} = span{bj,..., b’}
and (bf,0%) = 0 if and only if i # 7.

1777
Remark. We now make a few observations:

(1) We can re-order the vectors in an orthogonal basis to get a reduced basis, albeit of a
different lattice.
(2) Note that

(b + by, 03) (b4 k(B + 3 pug), B)

T 0. 5)
(i) 058

1777 1777
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(3) If by,...,by is a basis of L, then so are by, by, ..., b;,...,b; +kb;,... b, and
by by bises bis by,

Our vague goal is to use the (3) to find a new basis where |u;;| < % (even better if we
can hit 0). If we have small vectors early then we can better adjust p;; later. So we wish to
reorder when necessary. So our goal is to require

>k 3 >k
51> (5= ) s

Any time this condition is violated, swap. That is, the vectors should be, roughly speaking,
in increasing order. So the summary of the algorithm goes as follows:
(1) Assume that by, ..., b is LLL-reduced.
(2) We look at by and add or subtract integer copies of by,..., by to ensure that
lper1 il < 27 for j = 1,2,... k. That is, if ppy11 = 3.14159, then we can set
b = bi2lY — 3by. This gives us ") = 0.14159. The basis by, ..., b, by, ...
is still a basis for the lattice.

(3) Next, check if
3
Il 2 (3 = i) Il

If true, then by, ..., bgyq is LLL-reduced, and we repeat on by, ..., bgyq. If false, swap
br and bgyq. Then by, bo, ..., br—1 is LLL-reduced. Repeat. Note that reordering
terms in the basis still give a basis for the same lattice.

But the algorithm is not of much use if it does not terminate. Thus, we need to show that
this second case (the “false” case) cannot happen infinitely many times.

Theorem 1. The Lenstra-Lenstra-Lovasz algorithm terminates.

Proof. Define D := |[b%||"||03]|"~"---||o5||'. We see that D > 0 for all basis of a lattice.

Furthermore, it is bounded below by ||z||* - [|[|"7!---||z||' = [|z||"™*)/2, where x is the
smallest element (non-zero) in L. The process of adjusting by, 1 by

b = b0V 4 abj,a € Z
does not change 07,03, ...,b). Hence this does not change D.

The second possible action, of swapping by and by, does change D. This happens if
iaal? < (5 = mtens ) 031 < SUEI

If we do this, then D will increase. So
D(new) < %D(Old)'
— 4
Thus D is bounded below, and if we swap D is decreased. So we cannot do this forever.
Therefore the algorithm terminates, as desired. 0

Remark. Additional remarks on the LLL algorithm:

(1) The actual running time is O(n*dlog® B), where n is the number of vectors, d the
dimension, and B the largest b; in terms of norm.

(2) LLL tends to return the actual smallest element, even though it is not guaranteed.
8



(3) LLL can only deal with norms from inner products.
(4) LLL has a large and varied number of applications. We just have to figure out how
to rewrite the problem as a lattice problem.

5. JANUARY 15: ALGEBRAIC NUMBERS AND NUMBER FIELDS

Definition 11. Let a € C such that « is a root of some A(z) € Z[x]. Then we say that «
is an algebraic number. If A(x) is a monic polynomial, then « is an algebraic integer.

Ezample. Let a = 1+ +/2. Since a is a solution to (z — 1 — v/2)(z — 1 +/2) = 2% — 2z — 1,
« is an algebraic integer.

Example. All integers are algebraic integers, since x — n is a polynomial with n as a root.

Example. Let a = <. Then « is a root of 4r — 3. Here « is an algebraic number but is not

3
T
an algebraic integer.
Ezample. m,e,log(2) are not algebraic numbers. It is unknown if 7 + e is algebraic.

Proposition 12. Let a be an algebraic number. Then there exists a unique polynomial P(z)
of minimal degree such that

(1) P(a) =0

(2) deg P(x) is minimal.

(3) GCD of the coefficients of P(x) is 1.

(4) the lead coefficient is positive.

(5) P(x) € Zlx].

Proof. Assume A(z) and B(x) are two such polynomials of degree n; and that the lead
coefficients of A and B are a and b respectively. Consider bA(z) — aB(z). We see that «
is a root, and this is an integer polynomial of degree less than n. We can adjust to ensure
properties (3) and (4). Either A(z) = B(z) or A(x) and B(z) were not of minimal degree.
Hence such polynomial is unique. 0

Definition 13. We call such polynomial a minimal polynomial. We say the degree of an
algebraic number the degree of its minimal polynomial.

Ezample. 1 + v/2 has minimal polynomial 22 — 2z — 1 and is of degree 2. Integers and
rationals have degree 1.

Definition 14. Let a be an algebraic number with minimal polynomial A(z) = a,z™ +
Up 12" P+ +ag = a,(r—a)(r—az) - (x — ). The other roots are called the (Galois)
conjugates of a.

Ezample. The Galois conjugate of 1 + /2 is 1 — /2. Also, the rationals and integers have
no non-trivial conjugates.

Definition 15. A number field K is a field such that Q C K C C that is also a degree n
vector space over Q for some finite number n. That is,

K ={ajv; + -+ + ayv, : a; € Q}.

We say this number field is degree n, i.e., [K : Q] = n.
9



Ezample. Q(v/2) is of degree 2 since {1,+/2} forms a basis.
It is easy to check that Q(v/2) is closed under addition and multiplication and division.
Thus Q(v/2) is indeed a field — a number field of degree 2.

Recall that for a number field of the form Q(«) we see that [Q(«) : Q] = deg P(x) where
P(z) is the minimal polynomial of . Consider K = Q(+/2), and consider the embedding
o(a+bv2) = a — by/2. Clearly, we have o : K — K. Further, o(a + 8) = o(a) + o(8) and
O'((CLl + bl\/i)(GQ + bg\/i)) = (a1 - bl\/i)(ag — bg\/§> = aijas + 2b1b2 — (a1b2 + CLle)\/ﬁ. So

o(af) = o(a)o(B). Thus o is in fact an automorphism.

6. JANUARY 20
Let K = Q(«), with deg(a) = n. Then [K : Q] = n and
K= {CLO + a0+ +CLn:10&n_1 ta; € @}

Notice that we can talk about the degree of a number field over a number field. That is, if
Q C L C K, we mean by [K : L] = the dimension of the vector space K over L. Recall also
that

K:Ql=[K: LIL: QL

Ezample. Let L := Q(v/2) and K := L(v/8) = {ap+a1vV/9+- - : a; € L}. We see the minimal
polynomial in Q[z] of v/2 is 22 — 2. Hence [L : Q] = 2. We see the minimal polynomial of
V8in Liz]is x —2v/2,s0 [K : L] =1, 0or K = L. Thus [K : Q] = [L: Q] = 2.

So, an interesting question in the field of computational algebraic number theory is, how
do we see if K = L or K = L? Consider the Galois map o(a + bv/2) = a — by/2. This gives
us an isomorphism from K to K, and hence L to L. This map takes v/2 to its conjugate
—+/2. This map also takes V8 to its conjugate —+/8. This is true in general.

Ezample. Let L = Q(v/2) and K = L(3). Clearly, Q C L C K. The minimal polynomial of
V2is 2> — 2 s0 [L : Q] = 2. The minimal polynomial of i over Q[z] is x> + 1. This is still
irreducible over L[z]. So [K : L] = 2. Notation goes K = L(i) = Q(v/2)(i) = Q(v/2,i) =
Q(i,v/2) (i.e., the order does not matter). So [K : Q] = [K : L][L: Q] =2-2 =4.

Claim. K = Q(v/2,1) = Q(v/2 +1).
Proof. Clearly, v/2 +1i € Q(v/2,i). Thus Q(v/2 +1i) C K. Note that

_(\/§+¢)36+5(\/§+@') VB eQ(ati)

—(V2+i)* + (V2 +1i)
6

So v/2,i € Q(v/2+41) and hence Q(v/2,4) C Q(v2+i) C Q(v/2,4). Hence they are equal. [

Definition 16. Let K be a number field. We say that ¢ : K — C is a field embedding if
o(K) is a number field, and ¢(K) is isomorphic as a field to K by o.

—ieQ(V2+1)

Ezample. The map id(z) = x always is a field embedding.
10



Ezample. Let K = Q(+v/2). This has minimal polynomial z* — 2. So [K : Q] = 4. Here,
v/2 has 4 conjugates including itself: ++v/2, £v/2i. Call these ay, s, o, and vy respectively.
Then the map

oi(a+ bay + cad + da?) = a + ba; + cai + das.
Notice further that o1(K) = 09(K) = K while 03(K) = 04(K) # K.

Theorem 2. Let K be a number field, and [K : Q] = n. Then the following are true:

(1) There exists an algebraic number © of degree n such that K = Q(O).
(2) There are exactly n field embeddings of K into C.
(3) For any field embedding K; and any © € K;, we have deg(©)|[K; : Q], so deg(O)|n.

Ezample. 1,v/2,v/2 € Q(v/2). These have degree 1,2, and 4 respectively, all of which divide
4.

Definition 17. The signature of a number field is a pair (r1,79) where the number field has
ry real embeddings and 2r, complex embeddings.

Ezample. Let K = Q(v/2). Then K has 2 real embeddings and 2 complex embedding, so
has signature (2,1).

Ezample. LeT K = Q(v/2). This has 2 real embedding, no complex, so signature (2,0). This
is knows as a totally real field.

Ezample. Let K = Q(¢). This has signature (0,1). This is a totally complex field.

Question 1. Given some field K = Q(©), where © has minimal polynomial A(x), how do
we compute the signature?

We describe the first method, which is a true brute force method. That is, we brute-force

compute all the roots of A(x) using something like Newton’s method. However,

(1) This is computationally expensive.

(2) It is harder than one might think to do this in a numerically stable way.

(3) This gives way more info than we need.
This leads us to the second method. The method of Sturm sequences will determine how
many real roots are in an interval [a, b], although with no information as to what they are.
We can take a = —oo, and or b = +o0.

Definition 18. We say a sequence of polynomials f = fy, fi, fo, ..., fs is a Sturm sequence
on [a,b] if

) Fa)f(b) £ 0

) fs(x) # 0 for all x € [a, b]

) If ¢ is a root of f; with ¢ € [a,b], then f;_i(c)fj+1(c) <0for 1 <j < S.

) If ¢ is a root of fo(x) in [a,b] then fy(x)fi(x) has the same sign of z — ¢, locally to c.
(5) fo is squarefree.

Definition 19. We define the variation of a sequence fy, f1,..., fs at ¢ as
V =#{(0,7) : file)fi(c) <0, fulc) =0 Vi <k < j}.
This basically counts sign changes.

If ¢ = 00, then we take the limit as ¢ — f00. After some point, this variation is constant.
11



Theorem 3. Let fy be square-free, and let fy, f1,..., fs be a sequence of Sturm on [a,b].
Then the number of real roots on [a,b] of fo(x) is V(b) — V(a).

Theorem 4. Let fo = f be square-free. Define fi(z) = f{(z) and fii1(x) = —fi_1(x) mod
fi(z). Define g;(x) = fi(x)/fs(x). Then gi(z) is a sequence of Sturm.

Ezample. Let f = fo(z) = 2° + 2* =52z + 1. Then fi(z) = 5a* + 32% — 5, fo(x) = £(—22° +
20z + 5), f3(z) = 3(—1062? + 25z + 10), fu(z) ~ —3.94z + 1.008 and f5(z) ~ —4.75. The
sequence of signs as ¢ — +00 is V(00) = 1, since —, —, +, +, +, +. The sequence as ¢ — —o0
is 4, since +, —, —, +, —, +. Thus V(—o00) = 4, so there are V(—o0) — V' (c0) = 3 real roots.

7. JANUARY 22

Theorem 5. If fo,..., fs is a sequence of Sturn, then the number of real roots in |a,b] is

V(b) — V(a).

Proof. Consider V' (fo, fi1,..., fs,z) as a function of . This is a function from R to {0, 1,2, ..., s}.
Most of the time this function is constant. The only time this might change is if there exists
a ¢ such that f;(c) = 0. Then it might change from ¢ — ¢ to ¢+ ¢.
We will show that:

(1) If ¢ € [a,b] with fo(c) =0 then V(c—¢) = V(c+e) = 1.

(2) If ¢ € [a,b] with f;(c) =0 with 1 <j < s then V(c—¢)—V(c+¢e)=0.
This gives us that

V(b) — V(a) = #c € [a,b] such that fy(c) = 0.

Part 1. Assume that ¢ € [a, b] with fo(c) = 0. We know that locally to ¢ that fo(x)fi(x) has
the same signs as  — ¢, i.e., fo(c—¢)fi(c—¢) <0 < fo(c+¢)fi(c+¢e). We see that c is not
a root of fi, soif fi(c —¢) > 0, then fo(c —¢) <0, folc+¢€) > 0, fi(c+¢) > 0. The sign
variation would start

c—e — +

cte + +
If instead fi(c —¢) < 0, then this gives

c—e + -

ct+e — -

Regardless of which case we are in, we see that V(c —¢) — V(c+ ¢) = 1, as required.
Part 2. Let ¢ € [a, b] with fi(c) = 0 for some 1 < j < s. We know then that f;_1(c)fj11(c) <
0. This will be true for [c — ¢, ¢ + €]. Therefore,

J—1 J
c—¢ -
ct+e —
c—¢
c+e
c—e¢
c+e¢
c—e¢
c+e

I 4|+ |

4+ +[+ +]+

+ |+ ||
|+

12



Regardless of which case we are in, we have exactly one sign change, on both sides of ¢. This
gives V(c—¢) = V(c+¢)=0. O

Ezxample. Consider the previous example
—fo(z) = (2° + 2® = 5z + 1) - (—1)
—fi(z) = (52* + 322 = 5) - (—1)

(@) = (é(-zx?’ 420z 4+ 5)> (1)

—fs(x) = (%(—1061;2 + 25z + 10)) - (—1)
—fu(x) ~ (~3.94z + 1.008) - (—1)
—f5(z) ~ (—4.75) - (—1)

Applying the theorem gives us

Proof of Theorem [ We may assume f(a)f(b) # 0 — otherwise, there will be a root. Also,
we assume fs(z) # 0 for all z € [a,b], as fs(z) is essentially the ged of f with f/(x). Let
¢ € [a,b] be a root of f;(z). We know that f;11(z) = —f;j_1(z) mod f;(x). Then f;1(x) =
—fizi(x) + fi(z) - g(x), so fiy1(c) = —fj—1(c) + 0. This gives us that f;11(c)fj—1(c) < 0.
Let ¢ € [a,b] be a root of fy(z). Two cases are possibilities. If fo(x) is increasing at ¢, then
fi(x) = fi(z) > 0. This gives fo(z)fi(x) has the desired property. The case where fy(z) is
decreasing is similar. 0

7.1. Representing algebraic numbers
To do algebraic number theory on a computer, we need to figure out how to represent
them. We also need to be able to do standard manipulations (addition and multiplication)

of these objects. For instance, /5 + 26 = v/2 + /3 is not the best representation as the
representation is not unique, and we can’t pull this trick off for general degree polynomials
(of degree at least 5). Also, addition and multiplication are messy if we want some “simple”
representation. It also ignores “branch” cuts. So, some alternate methods:

First method. The minimal polynomial is unique. All of its roots are distinct. With enough
numerical accuracy, we can uniquely identify which algebraic numbers we are talking about.
But the problem is that addition and multiplication are not obvious. Let «; have minimal
polynomial A(x) = [[(x — ;). Let 5; have minimal polynomial B(z) = [[(x — ;). We want
a polynomial with a4y, or ay + (1, or a1 /51 as a root. For addition, consider the resultant:

Res, (A(z — y), B(y)) = Resy (] [(x —y — o). ][ (v — )
= Res, (£ H(y — T — +ay), H(?J - 55))
IH@—%—@)

This has a1 + 31 as a root. Nonetheless, this has an issue: the problem is that this polynomial
may not be minimal. We also have to compare o + 31 to oy + 85 to ensure that we have
enough accuracy.

As for multiplication, consider Res,(A(z/y)ydeA). B(y)); for division, Res,(A(xy), B(y)).
13



Second method. Quite often, we know something more about the algebraic numbers. For
example, all a; € K = Q(0), where 6 has a minimal polynomial A(z). In this case, we can
represent all algebraic numbers as

a=ay+af+- -+ a,_ 10"
with deg(f) = n and a; € Q. In fact, any basis for K over Q works. Addition is easy. For
multiplication, we look at (ag+a10+- - +a,_10"1)(bo+b10+- - - +b,_160"') mod A(f). Now

let’s consider division. Let 8(6) = by+b10+- - -+b,_160". We see that ged(3(), —A(0)) = 1.
So there exists a(f) and b(6) such that a(0)b(0) + b(0)A(0) = 1.

8. JANUARY 27

We now have a way to represent algebraic numbers and number fields. There are some
computational questions we might like to answer.

(1) Given a, 8, K = Q(«), L = Q(B), can we determine if:

)

c¢) is K an extension of L, or the other way around?
) is K isomorphic to a subfield of L (i.e., K = K' C L)
)

(f) fae L'=Q(H).
(2) Let K = Q(0y,0s,...,0,). We know there exists an « such that K = Q(«). How do
we find such a?

Many of these questions are related. Before exploring how to answer them, we need a bit of
more terminology.

8.1. Trace, norm, and characteristic polynomial
Definition 20. Let a € K, and let oy,...,0, be the n field embeddings of K. (Here,
deg(K) = n.) Then the characteristic polynomial of o over K as

Calr) =[] — u(a))

=1

Remark. C,(z) € Q[z], and this can be strengthened to C,(z) € Z[z] whenever « is an
algebraic integer. Also, note that if the field is not specified, then we shall often assume that

K =Q(a).
Ezample. Let K = Q( ¥/2). Then Cy(z) = [[(z — 0s(1)) = [[(z — 1) = (z — 1)'°.

Proposition 21. If deg(a) = deg(K) then the characteristic polynomial of o over K is
irreducible in Q|x].

Definition 22. We define the trace of o over K as

trijg(a) = ) aila).

=1

As before, if o is an algebraic number then trg/g(a) € Q. If v is an algebraic integer then

trx/o(a) € Z. However, note that this statement is not an “if and only if” statement.
14



Ezample. Let o be the root of 20 4 327 — %, assuming that this polynomial is irreducible.
Let

Co(x) := H(x —0oi(a)) =2 — (oy(a) + -+ o))z +- - — %

So here, we have
trrg(a) = oi(a) + -+ op(a) = 3.
So in general, trg/g(a) = an—1 coeflicient of characteristic polynomial.

Definition 23. Let o € K and oy, ..., 0, the n field embeddings of K. We define the norm
of a over K as

Nija(@) = [[ oi(a).

As before, if N(a) € Q and if « is an algebraic integer then Ng/g(a) € Z. And given
Co(x) = 2" +an_12" '+ - -4ag, then we see that try/g(a) = —a,—1 and Ng g(a) = (—1)"ao.

Given these quantities, we now wish to figure out how to compute them. This will depend
on how we represented the algebraic number.

(1) Representation I
We represented « by a floating point approximation, and its minimal polynomial
A(x) = apa™ + - -+ ay.
If K = Q(a), then the characteristic polynomial is a,'A(z). Similarly, trace is
—ap-1/a, and +ag/a,. What if a € K, deg(a) = n and deg(K) = mn? Then the
characteristic polynomial is (a, 'A(x))™. Trace is —ma,_1/a,, norm ((—1)"ag/a,)™.
(2) Representation II
Let K = Q(f), where 6 has minimal polynomial 7'(z), of degree n. We can
assume without loss of generality that € is an algebraic integer. For a € K, we have
a = ay+ a0 + asf?® + - + a,_10"'. We wish to compute its trace, norm, and
characteristic polynomial. Suppose that 6 has minimal polynomial
T(x) = 2" 4+ ty_12™ 4 - + 1.
Then notice that
tri(a) = tr(ag) + tr(af) + - - + tr(a,_10"1)
=agtr(1) + aptr(0) 4 - -+ + ap_y tr(6™1),
where tr(0) = —t,,_1.
k-1
Proposition 24. tr(#*) = —k - t,_;, — Zt”_i tr(0F7).
i=1

Proof. This will be one of the problems in Assignment #2. O
Proposition 25. Let K = Q(0), where T(x) is a monic minimal polynomial. Let

1 n—1 '
o= — a;0".
125

Then
Colz)=d™" ResﬁgT(y), dx — A(y))



and

Proof. Note that

Res, ([ [ — 0:(9)), dz — A(y)) = [ [(dz — A(0:(6)))

=d"[[(z = oi(a)). O

8.2. Discriminants and integral basis
Definition 26. Let K be a number field, and oy,...,0, its n field embeddings. Let

ag,...,a, € K. We define the discriminant of aq, ..., a, as
2
o1(ar) -+ op(ar)
disc(ay, ..., ay,) = det :
o1(an) - oplay)
tr(anay) -+ tr(agay)
Proposition 27. disc(ay,...,a,) = det :
tr(apon) -0 tr(aman)
Corollary 1. disc(ay,..., o) € Q. If aq,...,a, are algebraic integers, then so are o;o;.

Therefore disc(ay, . . ., ay) € Z.
Let M := (0i(;));;. We note that det(M) = det(M?"). Hence det(M)? = det(M?) =
det(M) det(M) = det(M) det(MT) = det(MM?T). The i, j-th entry of MM7 is
o1(ag)or(ay) + -+ + op(i)on (o)) = tr(ea;)
as required.

Theorem 6. Let ay,...,a, € K. Then disc(ay,...,a,) = 0 if and only if there exists
Ai € Q not all 0 such that A\yaq + -+ + My, = 0. That is, the discriminant is not zero if
and only if aq, ..., a, are Q-linearly independent.

Proof. Assume there exist Ay, ..., A, such that \jag +-- -+ Ay, = 0. Then o1 (Ajay) +-- -+
An@ty,) = 01(0) = 0. This is true for all o;, so

)\10'2'(041) + -+ )\nUi(Ckn> =0.

This gives that A\; - row; 4+ -+ -+ A, - row,, = (0,0,...,0). So the matrix is not full rank, and
det(M) = 0. Thus disc(aq, ..., a,) =0.

As disc(ay, . .., a,) = 0 and the second form is over Q™" there exist Ay, ..., A, in Q such
that

)\i tr(ozjai) =0

for all j. Therefore tr () Niojoy) = 0 = tr(o; > Nay) = 0. Let © = Ny € K. Let
w=x"1=73" pja; with u; € Q. This is possible as we are assuming aq, ..., q, are a basis
for K. Now consider ) u; tr(ajz) = 0 as tr(ajz) = 0 for all j.

Z,uj tr(ajz) = tr ((Z u]a]> :E) =tr(u-z)=tr(l) =n#0.
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This contradicts the fact that aq,...,q, are being linearly independent. So there exist
A,y ..oy Ay € Q with the desired property. O

9. JANUARY 29

Definition 28. A vector space V over a field F' satisfies:
(D) u+(v+w)=(u+v)+w

(2) u+v=v+u

(3) there exists 0 such that 0 +v =

(4) there exists 1 € F such that 1-v =v.

(5) for any w there exists —u such that u + (—u) = 0.
(6) a(bu) = (ab)u where a,b € F

(7) a(u+v) = au + av

(8) (a+b)u=au+bu

Definition 29. A module is a “vector space” over a ring (i.e., replace the word “field” with
a “ring”).

Remark. Every module we consider in this course will be a module over a commutative ring.
Example. Let R =7Z. Then M = {(a,b) : a,b, € Z} is a Z-module of dimension 2.

Ezample. Z|\/2) = {a+bv2 : a,b, € Z} is a Z-module of dimension 2.

Ezxample. The set of algebraic integers or algebraic integers in a number field are Z-modules.

In each of these examples, the eight axioms are obvious. We need to show that o+  and
n - « are algebraic integers, where n € Z.

Let A(x) and B(z) be minimal polynomials for cv and 5. Recall that Res,(A(z —vy), B(y))
has o + 3 as a root and is monic in Z[z]. So « + (3 is an algebraic integer. Similarly,
nd°&(4) A(x/n) is a monic polynomial in Z[z] with n - o as a root.

Definition 30. We define Z as the set of algebraic integers in K.
Proposition 31. Zg is a finite-dimensional Z-module of dimension n = deg(K).
Corollary 2. There exist ay,...,a, € Zg such that
Zi ={a10q + -+ apa, @ a; € Z}.
Note, however, that this basis is not unique.
Definition 32. Let aq,...,«, be a basis for Zg. Then the discriminant of K is
disc(K) = disc(ay, . . ., ayp).
Note that the definition is independent of the choice of basis.

Example. Let K = Q(i). Let a+ bi € Q(¢) with a,b € Q. This has minimal polynomials
x—1ifb=0, or 22 — 2az + a® + b if b # 0. From the second, we have 2a € Z, so a € 7.

From a?+b* € Z, and playing with congruences we have a,b € Z. So Z = Z[i]. This clearly
has a basis {1,i}. So

disc(Q(i)) = disc(1,4) = (det ( . ))2 (i) = -4

17



Example. Note that we can write K = Q(«) where « is a root of 22 + 1, 2% + 4, or 2 + 9.
These have discriminant
2

disc(z® + 1) = Res(2® + 1,2z) = —4
disc(z® 4+ 4) = Res(2® +4,2z) = —16 = —4 - 2°
disc(z® +9) = —36 = —4 - 3%

Proposition 33. Let A(x) be an irreducible polynomial of degree n in Z|x] with root 6, which
is an algebraic integer. Let K = Q(0). Then

(1) disc(A(x)) = disc(1,6,62,...,6"1)

(2) disc(A(x)) = disc(K) f? where f = [Zx : Z[0)]].

Proof. You will prove this in Assignment #2. O

Proposition 34 (Stickelburger’s theorem). Let ay, ..., «, be algebraic integers. Then
disc(a,...,a,) =0 or1 (mod 4).

Proposition 35. If K and L are number field with K C L then disc(K)F5!|disc(L).

9.1. The subfield problem
Given K and L number fields, we wish to know if K C L or K = K’ C L. Some simpler
methods first:

(1) Degree divisibility check: the easiest way to check is whether deg(K'){deg(L). If this
is the case, then K cannot be a subfield of L.

(2) With discriminant of two fields: If disc(K )% 1{disc(L), then K cannot be a subfield
of L. But the problem with this approach is that this requires finding an integral
basis, which is easier said than done.

(3) However, we don’t need to find an integral basis. In fact, we can just use disc(A(x))
and disc(B(z)) where A(z) is the minimal polynomial of a, K = Q(«a) and B(x)
similarly defined.

Example. Let K; = Q(6;) where 6, is a root of 2® — 4z — 8. Similarly, let Ky = Q(6y) where
05 is a root of 2 —x — 2 and K3 = Q(63) where 05 is a root of % — 2 — 1. Since
disc(z® — 4z — 8) = —2°.23
disc(z® —1r —2) =2%.2-13
disc(z® — 2* — 1) = 2°. 232,
We see that Ky C K3 as 13?fdisc(2® — 2? — 1). Similarly, K; % K, as 23{disc(z® — x — 2).
It is possible that K; C Kj.

There are three methods we will introduce to solve this problem.
(1) LLL method
Let K = Q(a) where o has minimal polynomial A(z). Let L = Q(f8) where § has
minimal polynomial B(x). We see that K C L if and only if o € L. This is equivalent
to finding rationals a; such that

a=ag+af+af’+ - +a, 17
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This is equivalent to finding integers kg, k1, ..., k,_1, K such that K -a = ko + k16 +
oo+ k177 and equivalently 0 = — K -a+ko+ ki S+ +k,_18"L. Now consider
the basis

1,0,0,...,0,M - a
0,1,0,...,0,M - 3%
0,0,1,...,0,M - B"]
0,0,0,...,1,M-g"".

Example. Let 0, =~ 2.6494 ..., which is a root of 2® — 42 — 8 and 03 ~ 1.15096 ... a
root of 2% — 22 — 1. Construct this basis using M = 1000. The LLL-reduced basis
gives us

[—1,0,0,2,0,0,0, 0]
[~2,0,0,0,1,1,1,0.38446 . . .]

This gives us a guess that o = 28%. But of course we still need to verify this. If
true, then 3 — 4z — 8 evaluated at 2/3% should be 0. Indeed, (23%)* — 4(24?%) — 8 =
8(8% — 8% — 1) = 0 as required. Therefore a € Q(8) so Q(a) C Q(B). If we wish to
know if K =2 K’ C L, we need to check if o/ € Q() for all conjugates of a. For LLL,
we LLL-reduce all rows containing the (’s first, and use this as a starting point for
adding the last row dependent on the conjugates of «.

10. FEBRUARY 3: THE SUBFIELD PROBLEM, CONTINUED — THE LINEAR ALGEBRA
METHOD

Consider the subfield problem; let K = Q(«), with minimal polynomial A(z), and L =
Q(f) with minimal polynomial B(x). We want to know whether K C L or K = K; C L.
The next proposition covers the linear algebra method.

Proposition 36. Let A(z) = [[(z—au) € Z]x] and B(x) = [[(z—f;) € Z]z] with K; = Q()
and L = Q(B). Assume deg(A)|deg(B). Then K; C L for some i if and only if there exists
a map ¢ from [1,2,...,deg(B)] to [1,2,...,deg(A)] that is deg(B)/ deg(A) to 1 such that

deg(B)
Sp = Z Oéq,(i)ﬁih S/
i=1

for all h,1 < h < deg(B).

Proof. (=) Let n = deg(B),m = deg(A). Assume that K; C L for some . This implies
that oy € L = Q(). So there exists some P(x) € Q[z] such that a; = P(). This implies

that P(8;) = ay for some k depending on j. This is a map from [fy,. .., B,] to [aq,. .., amn)
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that is n/m to 1. Take ¢ such that ¢(j) = ¢ when o; = P(f;). Notice
deg(B)
sni= Y A
i=1

deg(B)

_ Z P(B;)Bl = tr(P(B;)B1).

Note that ;8" = P(8;)B8!" is an algebraic integer, since 8; and P(f;) = ay(;) are algebraic
integers, which implies that P(3;)8! is an algebraic integer. Therefore tr(P(5;)3") € Z as
required.

(<) Assume the other direction, that there exists ¢ : [1,2,...,n] — [1,2,...,m] such that

Sp = Zas@(i)ﬂz‘h €7

for 1 < h < n. Consider the equation

(B8 e () o .
Nu(@s) o we) )\ o
B

We see that det(M) = disc(1,3,---,8" ) # 0. Hence there exists a unique solution
ag, ..., a,_1 € Q. Write P(x) = a,_12" ' + -+ + ag. We have

w(P(3)8") = tr (3 ai) 8)
=D aitr(5'6s)
= s, € Z.
We claim that P(f3;) = ay(). To see this, consider

5? Ba! S0
: Y2 S1
n—1 =
1 : :
O Tn Sn—1

By construction of P, we see that P(8;) = ; is a solution. By assumption of the existence
of ¢, we have 7; = a,(;) is a solution. As the determinant of the matrix is non-zero, this has
a unique solution. Hence o,y = P(B;) € Q(5;). This proves the result. O

Example. Let K = Q(«) with a root of A(z) = 23 — 4z — 8, and L = Q(8) with 3 the root
of B(z) =2% — 22 — 1.

Step I. Check discriminants (already done in a previous example).

Step II. We want a two-to-one map from [1,2,...,6] to [1,2,3]. There are 6!/(2!12!2!) = 90
possible maps. Only six of those maps have s; € Z. Out of those six maps, only three satisfy
s € Z and s3 € Z. However, only one of the surviving three maps has s4 € Z. This one also
has s5 € Z.
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Note that if there were no maps in the last step, then K; C L for all .. The one map that

survives is ¢ : 3,4 — 1;2,5 +— 2;1,6 — 3. This map has sg = s1 = 0,80 = 8,53 = 0,84 =
12, s5 = 0. By solving

0

Qo 0

S1 8

M - 0
as 12

we find such that o; = P(5;),

Remark. Some remarks on the subfield problem methods we covered:

(1) LLL will prove (eventually) that K; C L for some i, assuming it is true.

(2) LLL will never be able to show that K; C L for all 7.

(3) The linear algebra method will answer both directions, but the number of maps can
be very high for large degree polynomials.

11. FEBRUARY 3: THE SUBFIELD PROBLEM, CONTINUED — THE FACTORING METHOD

11.1. Factoring polynomials re-visited (Part 3)

The last method for looking at the subfield problem requires us to factor P(z) in K|z,
where K = Q(#). Let K = Q(0), where 0 is an algebraic integer with minimal polynomial
T(x). We wish to factor A(z) € K[z]. Our ged and division algorithms from before still
work. As before, we can assume without loss of generality that A(x) is square-free by looking
at P(x)/gcd(P, P'). Recall that we defined the norm of a € K as N(a) = [] 0;(«) where o;
are all the field embeddings.

We can extend this to the norm of a polynomial

N(apz" + -+ o) = H(ai(an)x” + -+ oi()).
Note that deg(N(P)) = deg(K)-deg(P). Recall that N(a) € Q. Similarly, we have N(P(x)) €

Q[z]. There are three main results that allow us to factor in Kz].

Lemma 1. Let P(x) be an irreducible polynomial in K[x|. Then N(P(z)) is a power of an
irreducible polynomial in Q|x].

Ezample. Let P(x) = x — 1. Then N(P) = (x — 1)%&(%) is not irreducible but is a power of
an irreducible polynomial.

Ezample. Consider A(z) = 2° — V22 4+ 2 € Q(v/2)[z]. Then
N(A) = (2° = V2 +2)(@® + V22 +2) = 2% — 22 — 222 + 4 = (22 - 2)(a* - 2).
Hence A(z) is not irreducible.

Remark. The converse of Lemma above is not true. Consider A(z) = (z —v2)*(z +v/2) €
Q(v/2)[z]. Then N(A) = (22 — 2)3.
Lemma 2. Let P(z) be square-free in K = Q(0). Then there are finitely many k € Q such

that N(P(x — k0)) is not square-free.
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Ezample. Let A(z) = 2° — 2 € Q(v/2)[x]. Then N(A(z)) = (2> — 2)? is not square-free, and
N(A(z — v2)) = N(2? — 2122 4+ 2 — 2) = 2%(2? — 8) not square-free. But N(A(z —2v/2)) =
(2?2 — 2)(2% — 18) is square-free.

Theorem 7. Let P € K[x] be square-free and N(P(x))inQ[z]| square-free. Write N(P(z)) =
[ Ni(x). Then P(z) = []gcd(P, N;) is a factorization of P(x).

12. FEBRUARY 3 LECTURE CORRIGENDUM

Last class, it was said that if there are more than one maps “surviving” then one needs to
increase the digits of accuracy, but it was wrong.
We get a map (i) = j if there exists a polynomial P(x) such that a; = P(f;). Let

L= Q(\‘l/i) and K = Q(\/i) Here 51 = (l/év 52 = _%7 53 - 6/52.754 = _\4/57' Here> a1 =
(% = B2 and oy = —f% = — 7. All of these give us legitimate maps P (x) = 22, P»(z) = —z?.
That is, both maps ¢; and 9 give us valid maps, where

)1 (z=1,2)
S01(55)_{2 (z = 3,4)

and

2 @=12
%(I)_{l (w = 3,4)

13. FEBRUARY 5

Ezample. Let A(z) = 2° — 22" + (=2 — 2)2° + (2v2 + 2)2® + 2v/21 — 4 € Q(v/2)[7].
Step 1: Make sure that we are looking at a squarefree polynomial.
Since ged(A, A') = x — /2, write Ay := A/G be the squarefree part. Note Ag(z) =
2t + (=2 — 2)z + 2v/2. There are only finitely many &k where N(Ag(z — kv/2)) is not
squarefree. Find a k where this is squarefree.

N(Ap(2)) = (2" = 2)(2” — 2)?
N(Ao(z — V2)) = 2%(2® — 8)(a* — 42® — 8z — +2)
N(Ag(z — 2v2)) = (2 — 18) (2% — 2)(z* — 162 — 162 + 62).
We see that N(Ag(z — 21/2)) is squarefree. We have
Az — 2v/2) = ged(Ag(z — 2v/2), 22 — 18) - ged (Ao (z — 2V/2), % — 2)-
ged(Ag(z — 2V2), z* — 1622 — 162 + 62)
=(r — 3V2)(z — V2)(2* — 4v22 + 8 — V2).
Hence Ay(z) = (z — v2)(z + v2) (22 — V2), and Ax) = (v — v2)*(z + v2)(2? — V/2) is the

full factorization.

Lemma 3. If A(z) € Klz| is an irreducible polynomial, then N(A(x)) is a power of an
irreducible polynomial in Q|x].
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Proof. Write N(A(z)) = Ny(x) --- Ng(x)*. We know that A(z) | N(A(z)), hence there is
some ¢ such that A(z) | N;(z). Consider ¢ a field embedding from K to C. We see that
o(A(x))|o(N;(z)) as o leaves Q fixed, we have o(N;(z)) = Ni(z). So o(A(z))|N;(z) for all

o. Therefore
[To(A@) [ Ni(x)

so indeed N(z) | N;(x)de)  This proves that N(A(z)) is a power of an irreducible as
required. 0

Lemma 4. Let A(x) be squarefree. Then there are only finitely many k such that N(A(x —
k0)) is not squarefree. (Here, K = Q(0).)

Proof. Let A(x) = [[(z — «y), so A(x — k0) = [[(x — a; — kB). Let oq,...,0, be the
n = deg(K) field embeddings. So

N(A(x — k6)) HH j(ci)ka;(0)).

Jj=1 1
If this is not squarefree, then there exist 71, 79, J1, jo such that

iy gy + ko (0) = iy g, + ko, (0).

Thus
k= Qg go — iy 5y .
O (9) — Oj (6)
There are only finitely many choices for i1, 79, j1, Jo. 0

Lemma 5. Let A(z) be squarefree and N(A(x)) = Ny(z) Na(x) -+ - Ni(z) also be squarefree.

Then
Ae) = [ cd(Ni(a), A(x)).

Proof. Let A;(z) be an irreducible factor of A(x). We know that N(A;(z)) divides [[N;(z),
and is a power of an irreducible. As [[N,(z) is squarefree, we have that N(A4;(x)) is ir-
reducible. So N(A;(z)) = N;(z) for some j. By reordering if necessary, we can assume
that N(A4;(x)) = Ni(z). We see that A;(x) | N;(z). Furthermore, for all j # i, we have
ged(Aj(x), N;(z)) = 1. Therefore, A;(z) = ged(A(z), Ni(x)). O

13.1. The subfield problem: the third method

Theorem 8. Let K = Q(«) with A(x) the minimal polynomial of o. Let L = Q(fB) with
B(z) the minimal polynomial of B. Then o € L if and only if A(z) factored in L[z] has a
factor x — a. Equivalently, there is a one-to-one correspondence between the linear factors

of A(z) in L[z] and subfields conjugate to K, subfields of L.

Ezample. Let o =~ 2.2599 with minimal polynomial 2°—32?+3z—3 and 3 ~ —0.6299—2.09114
with minimal polynomial 2% — 32% — 423 + 322 + 122 + 5. First, discriminants of these two
polynomials are 2% - 3% and 2'°- 3% - 7- 89 respectively. Factoring x® — 322 + 3x — 3 over L|z]
gives (2% + C1(B)x + Co(B))(x — Z8° + 550 — 223 + 252 — g — 18y ~ (22 — 0.722 +
1.327)(x — 2.2599). This tells us that

6 45, 113
SRS TLARBRR TR Gl
so K C L.

23



13.2. Applications

Given a, #, we have shown how to check if o € Q(8), thereby proving that Q(a) C Q(f).
If deg(a) = deg(f) then this is equivalent to Q(a) = Q(f).

We know that if K = Q(ay,...,ax) then there exists a single element 6 such that K =
Q(¢). How do we find this 7 We see that if we can do this for kK = 2 then we can do the
general case by induction.

Let K = Q(«, ). Let A(z) = © — . This is clearly irreducible. So there are only
finitely many £ such that N(A(x — kf3)) is not squarefree. Pick a k such that N(A(z — kf5))
is squarefree. So N(A(x — kf)) is squarefree and irreducible of degree deg(K). Let L =
Q(a+kp). Clearly deg(K) = deg(L) and a+kf € K so L C K. Hence K = L = Q(a+kpf),
and we can keep going by induction. In practice, we check if € Q(a + kf) which gives
a € Q(a + kB) for various k until it works.

14. FEBRUARY 10: ORDERS AND IDEALS

Many of these concepts have meaning outside of number fields, but we will assume we are
in a number field to make life easier.

Definition 37. we say that M is an order of K = Q(«) if M is a subring of K, and a
finitely generated sub-module of rank n := deg(K).

Ezample. Let K = Q(v/2). Z C K is a subring of K and a finitely-generated Z-module, but
its rank is 1, which is not equal to deg(K) = 2. Therefore Z is not an order.

Consider instead Z[27'] == {ag + @127 ' + a2 2+ +a,2 " :a; € Z,n € Z} = {a-27%:
a € Z,k € N}. This is a subring of K, and a Z-submodule of K. However, there is no finite
basis that works. Therefore this is not an order.

However, the subring M = 2Zx = {2a + 2v/2b : a,b,€ Z} is a subring of K, and a
Z-submodule of K of rank 2 = deg(K'). Therefore this is an order.

Theorem 9. The following are equivalent:

(1) « is an algebraic integer.

(2) Z[a] is a finitely generated abelian group

(8) « belongs to a subring of C that is a finitely generated abelian group

(4) There exists a non-zero finitely-generated abelian group L of C such that oL C L.

Corollary 3. Let R be an order of K and o € R. Then o € Z .
Corollary 4. If R is an order, then R C Zy.

Definition 38. An ideal of Zy is a Z-submodule of Zg such that whenever i € I and
r € Zg, it follows ir € I.

Ezxample. Let K = Q and Zg = Z. The subrings of Z look like aZ = {an : n € Z}. Tt is
easy to see that all aZ are ideals. The two trivial ideals of Zg are the Z itself and the zero

ideal {0}.
Ezample. Let K = Q(v/2). Then Zg = {a+bv2:a,b € Z}. Let I = 27 = {2a + 2bv/2 :
a,b,€ Z}. To see that I is an ideal we note that

(2a + 2bV2)(c 4 dV/2) = 2(ac + 2bd) + 2(ad + be)V/2 € 1.

Thus [ is an ideal.
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Example. 7Z is not an ideal in Zy where K = Q(\/ﬁ): clearly V2 € Zy and 1 € Z but
V2-1¢ 7.

Lemma 6. Let I be a non-zero ideal. Then rank(l) = deg(K).

Proof. Let aq,...,a, be a basis for Zg. Let i € I be non-zero. Then {icy,...,ia,} C I,
and span{iay,...,ia,} has rank n. Thus I has rank n. O

Proposition 39. Let I and J be ideals. Then the following are also ideals:
(1) IJ :={> anb,:a, € 1,b, € Jyn € N}
(2)InJ={a:a€l,ac J}

(3) I+J={a+b:aclbeJ}

Ezample. Let K = Q(v/2). Then I = 3Zg = {3a+3bv/2 : a,b € Z} and J = {2a + b\/2 :
a,b € Z}. One can verify that I and J are ideals. Then

IJ = {(3a +3bv/2)(2c + dV?2) : a,b,c,d € 7.}
:{6ac+6bd+3a~\/§d+6b0\/§:a,b,c,dEZ}
={6e +3fV2:¢, f €T}

INJ={6a+30V2:a,beZ}=1J
I+J={a+bW2:a,bcl} =1Lk

Ezxample. Let K = Q and Zx = Z. If I = 47Z and J = 6Z, then IJ = 24Z, 1N J =
127, 1 + J = 27.

In both cases we have IJ CINJCICIT+J.
Theorem 10. Let I and J be ideals of Zy. If [ +J = Zk then IJ =1NJ.

Proof. We have IJ C I NJ. Assume [ + J = Zg. Then there exist ¢ € [ and j € J such
that i+j=1. Letx e INJ. Asie [,z € INJ C J we have iz € I.J. Similarly, xj € IJ.
Soix+axj=ux(i+j)=x-1=uaz¢€IJ. Therefore INJ C IJ as required. O

So if we consider the case K = QQ, we see that ideals are of the form aZ, for a € Z. We
have (aZ)(bZ) = (ab)Z, and aZ N bZ = lem(a,b)Z and aZ + bZ = ged(a,b)Z. Many of the
concepts over the integers (e.g. factorization) extend to ideals of Zy. That is, we can factor
an ideal in Zg uniquely into prime ideals.

In general, this does not work in Zy. That is, there are K’s such that Zy is not a unique
factorization domain (UFD). The extent to which Z is not a UFD is measured by something
called the class group.

We are going to build the tools to factor ideals into prime ideals, and to do computations on
this class group. Before doing any of these, we wish to find a good representation for ideals.
In particular, we need a representation that allows us to compute IJ, INJ, I+ J I C J.

14.1. Representations and calculations on Z-modules and Hermite normal forms

Let ay,...,q, be a basis of Zyg. Any Z-submodule of Zy will have a basis 64,...,0,.
Then we can write

0, = Z w;ja; for some w;; € Z.
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Definition 40. The representation

w11 Wi2
W = :
Wn1 Wp2

is the Hermite normal form if:
(3) 0 < w;; < wjj forall i < j.

Example. Consider the module with basis aq, as, a3, where

Win

wnn

ap = 2V2 4992 — 17
s = 6V2 +6V2+3
s =492 1392+ 6.

If aq, g, iz is a basis for M, then the following are also basis for M:

(1) any permutation of ay, as, g
(2) any scalar multiple of a basis element

(3) a1 + kay, ag, ag for some scalar k also forms a basis.

So start with, in our example,

2 9 —17 2 9 =17
6 6 3 — 1 0 =21 54
4 3 6 0 —15 40

2 9 17 29 —17

0 15 =40 | = 0 3 —12

0 6 —14 0 6 —14
29 —17 2 0 —41
03 B8 -1 0 3 8
0 0 10 0 0 10

So we can read [Zg : M| from this matrix.
Thus [Zk : M| = 60.

_>

—>

SO N OO NN

15. FEBRUARY 12

Given a module (or an order, or an ideal), it is easy to see that its Hermite normal form
(HNF) is unique up to order and choice of basis for Zy. That is, for two Z-modules in Zg,
we can check equality by checking if they have the same HNF. We now wish to show how

O WO OWwWow oo

9

15
21

—17
—12
10

9
8
10

we can compute My + My, My - My, My N My or check if My C M.

(1) Addition. My + My := {mq1+ms : m; € My, my € My}. To find a basis for My + M,

it suffices to combine the basis elements of M; with those of My, i.e., the basis with
.,ap} is a basis for M; and similarly for the
b;. But there are too many elements; however this is okay since we will figure out

2n elements {ay,...,b,} where {a,..

26

—17
—40
—54
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This is just the product of the diagonal entries.



which ones to toss out by using the Hermite normal form. That is, we write this as a
matrix with “too many” rows, and convert it toi HTF, and remove the zero vectors.

Ezample. Let My = {(26°+0)a+(30+b)+8c} and My = {(46*+60+1)a+(20+5)b+6¢},
where 0% = 2.

2 1 0 2 1 0 2 10 2 0 0
03 6 0 1 1 01 1 010
00 8 0 0 2 00 2 00 1
4117 lo =11 7fooz2|7|oo0o0
025 0 2 5 00 3 000
00 6 0 0 6 00 0 00 0

Thus M; + My = {26%a +0b+c: a,b,c € Z}.

Multiplication. Recall that I -J = {>_a;b; : a; € I,b; € J}. We can multiply basis
elements of I by those of J and this gives a basis for [ - J. But this method has
some issues. First, there are too many (n? of them) multiplications. There is a
faster/better way if I and J are both ideals. For instance, let I = (1 + i)Zg and
J = (2+1)Zy where K = Q(i) and Zy = Z[i]. I has a basis {(1+1i),i(1+¢)} and J
has a basis {(2+ 1), (2 +14)i}. So a basis for I.J is {+(1 +4)(2+14), £(1 +4)(244)}.
Two of these are redundant, and we can use the Hermite normal form to see that a
basis is {(1 +)(2 +1), (1 +4)(2 + )i} = {1+ 3i, (1 + 3i)i}.

Intersection. I NJ ={a:a €l and a € J}. We will do this via the dual basis.

Definition 41. Let L be a lattice of full rank in Z". Then the dual lattice, L is
{v:{(vy)y eZforye L}.

Ezample. Let I = {a +2b\/2: a,b € Z} as a Z-submodule of Zgyy3)- This has HNF

0 2

Thus L = {v : (v,z) € Z,z € L}. As inner products are linear with respect to
addition, it suffices to look at basis elements

( L0 > We can think of this as the lattice in Z? of L = {(1,0)a+(0,2)b: a,b € Z}.

L={v:{vz)eZxec{(1,0),(02}}
= {(UlvUQ) : <('U1702)7 (1’0» € Za <(Ul7’02)7 (072» € Z}
={(v1,v2) 1 v1 € Z,2vy € Z} ={(a,b/2) : a,b € Z}.
This is basis (1,0), (0,271).

But this is a rather ad-hoc way of finding a dual basis. But the following theorem
provides a more systematic way of finding a dual basis:

Theorem 11. Let L be a lattice with full rank and let B be a basis. Then L has basis
D= (BT)™

Ezample. In the previous example, L had basis (}9) and L had basis ((1) 192 )
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X1

Proof. We will show that L C D : and vice versa. Let v; € Z™ and Dv, €
Ty
I
D : . Then
xn

(Dvy, Bug) = vi DT Bvy = v ((BY) )T Buy = v, B~ Bvy = v] vy € Z.
T
Therefore D : - L. Let v € L.Then (v1, Bug) € Z. This is true for all choices
T
of vy, including the basis elements. SO (Buvy, v € Z, so vd Bst € Z, hence BTv € Z".
This implies that v € (BT)™'Z" or v € DZ™. Thus L € DZ" as required. O

Theorem 12. Let I and J be Z-modules with bases By and By respectively. Let D
be the basis of the lattice coming from By + Bjy. Then D 1is the basis for I N J.

Proof. Let N be the Z-submodule with basis D. Let v € N. Then (v,z) € Z for all
x € B+ By. So (v,xy) € Z for x; € B C By + By and (v,z;) € Z for z; € B;. So
v e (By) and v € (By). But (B) = B, so this says ve [ and v € J, so v € [N J.
Let v € INJ. Then (v,z;) € Z for xy € By and (v,z;) € Z for z; € B;. So
(v,xr +xy) € Zfor xy + x5 € By + By. Thus v € DZ" as required. O

Ezample. Let I have basis {2,2v/2} and J have basis {4 + /2,1 +2v/2} (in Z[v/2]).
So in this case,

2 0 41 12
me(ie)me(ia)m-(07)

So
s (12 0 s (1 0
Bf_( 0 1/2)’3’_(—2/7 1/7)
70 70 13
s 5 0 7 110 7 07
BraBr=gilua o | 7|4 2|00
4 -2 0 0 00
Thus

S 14 0 2 4
B]+BJ:<_6 2)—)(0 14).

Thus I N J has basis {2 + 4v/2, 14y/2}.

15.1. Norms
Proposition 42. If I is an ideal, then it is a submodule of a maximal rank.

Corollary 5. This implies that Zy /1 is a finite ring (abelian). The size of this ring is called
the norm of I, denoted N(I).
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Ezample. 27.[\/2] is an ideal of Z[/2]. Thus if a+bv/2 ~ c+dv/2 then (a—c)+(b—d)V2 € 1.
Thus a = ¢,b = d (mod 2). So this is a ring with four elements. Multiplication is given by
0 1 V2 1+42
0 0 0 0 0
1|0 1v2 1+42
V2 10 V2 0 V2

1+v2|0 1+v2 V2 1

Note that this ring is not a field, nor is it an integral domain. Here, N(I) = 4. Also, if I is

written in the Hermite normal form, then N(/) = [ a;. ALso, if I and J are ideals over Zg
then N(1.J) = N(I) N(J).

16. FEBRUARY 24

Proposition 43. Let I be a non-zero ideal of Zy. Then I is a Z-submodule of Zy of full
rank.

Definition 44. As [ is of full rank this means that Zy /I is a finite ring. This size of this
ring is called the norm of I, denoted N([I).

Ezample. Let I = {2a + 2bv/2 : a,b € Z} as an ideal of Loz = Z[/2]. We say that
a+byv2 ~; ¢ +dv?2if and only if a = ¢,b = d (mod 2). So our ring can be thought of
as Fy + v2Fy = {a +bv2 : a,b € Fy}. Thus Z[v/2]/I has size 4, so N(I) = 4. Note that
this ring is a finite abelian ring but is not an integral domain, as V22 =2=0. Also, the
norm can be read off of the Hermite normal form, which is 275 = (39). Thus N({) is the
determinant of the Hermite normal form, or the product of the diagonal entries.

Proposition 45. If I and J are ideals of Zx then N(I - J) = N(I)N(J).

16.1. Prime ideals
Definition 46. We say [ is a prime ideal if Z /I is an integral domain.

Proposition 47. Any finite abelian ring that is also an integral domain is a finite field.
Therefore if I is a prime ideal, then Zk /I is a finite field.

Ezample. 2Z[v/2] = {2a + bv/2 : a,b € Z} is not a prime ideal. Let I = V/2Z[V?2] =
{2a + bv/2 : a,b € Z}. This has norm N(I) = det (39) = 2. Thus Z[v/2]/V2Z[V2] = F,.

Therefore I is a prime ideal.

Theorem 13. Let p be a prime ideal such thatp D I -1I5----I;. Then there exists a j such
that po Ij.

Remark. In the special case where K = Q, this says pZ O ayl -asl - ------ arpl implies
plaiay - - - ai. Thus there exists j such that p|a;, i.e., pZ D a;1.

Proof. The theorem is trivially true if £ = 1. Assume k = 2. Let p O [; - I,. Assume that
I; € p for all i = 1,2. Then pick x € I,z ¢ p. Pick y € I,y ¢ p. Notice that the map
Zy — Zy/p takes both x and y to non-zero elements. As Zg /p is an integral domain, it
follows that the image of = - y is non-zero. Hence x -y ¢ p. Clearly, z-y € I, - I, C p, so we
have a contradiction. Thus p O I or p D I,. This argument can be extended to the general

case by induction. O
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Remark. 1t should be noted that testing if p O I; is easy. We have p D [ if and only if
p + I = p, which we can check by using the Hermite normal form.

E:Eample Let I = 27Z[v/2] and p = v/2Z[v/2]. We see that the Hermite normal form of p 4 I
is (39)sop D I. Infact, I =p-p.

Theorem 14. Fvery ideal I of Zk can be written uniquely as

I—Hp”p with v,(1) > 1

as a product over finitely many prime ideals.

Remark. We make some following remarks regarding v,(/), which is called the valuation of
1 with respect to p:

(1) I2J=v(I) <vyp(J)
(2) vp(I + J) = min(v ( ),vp(J)) (ie., ged)
(3) vy(I NJ) =max(vy,(I),ve(J)) (i.e., lcm)
(4) vp(1J) = v (1 )+Up( )

Proposition 48. Let p be a prime ideal. Then p NZ = pZ for some prime p.

Proof. We see that p N Z is a subset of the integers closed under addition, i.e., aZ for some
a. Consider the case when a = 1. Then 1 € p, but since p is an ideal so we exclude this case.
Now suppose that a = m - n be composite. So m - n ¢ p hence have a non-zero image under
Zy — Zk/p. But their product is 0 under this image. Hence Z Np = pZ for some prime

p- O
Proposition 49. The following are equivalent:

(1) p 2 pZ

(2) pNZ = pL

(3) pNQ = pZ.

Theorem 15. pZx N7 = pZ.
Proof. Exercise! O

Definition 50. If p is a prime ideal and p N Z = pZ, then we say that p is above p, or p is
below p.

Theorem 16. Let p be a prime ideal above p. Then p O pZy.

Proof. We know that p N Z = pZ, hence p € p. This implies that (as p is an ideal) that
p-x €p forall z € Zy. Hence pZi C p. 0

Theorem 17. Let p be prime. Then there exists a unique factorization

Pl = H Py’

30
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Proof. Note that N(pZg) = p?°8S) since the Hermite normal form of pZy is

P 0
p
p

0 p
Note that N(p;) = p/i for some f;. Further, norms are multiplicative. Therefore piests) =

N(pZk) = N(I]p") = [1p%:. Therefore, it follows that deg(K) = ey f1 + -+ e;f;. O

Let I be an ideal. We know it has a unique factorization I = pi' ---pI* into prime ideals.
We want to find this factorization, First we look at N(I) = pi' - --p% for primes p;. If we
can factor pZyx = [[ p$* for some p | N(I), then we can quickly check if p; D I or pt D I for
some t. So the big question is how we factor pZg.

Definition 51. Recall
g
pZx = [ [ pf* and N(p;) = p”".

i=1
Then

(1) If e; = f; and g = deg(K) then we say pZk splits completely.
(2) If ey = 1,9 = 1 then pZg is inert.

(3) If e; > 2 for any e; then we say that pZy is ramified.

(4) If e; = 1 for all 4, then pZy is unramified.

Theorem 18. A prime p is ramified if and only if p|disc(K).
Corollary 6. For any fized K there are only finitely many ramified primes.
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Ezample. Let K = Q(i). Then Zyx = Z[i]. We see that 2Z is not prime by observing that
(1+1) € Zy /2Zx but (1 +14)*> = 0. We can verify that 2Zx = ((1 +1)Zx)* = p>.
———

=:p

Consider 3Zk. Let a + bi € Zk/3Zk and a,b € F3. Assume that (a + bi)(c + di) = 0
in Zy/3Zy. Thus we have ac — bd = 0 and ad + bc = 0. Thus ac = bd and ad = —be, so
a’cd = —b%cd. If both ¢ and d are non-zero then a = b = 0. Or —abc? = abd?, so c =d = 0.
Thus Zk /3Z is an integral domain so 3Z is a prime ideal and is inert. Lastly, 5Zx splits,
namely 5Zx = pips where p; = (1 4+ 20)Zg and ps = (1 + 3i)Zg. We observe that these
are not the same, since 1 + 2¢ € p; N po then there would exist a + br € Zg such that
(14 3i)(a+ bi) =1+ 2i. But since a,b ¢ Z, this “gives” a contradiction.

Thus 5Zk is not inert and is unramified. Further, it splits completely.

Theorem 19. Let K = Q(0) be a number field, and 6 an algebraic integer. Let T'(x) be the
minimal polynomial of 6. Let f = [Z : Z[0]]. Assume that p1f, and write

T(z) = [[Tix)  (mod p).

Let p; = pZy + T;(0)Zr. Then pZyx =[] p;" is the unique prime factorization of pZy .
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Ezample. Let K = Q(v/3) and Zg = Z[V/3]. Thus f = [Zg : Z[v/3]] = 1. Note that

?—3=(zx+1)* (mod?2)
=27 (mod 3)
=2°—-3 (mod 7)
(x = 5)(x —6) (mod 11).

So 27,37y are ramified; 7Zy is inert; and 11Zg splits completely.
For the mod 2 case, note 2Zg = p? where p := 2Zg + (1 + v/3)Zg. This has a basis

. ( 11 )
02 )’
sop = {(1+/3)a + 2V/3b}.
For the mod 7 case, since TZy is inert, 7Zyx = p = TZy + (\/52 —3)Zx = {Ta + ThV/3 :
a,beZ}.
For the mod 11 case, we can write 11Zyx = py - po. Then p; = 11Zx + (\/5 — b))k =
{(1+2v3)a+11V3b:a,b € Z} and py = {(1+9v3)a+ 11v/3b: a,b € Z}.

Lemma 7. Let [ = [Zg : Z[0]], and p{ f. Construct the T; and p; as before. Then either
pi = Z or Zy/pi is a field of size ples(T).

W= O N
— = N O

Proof. Set K; = F,lz]|/(Ti(x)) = Z[z]|/{p,T;(x)). We see that T;j(x) is irreducible in F,[z].
Thus K; is a field of size p?°8("). We wish to show that either p; = Zg or Zg/p; = K;.
Consider a homomorphism ¢ : Z[z| — Z/p by p(A(z)) = A(f) mod p.

We see that p; = pZy + T;(0)Zk. This gives us that p € ker . Similarly, T;(x) € ker ¢.
As (p,T;(x)) is a maximal ideal of Z[x] (since Z[x]/(p, T;(x)) is a field), this tells us that
ker p = Z|x] or ker ¢ = (p, T;(x)).

If Z[0] = Zx we would be done since p(Z[z]) = Z|x]/ ker ¢. The problem is that we might
have Z[f] # Zx. This doesn’t matter that much though; as long as we can show that the
map is surjective we would be done. Thus we need to show that this map is onto. That is,
for all b € Z/p, there exists an A(z) € Z[x] such that ¢(A(z)) = b. Therefore there exist
¢,d € Zk such that A(0) = b+ pc+T;(0)d. Hence, b = A(0) —pc—T;(0)d so Zx = Z[0] + p;.
Note that pZy C pZy + T;(0)Zk = p;. Hence Z[0] + pZx C Z[0] + p;, so

[Zk : Z[0) + pil | [Zx = Z]0] + pZ].

Look at the Hermite normal form of Z[f]. Then f = ay; - - a,, and pfa;; for all i.

0 Qnn
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The Hermite normal form of pZy is pI,. So the Hermite normal form of Z[0] + pZy is

a1 (*)
22

since by; = ged(arr,p) = 1 and by; | ged(ay, p) = 1. Therefore Z[0] + pZyx = Zy. Hence
p+7Z[0) D pZi +7Z[0] = Zi. Thus ¢ is a surjective map as desired. This gives us the desired
conclusion. O

Theorem 20. Let p; and p; be as before and @ # j. Then p; +p; = Zk.

Proof. We have p; = pZy +T;(0)Zr. We know that T;(z) and 7T};(x) are irreducible, distinct,
(coprime) factors in Fy[z]. Since ged(T;(z),T;(x)) = 1 in F,[z], there exist U(z) and V (x)
so that Tj(x)U(x) + T;(x)V(z) = 1 (mod p), or T,U + T;V = 1+ p- W(z). Therefore
T, U() —pW (0)+T;(0)V(0) = 1. So T;(0)U(0) — pW (0) € p; and T;(0)V(0) € p;. Thus
—_——— Y ———

€T;(0)Zk €plk €ET;(0)Zk
1 € p; +pj, as required. 0
18. MARCH 2
Example. Let K = Q(\/g) We know that 11Zg = p; - p2, where
p1={(1+2V3)a+11V3b: a,b € Z}
po = {(1+9V3)a+ 11V3b: a,b € Z}.

p1 + po has the following Hermite normal form:

1 2 1 2 1 2 10
0 11 0 11 0 1 0 1
197 lo 7|7 loo|l 7 oo
0 11 0 0 0 0 0 0

Thus, p1+p2 = L.
Lemma 8. pZx D p'p52 -+ py’.

Proof. Note p{* = (pZy +T1(0)Zk )™ = paZG () p™ *T1(0)Z% +- - -+ T1(0)* Z5;. Note that
25 C Zk and 1 € Zg, so 23} = Zg. This simplifies to

€1

e
D (pe1—1ZK ( | )pe1—1T1(9)ZK 4+ 4 ( 1)T1(9)61_1ZK) —|—T1(9)€IZK - pZK + T1(0)61ZK~

1

CZy
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Thus

pi'py” C (pZk + T (0) Zk ) (pZr + T2(0) L )
C p°Zi + p(Th(0) Lk + To(0)*Zk) + T1(0) T(0)* Z .

As before, the middle term simplifies to Zg so this is C p*Zy + pZx + T1(0)T5(0)* Zx.
Therefore,

PPy’ € pZk + Th(0) 12(0)* L.
The full product works the same way. That is,
Pi by S Lk +Th(0) - To(0) " L.

Notice T'(z) = Ti(z)* ' - Ty(z)% (mod p), so T(0) = Ty(0)*---T,(A)% (mod p). Yet
T®) = 0, so T{*(0) -+ T,(x)°% = pk for some k. Therefore p*---py’ C pZi + pkZyx =

Theorem 21. pZj = p§' -+ - py’.

Proof. Now that we proved pZg D p§' - - - py’, we show this time that it has a prime factor-
ization pZyx = p* - -p;lg. Reorder these so that py,...,ps are prime ideals, and pyiq,...,p,
are Zg. Note as pZy D p$'---pg? we see that pd' .. -pgg D p§t---py’, Hence there are no
extra prime factors on the LHS. Morevore d; < e1,dy < eo; in fact, we have d; < e; for
1=1,2,...,s.

Note that N(pZg) = N(p? ---pd) = pdel) = T[N(p%) = [[p*fi = p=%fi, where
N(p;) = p/i. This gives deg K = >_d; f;.

Notices that N(p;) = p&). Therefore N(pS' - - -py?) = pleeTi@-Ts@)*) — A where
A < deg(T(z)) = deg(K). As e; > d;, this only works if s = ¢g and d; = d;. Hence
pZy = pt - -pg’, and T(x) = Ty(x)® - - T,(x)% (mod p) as desired. O

Remark. A key assumption in the first lemma (and hence the main theorem) was that
pt[Zk : Z[0]]. In some cases we can work around this problem by finding a different 65 such

that Q(0) = Q(62).

Definition 52. Suppose that K is a number field where, regardless of the choices of 6, we
always have p | [Zx : Z[f]]. Such primes are called inessential discriminant divisors. 1t is
knows that such p have p < deg(K) — 1.

Remark. If p is an inessential discriminant divisor, then new/harder methods are necessary.

Ezample. Let K = Q(i) so that Zx = Z[i]. Let I = {(32 + 6i)a + (13 + 19:)b : a,b € Z}.
Here I has Hermite normal form

326_>6—32_>6—32_>183
13 19 13 19 1 83 0 530 /-

This is an ideal if any (a + bi) € Z[i] has (a + bi)(c+ di) € I with ¢+ di € I. Equivalently if

Zig-1+1=1then Zg -1+ I has the same Hermite normal form as I. So [ is an ideal. Note

that N(I) =2-5---53, and that 2> +1 = (z+ 1) mod 2, 2%+ 1 = (z +2)(x + 3) mod 5, and

that 22 + 1 = (z + 23)(z + 30) mod 53. Thus 2Zx = p2 where py = 2Zy + (1 +1)Zg. So we
34



know that p is a factor of I. On the other hand, 5Zx = ps 4-P5p, Where ps , = SZx+(i+2)Zk
and psp, = 5Zk + (i + 3)Zk. Note that p5;, has the Hermite normal form

5 0 1 -3 1 2 1 2
0 5 . 0 5 o 0 5 N 0 5
3 1 5 0 0 15 0 0
-1 3 3 1 0 10 0 0
We see ps is a factor of [ if ps, + I = ps5p. Indeed,

1 83 1 2 1 0

0 530 0 81 . 0 1

1 2 0 5 00

0 5 0 0 00

This tells us that ps is not a factor of I, so ps , is a factor of I. We can do ps3 in the same
way to get

I'=ps P54 Ps534
where po = 27k + (1 + i)ZK7p5,a =57k + (2 + i)ZK7p53,a =537k + (23 + Z)ZK

18.1. Fractional ideals, ideal inversion, and the class group

Definition 53. We say that [ is a fractional ideal if there exists a d such that d - I is an
ideal over Zy .

Remark. Note all the elements of I are algebraic integers. All will be algebraic numbers.

Ezxample. Let I = %ZK. Note that 4 - %ZK = 27y 1s an ideal of Zy. Note that % € I, and %
is not an algebraic integer but is an algebraic number.

19. MARCH 4

Definition 54. Let I be a fractional ideal. We say [ is invertible if there exists a fractional
ideal J such that I.J = Zg. In this case we say [~ = J.

Ezample. Let K = Q(i). We know from before that 2Zx = p3, so p; " = $po.

In general, if pZyx = p{'p5? - - - pg’, we have

1 e €i—1..€i e
Pi (Epll .. 'pifllpiJ:—ll R gg) = Zg,

SO

—1 1 el €i—1 €it1 €

b = 5131 P P Py

Using this idea, we can show that
Corollary 7. All fractional ideals in Zk are invertible.
Theorem 22. Let I be any fractional ideal. Then there exists a unique factorization

I=]]pi viez\{0}vi.

Definition 55. We say two fractional ideals I, J are equivalent if there exists a € K such
that ol = J; or equivalently, if I and J are ideals then there exist a, 3 € Zg such that

al = J. In this case we write I ~ J.
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Remark. The relation ~ has the following properties:
(1) I~1
(2) I ~Jby ol =Jimplies J ~Ibya'J=1
(3) I ~ J,J ~ K implies I ~ K (transitivity)

Therefore, ~ is a proper equivalence relation.

Observe that the product of any two fractional ideals is a fractional ideal. Moreover,
(IJ)K = I(JK) and IJ = JI. We see that I - Zyx = I; that is, Zx = “1”. This gives us
that the set of fractional ideals is an abelian group under multiplication.

Definition 56. The class group of K is CI(K). The class number is h(K) = |C1(K)|.

Ezample (a stupid one). Let K = Q. Then Zx = Z. All ideals are of the form mZ where
m # 0. All the fractional ideals look like *Z with m,n # 0. All the fractional ideals satisfy
07 ~ Z. Therefore C1(Q) = {1}.

Ezample. Let K = Q(v/=5). Then h(K) > 2. It suffices to find an ideal I such that
I # Zg. First, we start by factoring 3Zg. Note that x*> +5 = (x + 2)(x + 1) mod 3. Let
p1 = 3Zx + (2++/=5)Zg and py = 3Zg + (1 +/—5)Zg. Then 3Zx = p1p,. We claim now
that p; ¢ Zg. For this, we will compute the Hermite normal form of p;:

30 12
0 3 0 6 12
2—5%03*(03)'
12 09

Hence p; = {(2 ++v/=5)a +3b: a,b € Z}. Assume that there exists a such that p; = aZg.
Choose d such that da € Zg so da = a + by/—=5 € Zg. We can assume that ged(a, b, d) = 1.
We already know that N(p;) = 3. Therefore N(daZy) = (a + byv/—5)(a — by/—5) = a® + 5b%.
Thus
a® + 5b*

2

1
N(aZK) = E N(dOéZK) =

= a’® + 5b* = 3d* (a,b,d € 7)

3=N(p)

Upon reducing a? + 5b? = 3d*® mod 5, we see that a = d = 0 (mod 5). Upon reducing the
same equation mod 25, we see that b = 0 (mod 5) since we know a = d = 0 (mod 5). This
contradicts the assumption that ged(a, b, d) = 1. Hence py o0 Zg so h(k) > 2. The fact that
h(Q(v/—=5)) > 2 has implications for factorization over Zg ).

Consider the factorization 6 = 2-3 = (1 4+ v/=5)(1 — v/=5). If we could write 3 = af
over Z, then 3Zy = (aZk)(BZy). But 3Zk factors into pips with py1,ps % Zg. Therefore
3 does not factor further.

Proposition 57. Zy is a unique factorization domain (UFD) if and only if h(K) = 1.
We now wish to prove that h(K) is finite; that is, CI(K) is a finite abelian group.

Lemma 9. Let K be a number field. Then there exists A > 0 (dependent on K ) such that
for any ideal I there exists a € I satisfying | Ny (a)| < AN(I).
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Proof. Let aq,...,a, be a basis for Zy and o4, ...,0, the n field embeddings. Let

A=TD loi(ey)l-

i=1 j=1
Pick the unique m such that
m" < N(I) < (m+ 1)".

Consider the (m + 1) elements

{iaiaizogai<m}.

i=1
Looking at the images of these in Zg /I gives a;,a; such taht Y a;a; — > ala; € I. This
can be written as ) b;cy; with |b;| < m. Let a = > b;;. We claim that | N(a)| < AN(J).
Indeed, we have

N(a) = |N (Z biai>

I
—
™
&
B

as required. 0
Lemma 10. With A > 0 as above, every equivalence class has an ideal J such that N(J) < A.

Proof. Let C be an equivalence class of ideals. Note that C™' = {I™' : I € C} is an
equivalence class of ideals. Pick I € C™! an ideal, and find « € I such that N(a) < AN(I).
Notice aZy C I. So there exists J such that aZx = IJ. Note that N(/J) = N(I)N(J)
and N(aZk) = N(a) < AN(I). From these two inequalities, it follows that N(J) < X as
required. [l

There are only finitely many ideals J with N(J) < A, which we can deduce upon looking
at the Hermite normal form. As each equivalence class has one of these ideals, there are only
finitely many equivalence class; therefore h(K) is finite.

Corollary 8. CI(K) is finite.

20. MARrcH 9 & 11

20.1. Quadratic number fields
Let 6 be a root of az? + bz + ¢, i.e., § = =bEvb—dac VQZQ"‘“. Notice that

o (IEYEI) — o= Tan)
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We may assume without loss of generality that K = Q(\/a) where d is squarefree and
d+#0,1.

Proposition 58. Let K = Q(v/d) with d squarefree and d # 0,1. Then
(1) If d=1 (mod 4), then Zy = {a—l—b(%a) ta,b e Z}.
(2) If d= 2,3 (mod 4), then Zx = {a +bVd : a,b € Z}.

Proof. Assume d =1 (mod 4) and a4 bv/d € Zg with a,b € Q. The minimal polynomial of
a+bvd is 2? — 2az + (a® — db?). We see that 2a,a® —db? € Z. This gives us that a = m € Z
mtl ;€ Z. If a = m, then m? — db®> € Z. Since d is squarefree, it follows that

or a = D)
2 1\2
(m+ > e

beZ If a= 2%t then
2

Hence 4m? + 4m + 1 — 4db?® € 47. Hence 1 — 4db* € 47. Thus b = @ for some n € Z.
Thus either a,b € Z or a = 2%t p = 20l 4y 1y € Z. Therefore

2 2
1
+2\/E) -

ZK:Z+<

The other case is similar but easier. [l

20.2. Discriminants
Let d be squarefree and d # 0,1. If d =1 (mod 4), then

[ 1 14vd | 2
det . a | =d  (d=1 (mod 4))

disc(Q(Vd)) = B \;El 12
det L vi | T 4d (d#1 (mod 4))

Corollary 9 (Stickelberger’s theorem). If K is a quadratic number field, then disc(K) =0
or 1 mod 4.

Definition 59. We say that

D = disc(K) =

4d d=1 (mod 4)
d d#1 (mod4).

is the fundamental discriminant of K.

Let

VD _ 1Vd (=1 (mod 4))
T =
PUl2=Vd  (d#1 (mod 4)).
That is Zx = {a+ brp : a,b € Z}.
Lemma 11. Let I be an ideal in Zy. Then there exist a,qg,b € Z such that

I={g(ax+ (b+7p)y) : z,y € Z}.
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Proof. Let I be an ideal. Write this in the Hermite normal form with respect to the basis
{mp,1}: We know that I is an ideal and C' € I, where the Hermite normal form looks like

A B
0 C |
As [ is an ideal, C' - 7p € I. This gives us that A|C, as Ctp = (amp + B)x + y for some
x,y € Z and we isolate the 7p term. Further Atp + B € I so (A1p + B)7p € 1. Note that
2
o[ — e o =1 o)
Vd =d (d#1 (mod 4)).
Hence

Brp+ Ap+942A (d=1 (mod 4))
Btp + Ad (d#1 (mod 4)).

In both cases, this implies that A|B. So let g = A, ga = C, gb = B. So
I={(Arp+B)x+Cy:z,y € Z}
={9((7p + B)x + Ay) : x,y € L}
={g(Az + (b+7p)y) 1 x,y € Z}. O

(Atp + B)Tp = {

Ideals have a nicer form than one might originally expect. Recall that the fractional ideals
I and J satisfy I ~ J if there exists an a € K such that [ = aJ. Equivalently, two ideals
are I ~ J if there exist «a, 8 € Zg such that ol = [J. There is a relationship between
ideals, and equivalent classes of ideals, and something called a binary quadratic form, and
equivalent classes of binary quadratic forms. Hence, to compute a class number it suffices
to count the number of equivalent classes of binary quadratic forms.

20.3. Binary quadratic forms (with a negative discriminant)

Definition 60. We say (a,b,c) = az? + bzy + cy? is a binary quadratic form with disc
b? — 4ac.

Example. Consider {z? +y? : 2,y € Z} = {0,1,2,4,5,8,9,10,13,16,17,... }, the numbers
representable by (1,0,1). Tt is not hard to see that {(z +y)* +y? : ¥,y € Z} represents the
same list of numbers. Note that (z + y)? + y* = 2% + 22y + 2y* = (1, 2,2).

In general, we have
a(az + By)? + blaz + By)(yx + 6y) + c(yz + dy)?

with ad — 8 = 1 represents the same list of numbers. We will say that two binary quadratic
forms related in this way are equivalent.

Definition 61. We will say that a binary quadratic form is reduced if —a < b < a < c or
0<b<a=c

Proposition 62. Fvery binary quadratic form with negative discriminant is equivalent to a
unique reduced binary quadratic form.
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Proof (Part 1: Existence). A binary quadratic form is equivalent to a reduced binary qua-
dratic form. If @ > ¢ then (a,b,c) ~ (¢,—b,a) by Tpew = y and Ypew = —z. Then
ay* +0(y)(—x)+c(—2)* = cx®? —bry+ay?. If b ¢ (—a,a] pick a k such that b+2ak € (—a,al.
We have (a,b,c) ~ (a,b+ 2ak,c + bk + ak?®). Use Tpew = T + kY, Ynew = y and note that
a(z + ky)? + b(z + ky)y + cy? is of desired form. We apply these two steps until neither
conditions hold (that is, when a < ¢,b € (—a,a]). If a < ¢ we are done. If a = ¢ use
(a,b,a) ~ (a,—b,a) if necessary so that 0 < b < a. Note that this algorithm will terminate
only if we are in the reduced form. We see that the first term must decrease every two steps,
and must remain a positive integer. Therefore this algorithm will terminate. U

Proof (Part 2: Uniqueness). We now wish to show that (a,b,c) is equivalent to a unique
binary quadratic form. Assume that (a,b,c) and (d, e, f) are two reduced, equivalent binary
quadratic form. Assume also without loss of generality that d < a. Note that two equivalent
binary quadratic forms represent the same set of integers, i.e., {ax® +bxy +cy? : v,y € Z} =
{dz*+exy+fy? : x,y € Z}. Clearly d € {dz*+exy+fy? : x,y € Z}. So there exist x¢,yo € Z
such that d = ax? + broyo + cy? > a(x + y2) + broyo > a(xd + y2) — alzoyoe| > aolzoyol-
Therefore a > d > a|xoyo|. This implies that 29 = 0 or yo = 0 or |zoys| = 1 (the last
condition implies that a = d). If yo = 0 then d = ax3 > dz? so a = d. If g = 0 then
d > cy? > ay? > dy? so a = d. Therefore a = d.
Recall that there exist «, 5,7, with ad — Sy = 1 such that

alax + By)? + blax + By)(yr + 6y) + c(yr + 6y)? = dz* + exy + fy* = ax® + exy + fy*.

By looking at the z? term we have az?+aa?z*+bayz?+cy?2? or a = aa®+bay+cy? > alay|.
As before, we get restriction v = 0, = 0, or |ay| = 1.

First, suppose v = 0. As a = aa?, it follows that a? = 1. As ad — 8y = 1 we have a = §
and 0% = 1. Matching the xy term gives e = 2aaf + b(ad + 37) + 2¢yd = 2aa + b. Note
that —a < b < a and —a < e < a. This implies a8 = 0. We know « # 0 so § = 0. Hence
f=v=0and a =0 = +£1. Using this transformation gives us (a,b,c) = (d, e, f).

Second, assume a = 0. As a = ¢y? > a~?, this gives that a = ¢ and 4? = 1. We also
have v = —1, since ad — By = 1. As before, match up the xy term. Then we would have
e = 2afa + bad + byp + 2¢yd = —b + 2¢yd = —b + 2ayd. Notice that —b € [—a,0], so
—b+ 2av6 € [2av) — a,2avd]. So either v = 1 or v6 = 0. This is only in the correct range
ifa=b=cand vy =1,0rif y0 =0. If v6 =0 and v # 0 then 6 = 0 and 8 # 0,a = 0.
Hence « =0 =0 and f = —y = +1 so (d,e, f) = (¢, —b,a). But a = ¢ so b > 0; therefore
(a,b,c) = (d,e, f) = (a,0,a), so the uniqueness is proven in this case.

Thus let v6 # 0, ie., 70 = l,a = b = ¢,78 = —1,a = 0. Then a(ax + By)* + a(ax +
By)(yr+0y) +a(yz+0y)*. If § = 1 then ay® +a(y)(—z —y) +a(—z —y)* = az® + azy +ay®.

Finally, suppose |ad| =1 and a = ¢. So a = aa® + bary + ¢y? = a + ¢+ b = 2a + b. This
gives us ay = —1 and b = a. Note that ad — 37y =1, so ayd — +v? = v hence —6 — 3 = .
Using these in a(ax + By)* + b(az + By)(yx + 0y) + c(yz + dy)? give us

alax + By)? + blax + By) (yr + 6y) + c(yz + 6y)? = ay® + azy + ay?,
which concludes the proof. ([l

Corollary 10. (a,b,c) ~ (d,e, f) if and only if they are equivalent to the same reduced

binary quadratic form.
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Recall that two binary quadratic forms are equivalent if there exist a, 3,7, such that
ad — By =1 such that

a(az + By)® + blazx + By)(vx + 6y) + c(ya + dy)* = da® + exy + fy’.

Recall also that we say a binary quadratic form is reduced if 0 <b<a<cor0<b<a=rc.
Using a = 9§ =0 and f = —y = 1 gives (a,b,c) ~ (¢,—b,a). Usinga=90=1,7y=0,0=%
gives us (a, b, c) ~ (a,b+ 2ka, c + bk + ak?).

Ezample. Consider a binary quadratic form (7, —8,3). We want to find its reduced form.
(7,-8,3) ~ (3,8,7) ~ (3,8 — 6,7 — 8+ 3) by letting £ = —1. Thus we see (7,—8,3) ~
(3,2,2) ~ (2,-2,3) = (—2,-2+4,34+(—2) 4+ 2), so (7,—-8,3) ~ (2,2,3) which is a reduced

form.

Example. How many binary quadratic forms of discriminant —23 are out there? That is,
how many triples (a,b,c) are there satisfying v* — 4ac = —23? We may restrict our count
to reduced binary quadratic forms. Notice that 23 = 4ac — b* > 4a® — a? = 3a®. Therefore
a’® < 2—; Hence a < ,/%. Hence a = 1 or 2. Also, notice that ¢ = % € Z. If a =1, then

b =1 is the only possible choice. In this case ¢ = 6. If a = 2 then b can only be —1,0, or 1.
Ifb=+1thenc=3€Z. Ifb=0or b =2, then ¢ ¢ Z. So there are three reduced binary
quadratic forms ((1,1,6), (2, —1,3),(2,1,3)). This means (and we will show later) that the

class number of Q(1/—23) is 3. Hence Cl(Q(v/—23)) = F3 = Z/3Z.

We now wish to show the connection between binary quadratic forms of discriminant D,
and ideals in K with discriminant D. As before let K = Q(v/d),d < 0 and squarefree. Then

d (d=1 (mod 4))

disc(K) = {4d (d£1 (mod 4))

o

I is of the form I = {g(ax + (b+ mp)y

and

—

VD (4 =1 (mod 4))
(d#1 (mod 4)).

5.

~— N

boAsT ~ %] we can assume [ is of the form

2ax + (2B +1++vD)y} (d=1 (mod 4))

I=200+ QB2 = o0 o 0B+ VD)t (d21 (mod 4)).

—N—

{
{
Let b=2B or 2B + 1.

21. MARcH 16 & 18
Consider the map from an ideal of this form to a binary quadratic form by
{2az + (b+ VD)y} —(2az + (b+ VD)y)(2ax + (b — VD)y)/(4a)
= (4a®2” + dabxy + (V* — D)y?)/(4a).
We claim that 4a|b*— D, say 4ac = b — D. To see this, note that (B+74,))(b++/D) € I where

ThH = —*/TE or T = @ as appropriate. Then (B4 175)(b++/D) = T(b— VD) (b++/D) =
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bQED € I. This gives that 2a ‘I’Q?D, or 4a | b®> — D as required. Letting ¢ = P-D argue

4a
that (4a?x? + 4abxy + 4acy?)/(4a) = ax® + by + cy?.
We need to show that the maps going between equivalent binary quadratic forms (BQF’s)
correspond to maps between equivalent ideals. Consider the map (a,b,c) ~ (a,b+ 2ak,c +
bk + ak?). Consider the ideal {2ax + (b4 /D)y : x,y € Z}. Note

{2ax 4+ (b+ VD)y} = {2a(z + ky) + (b + V' D)y} = {2az + (b + 2ak + V' D)y},
which maps to (a, b+ 2ak, c + bk + ak?). Now consider the relation (a, b, c) ~ (¢, —b, a).
{2az 4+ (b+VD)y} ~ (b — VD){2az + (b+ VD)y}
= {2abx — 2azv'D + (1> — D)y}
= {2abx — 2a2V'D + (b* — D)y}
= {2abx — 2axV/'D + dacy}
= 2a{bx — VD + 2cy}
= 2a{2cz + (—b+ VD)y}.

but {2cx + (=b + v/D)y} maps to (¢, —b,a) as required. Therefore, each equivalent class
of ideals maps to an equivalent class of BQF’s from which there is a unique reduced BQF.

Hence the number of equivalent classes of ideals (i.e., class number) is equal to the number
of reduced BQF’s.

Ezample. There are three reduced BQF’s with disc —23, hence the class number of Q(y/—23)
is 3.

The BQF method gives us the exact class number. Now we discuss some heuristic methods.

21.1. Class number estimates: analytic method
Definition 63. Let D be a negative discriminant of Q(v/D). Define

Lp(s) == ; (%) n=*.

This series will converge for all Re(s) > 1, and will converge conditionally at s = 1. It has
an analytic continuation to the whole complex plane.

Proposition 64. Let D be as above. Then

27h(D)
Lp(l) = ———
w(D)/|D]

where w(D) is the number of roots of unity in Q(v/D).
Ezample. Let K = Q(y/—31). Then D = —31. We can show that w(—31) = 2. Thus,

h(—31) = @ : 2; (%) n~t.

Truncating the sum at n < N gives us
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N [ h(=31)

10 | 3.41866
100 | 2.998259
1000 | 3.001754
10000 | 3.000177
100000 | 3.0000000

An alternate method involves the Euler product

Los) = [ (1_(D/p))_1_

ps

With N primes we get

N (=31
10 3.0475
100 | 3.0213

1000 | 3.0035

10000 | 3.00188

Theorem 23 (Schoof). Assuming the ERH, there exists a computable ¢ such that if N =
¢ log? | D),

-1
HPSN <1 B %)
Lp(1)
21.2. Shanks’s baby step-giant step method
In the previous method we exhaustively found all the BQF’s that were reduced to compute
the class number. We never took advantage of the fact that C1(K) is a groups have structure.
This method will use the fact that it is a group. The basic idea is that
(1) Pick a € CI(K) at random.
(2) Compute the order of a (call it |a|).
(3) Let Gy = CI(K)/(a) and repeat as necessary.
(4) If we know that B < h(D) < 2B for some B (which we can get from the estimation
method), then we repeat until we have the size of the subgroup in this range, when
then must equal to C1(K).

3 3
- < < -
4~ 2

The first thing we wish to show is how to compute |a|, assuming we know how to do
computations in the group and that we have a bound on the group size. Assume |G| < 2B.

Then |a| < 2B. Let d = {\/QBJ. We know that a” = 1 for some 1 < r < 2B = d. Let

r = rid + ry with ry,7 € {0,1,...,d — 1}. Then a"%*"2 = 1 if and only if a" = a="%
Now we can construct two lists, {a®,a',...,a% '} and {a=¢ a2, ..., a= @1} and see if
there is a match. This can be done quickly by sorting the two lists. If (or when) there is a
match, construct r = rid + ro such that «” = 1. Note that |a| < r, but we only know that
la| | r. Write r = p{'p® --- p{¥. We know that |a| = p$* - - p* with 0 < ¢; < d;. Further,
p‘li1 = -pi’“ =1# pclllpg2 ceeplll -pi’“. Let’s say that we wish to test whether a®* = 1 for
some s|r. Write s = s1d + s5. So a® = 1 if and only if a*2 = a=*1¢ — which we computed
already. We know that |a|||G|. If B < |a] < 2B we are done. Otherwise, we have to repeat

this on G/(a).
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Ezample. Consider (Z/100Z)* = {a : ged(a,100) = 1}. We know that |(Z/100Z)*| < 45.
Take d = [v/45| = 7. Pick a random element — say, a = 11. We see that {a'}}?, = (a). Now
note that

{a'}i2r = {a" " heijer = {d'}Es.
Hence if a”/ = 1 then o/ = a~™. Since we have multiple matches, we can pick any (the
smaller the better). Thus, for instance, we see that a® = 51 = a™3%. Thus a*® = 1. Note
that 40 =23 .5 and that a® =1 = a® =0 a0 =1=a®>=a". But a® # 1.

a' =11 a " =31

a’® =21 a =61
a® =31 a =091
at =41 a® =21
a’ =51 a® =51
a® =61 a =81
a’ =71 a™® =11.

Thus, the order has 2! as a factor. But since a® # 1, or a' # a~7, the order is 10. Hence

Sa =A{a’}j_, = {11,21,31,41}
Sit={a7}i, ={91,81,71,61}

T, = {a*}}_, = {41,81,21}
T, ' ={a "}, = {61,21,81}.

It is not hard to see that (a) = S, - T,. Pick b € G at random. If G # (a) then b has less
than 50% chance of being in (a). So the chance that this happens for n random choices of
b is at most 1/2". So if we try this twenty times, then we always lie in (a). Either we are
caught in an unlucky event (~ 107°%), or (a) = G.

Pick b € G random, say b = 7. If b € (a) then b € S,T,. Thus bS;' N T, # 0. Thus
b € (a). We wish to find the order of b in (Z/100Z)*/{a), or equivalently a power of b such
that b* € (a). As |(Z/100Z)*| < 45 and |a|] = 10, we have |(Z/100Z)*/{a)| < 4.5. Thus
we only need to look at b* for k = 1,2,3,4. That is, we need to find k¥ and [ such that
v*** e (a), k,1 € {1,2}. Hence b***' € S, T, so b'S; 1 Nb=2*T, £ ().

Now note

bS; ' = {37,67,97,27}

b?S; ! = {59,69,79,89}

b2T, = {89,29, 39}

b T, = {61,21,81}.
This gives us b* € (a) since 89 € b2S,; ! Nb~>T,. Notice now that b* € (a) & b2S; 1 NT, # 0.
But since v>S; ' NT, = it follows that * € (a). So |(Z/100Z)*| is divisible by [{a)| = 10;

and we see that |(Z/100Z)*/(a)| is divisible by 4. Thus [(Z/100Z)*| is divisible by 40, so

|(Z/100Z)*| = 40 since |(Z/100Z)*| < 45. We now know that there are three finite abelian
44



groups of size 40, namely Z /27 X Z/27 X L]27 X L]5Z, 7./ 27 x 7.]AZ x 7./57, 7./ 87 x 7. 57
and (Z/100Z)* = (7,11).

Remark. We now make a few comments regarding the above example.

(1) In general, we can continue in this fashion, constructing S,;, = {a’¥’}, where |S, 4| is
approximately the square root of the size of the subgroup.

(2) Here computing S,, S;*, T, T, ! is excessive. We could go with just S, and T, ! for
example. This requires more book-keeping. Taking the inverse of a BQF is easy, i.e.,
(a,b,¢)~! = (a, —b,c).

(3) Here the choice of indices, a®*7, is somewhat flexible. So long as {di + j} mod |G| =
{0,1,...,|G| — 1}, we are fine. There are advantages to using negative i and j.

(4) If we have upper bound and lower bound for |G|, then we can compute fewer terms
for giant steps, i.e., no need to start at a=¢, start at a=*¢ for some kd greater than
that lower bound.

(5) If we don’t know the size of G then it is harder to pick d. If we pick d randomly and
have no collisions, then |G| > d?, so we need to increase d.

(6) In the other direction, if lots of random choices for b all have b € (a), chances are
that G is in this subgroup.

We now need to look at how to do this for BQF’s, i.e., how to multiply and how to find a
random element.

Ezxample. Let K = Q(v/—14). This has discriminant —56. We see that (3,2,5) is reduced
BQF with discriminant 22 — 4 -3 -5 = —56. Recall the correspondence

(a,b,¢) < {2az+ (b+VD)y : z,y € Z}
(3,2,5) — {62+ (24 vV=56)y} ~ {3z + (1 + V—14)y} =: 1.
We can compute (3,2,5)? by looking at 2. Here, I has Hermite normal form
(0 3)
0 3 )°

Thus I? has Hermite normal form

2 —14+1

3 3 —>;156—>17
3 3 0 9 09 /)"
0 9

Hence 1% = {9z + (7 \/ 14)y} ~ {18z + (14++v/D)y} — (9,14, ¢). Note that 14 —4-9-¢c =
—56, or ¢ = 7. S0 (3,2,5)2 = (9,14,7) ~ (7, —14,9) ~ (7,0,2) ~ (2,0, 7). Similarly,

1 —14
1 1 1 0 3 0 1 4
(3,2,5)-(2,0,7)—>(OS>><(02)—> 5 9 —>(06>’
0O 6

which corresponds to the BQF (6,8,5) ~ (3,—2,5). Doing this for each BQF with discrimi-

nant —56 gives us the following multiplication table:
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| (1,0,14)  (3,2,5)  (2,0,7) (3,-2,5)
(1,0,14) | (1,0,14) (3,2,5) (2,0,7) (3,-2,5)
(3,2,5) | (3,2,5) (2,0,7) (3,-2,5) (1,0,14)
(2,0,7) | (2,0,7) (3,-2,5) (1,0,14) (3,2,5)
(3,-2,5) | (3,=2,5) (1,0,14) (3,2,5) (2,0,7)

22. MARCH 23

There is a way to multiply BQF directly without going into ideals. It is faster but not
that intuitive. If (as, b3, c3) = (a1, b1,¢1) - (ag, by, ¢2), then

(1) g = ng<a’17 az, (bl + b2)/2)

( ) g = a1« + GQ/B —|—’}/(b1 + bQ)/2

(B) r=08=20"(b1—b2)/2+ 0

(4) ag = ay - az/g

(5) by = by + 2a91 /g

(6) c3 = (b* + D)/(4a3), where D = b? — 4a;c;.
If ged(ay, as) = 1, then this simplifies into

(1) g=1

(2) g =1=aa, + pby (i.e.,, v =0)

(3) r= (bl - bg)/?

(4) a3 = ay - as

(5) b3 = by + 2asr = by mod ay

(6) b = b2+2a25(b1 —62)/2 = b2 +b1 — b2 = b1 mod ay

Thus az = ajas, b3 = by (mod ay),bs (mod ay), c3 = (b3+D)/(4as). The last step of Shanks’s
baby step, giant step is the following: how do we find random group elements?

Lemma 12. Let (%) # —1. Then there exist |by| < p and ¢, such that (p,b,,c,) is a BQF

with discriminant D.

Proof. Assume that <%> = 1. This tells us that there exists b such that 6> = D (mod p).

Clearly there exists by such that b2 = D (mod 4). So by the Chinese remainder theorem,
there exists b, such that bﬁ = D (mod 4p). As there are two choices for by we can enuser
that b, is from an interval of length 2p, i.e., —p < b, < p. Note that bf) = D (mod 4p)
SO b2 D = 4p - ¢, for some ¢,. We claim both (p, £b,,c,) have the desired property as
b2 — 4pcp D as required. O

Remark. We have lots of p such that (D/p) # —1 pre-computed by doing analytic estimates.
Finding b such that b*> = D is easy. This is so because we know how to factor 22 — D mod
p. We can just start at the last of the three steps. Since b? — 4pc = D, we have that
b —D 2D D
4p 4p 4p

If p is relatively small (~ v/D/4) then a < ¢; and this is very close to being reduced.

Example. We try to find some non-trivial BQF of discriminant —4 - 14 = —56. Note that
(=) = (=) =1 while (%) = 0. So b* = =56 = 1 (mod 3) and b3 = 1 or 2 (mod 3).
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Also need b3 = —56 = 0 (mod 4) and b3 = 0 or 2 (mod 4). Thus by = —2 so (3, -2, 428) =
(3,-2,5).

Similarly, b2 = 4 (mod 5),b5 =2 or 3 (mod 5),b2 =0 (mod 2) and b5 = 0 or 2 (mod 4).
In this case by = 2 works. So (5,2, 3) works. The same thing can be done to get (7,0, 2).

Ezample. We want to compute (7,0,2)-(3,—2,5). Then (7,0,2)-(3,—2,5) = (21, 28, 282—156) =
(21, 28, 10).

22.1. McCurley’s subexponential method
With the baby-step, giant-step algorithm, if we are very unlucky, we find some H < Cl(K)
and find a divisor of A(D). This method attacks the problem from the other direction. And
if we are unlucky we get a multiple of h(D). Let P = {(p1,bp,, Cp,), (P2, bpy, Cpy ), - - - } With
|P| = n. We can find a bound so that if n is larger than this bound then P generates C1(K).
Define ¢ : Z" — CUHK) by @(x1,...,2,) = (P1,bpy, Cp)" -+ (Dns by, €, ). This is a

surjective group homomorphism. The kernel of this map, say A is a group. Further, Z" /A =
Cl(K). Hence |Z™/A| = [Z™ : A] = |CI(K)| = h(D). Assume that A has a basis {Z1,...,Z,}
with Z; = ($§1), . ,:17511)), and so forth. In this case, [Z™ : A] = |det(x§i))1§i7j5n|. This would
be great if we could find A. If we can find a set of vectors z,...,%, € A then we set Aj the
lattice from Zy,...,Z,. This has the property that [Z™ : Ag] = [Z" : A][A : Ao] = h(D) - [A:
Ao] = h(D)-a for some random number a. Thus the basic algorithm looks like the following:

(1) g:=0

(2) Find random relations Zy, ..., %,

(3) Let g := ged(g, det((Zy,...,7Zn)7))

(4) Repeat the (2)-(3) loop as desired.
Remark. The probability that ged(a,b) = 1 for random a,b is 6/7%. So after n steps, the
chance of not having h(D) is (1 — %)™, which converges to 0 as n — oo (and quickly).
We want ged(a,b) = 1 since ged(h(D) - a,h(D) - b) = h(D) - ged(a,b) (with h(D) - a and
h(D) - b coming from the determinants) and we don’t want the extraneous ged(a,b) so we
want ged(a, b) to be 1.

However we don’t know how to find this random relation. One can try the naive method,
but the chance of success is low should h(D) turn out to be large. Thus, this is not a good
way to do it.

23. MARCH 30: MCCURLEY’S SUBEXPONENTIAL ALGORITHM, CONTINUED
Consider the map ¢ : Z" — CI(K) by

pler,....en) = (p1, bp, , Cpl)el (P2, bps s Cp2)62 - (Pns bp,.» Cpn>en

and A = ker ¢. Here, [Z" : A] = |CI(K)|. So our goal is to find A; C A by finding random
elements in A. This gives us h(K)|[Z" : A;] for all A; C A. Taking enough A; gives a good
estimate for | C1(K)|.

Lemma 13. Let (a,b,c) be a BQF with discriminant D. Further, let a = pi* ---p*. Then
k
(a,b,c) ~ H(pi’ +b,,, ¢p, ).
i=1
Moreover, b = £b,, (mod p;).
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? 4dad
where B = b (mod 2a) and B = e (mod 2d). In a similar way we can show (p,b,,c,)¢ =

(p°, B, 2=L) with B=b (mod p) (and B2 = D (mod p?)). O

) 4pe
Ezample. We want to find a, b, c,d such that (15,—4,67) = (3,a,b) - (5,¢,d). Note that
a = 2 and ¢ = —4. Using Lemma [13[ we see that b = % and d = 162—‘(1)004 = 201 since
16 — 4 -15- 67 = —4004. The same type of approach gives us (25,14,42) = (5,4,201)% =
(5,—4,201)~2.

23.1. How to find a relation

(1) Step 1: Randomly multiply some generators together (with various exponents), say

(pla bp17 Cp1)617 ) (pn7 bpna Cpn)en'
(2) Step 2: Reduce this binary quadratic form to some (a, b, ¢).

Proof. Recall that if (a, b, ¢) and (d, e, f) had ged(a, d) = 1 then (a,b,c)-(d, e, f) = (ad, B BQ’D>

(3) Step 3: If we are lucky, then a # p|161| o pi! but @ = plipl .. pln
(4) Step 4: Now factor the BQF (a,b,c) = (p1,bp,,p, )0 -+ (D, by, ¢p )5, As this
equals (p1,b,,,Cp, ) - - -, this gives us a relation in A. That is, we have (e; F fi,ea F

f2>"'aen:an) GA'
(5) Do Steps 1-4 a number of times to get an independent set in A.

Ezample. Find a relation between (2,2,501), (3,2,334), (5, —4,201),(7,0,143). We will try
[1,0,1,1]. So let
(2,2,501) - (5, —4,201) - (7,0, 143) = (70, b, c).

Note that b = 2 mod 4, —4 mod 10, and = 0 mod 14. We see that b = —14 works, by the
Chinese remainder theorem. So (b, ¢) = (=14, 15). But (70, b, ¢) is not reduced. But we have
(70, —14,15) ~ (15,14,70) = (3,2,334) - (5,4,201) = (3,2,334) - (5, —4,201)~1. This gives
us that [1,0,1,1] — [0,1,—1,0] = [1,—1,2,1] € A. Repeating this three more times gives
3,3,4,—5],[-2,—4,—2,2],[—4,0,0,4] € A. Tt turns out that the discriminant of this matrix
is 160. Keep going on with different vectors and you will get 200, 240, —80, . ... This gives
us h(—4004)|40 by ged’s.

23.2. Binary quadratic forms of real quadratic fields

We have the same connection as before ideals between Zg where K = Q(v/d) and binary
quadratic forms of disc(K'). We did not require d to be negative.

Ezample. For example, I = {4z + (3+/17)y : x,y € Z}. This gives us the binary quadratic

form (2,3, ¥517) = (2,3, -1).

We have the same idea of equivalents, i.e., (a,b,c) ~ (¢, —b,a) ~ (a, b+ 2ak +c+ bk + ak?).
We also use the equivalent (a, b, c¢) ~ (—a,b, —c). This comes from looking at the ideal and
noticing that they are the same. This wasn’t needed in the imaginary case. As before, we
can define what it means for a BQF to be reduced. In the case of BQF’s with positive

VD —2all <b< VD.

Ezample. (2,3, —1) is reduced, since |v/17 —4| =0.123--- <b=3 <D =4.123. ...

Unfortunately, reduced forms are not unique within the same equivalence class. For in-
stance, note that (2,3,—1) ~ (—1,-3,2) ~ (—1,3,2), and both (2,3,—1) and (—1,3,2)
are reduced. In fact, (—1,3,2) ~ (2,1, —2) and (2,1, —2) is also reduced. Thus, equivalent
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reduced BQF’s are not necessarily equal. There do exist two functions p and (a,b,c) <
(—a, b, —c) such that all equivalent reduced BQF’s lie in the orbit of these two functions.
Our goal will be to show how to reduce a BQF and to find its orbit. Consider a reduced
BQF (a,b,c) = (2,3,—1) ~ (—1,-3,2) ~ (—1,3,2) = (d,/,). We note that we choose
a’ = ¢ (clearly). We next choose 0’ such that b = —b (mod 2a’) or (mod 2¢). b needs

to be in the correct range i.e., ‘\/5— 2|c|‘ < ¥ < v/D. Clearly there can only be the

unique choice for o'. Lastly, ¢ = P-D — 1’24;017. In fact, this works if ¢ < v/ D. So we define

4a’
. . . . . /2

a,b,c) = (', V,)if |e| < v/D, d = ¢, and I/ as explained in our dicsussion, and ¢ = £=L2.

s Uy » Uy ) ) ) da

Lemma 14. Let (a,b,c) be a reduced BQF with D > 0. Then |a|,b, |c| < /D and ac < 0.

Proof. b —4ac = D and b < /D and b < /D. Thus —4ac = D — b* > 0 so ac < 0. We
claim that |a| + |¢| — v/D < 0 which implies |a|, |c| < v/D. Since

\/B _ 4|CL‘2 -+ 4‘CLC’ — 4|CL‘\/E

ol + Il - o
_ 4la| — 4ac — 4|a|v'D
4]al
_ 4la|+ D —b* — 4|a|[v'D
4lal
_ (VD —2|a])* - ¥
4lal '

Since ‘\/5 — 2|a|‘ < b we have that this expression is negative. Hence |a| 4 |¢| — v/ D < 0
and |al, b, |c| < v/D. O
Corollary 11. p maps reduced forms to reduced forms.

24. APRIL 1

The p we defined last time will not work if |¢| > v/D. In this case, we use the same map,
except that the restriction placed on b will be different. Rather than using ‘\/5 - 2|c|‘ <

b < VD, we use —|c| <V < || instead.

Lemma 15. If |c| > VD and p(a,b,c) = (', V,c) then || < |c|/2.

Proof. Clearly t/ < |d’| = |c| by construction, since a’ = ¢ here. Thus
g |02 =D _ e+ e ||
== 1 T
as required. [l

Ezample. Consider the non-reduced BQF (2,8,5). Find a reduced form equivalent to it.
This one has discriminant 24 = 4-6. Then p(2,8,5) = (5,V/,¢'). We need b’ = —8 (mod 10).
Since |¢| > v/24, we need —5 <V < 5. Thus ¥ = 2. So p(2,8,5) = (5,2,—1). Upon
iteration, p takes a non-reduced BQF to a reduced BQF, and a reduced BQF to a reduced

BQF. We state the following theorem without proof.
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Theorem 24. Let (a,b,c) and (d,e, f) be two equivalent BQF’s with positive discriminant.
Let A = {p"(a,b,c)} and E = {p"(d,e, f)}. Then either AN E is the set of reduced forms
equivalent to (a,b,c) or AN o(E) is the set of reduced forms equivalent to (a,b,c) hewer
o(a,b,c) = (—a,b,—c).

Ezample. Find all reduced BQFs with discriminant 17. Recall that |al,b,|c| < /17 and
V17T —2[a]| < b < V17. Thus a = +4,43,4£2,+1. If a = —4, then ‘\/E—2|a|‘ ~

3.87--- < b < 4 123 . Thus b = 4 but ¢ = —1/8 ¢ 7Z so not a reduced form. Keep
going a = —3, -2, — . Once you go through all the cases you will find out all the forms.
We get six forms: (— 2,1,2) (-2,3,1),(-1,3,2),(1,3,-2),(2,1,—-2),(2,3,—1). It turns out
that all the six BQF's are in the same orbit. Hence there is only one thing in the class group.
This tells us that Zy with K = Q(v/—17) is a unique factorization domain and that the
class number of K is 1.

Example. We want to find the class number of Q( V/15), which has discriminant 60. Using the
theorem above we get the reduced forms (—6,6, 1), (—1,6,6), (1,6, —6),(6,6,—1), (-3, 6, 2),
(—2,6,3), (2,6, -3), (3,6, —2). Here, p(—6,6, 1) (1,6, —6) and p(1,6,—6) — (—6,6,1). We
also have 0(—6,6,1) = (6,6,—1) and p(1,6,—6) = (—1,6,6). So here the first four are all in
one orbit.

24.1. Analytic methods
Before discussing the analytic methods, we need to discuss the unit group.

Definition 65. We say that € Zj, is a unit if 27! € Zg, or equivalent N(z) = +1. As
norms and algebraic integers are closed under multiplication, so is the set of units. This this
rise to an abelian group with the identity 1 € Zg.

Theorem 25. The unit group looks like U x Z'*"2~1 where r, and ry denote the number of
real embeddings, r3 the number of pairs of imaginary embeddings (or number of imaginary
conjugate embeddings) and U a finite cyclic group.

Corollary 12. If K = @(\/_) and d < 0, then the unit group is finite since ri = 0,79 = 1.
Note that Z, 2 U x Z° = U. If K = @(\/_) and d > 0, then the unit group is of the form
U X Z, sincery = 2,1y = 0.

Let u be a generator for the “Z” portion. So the unit group looks like U x (u) where
lu| = oo.

Definition 66. Let K = Q(v/d) and D > 0. Then the u above is called a fundamental unit.
The regulator of K is log |ul.

Ezample. 2 + %ﬁ is a unit in Zg, where K = Q(v/21). Note that N <2+ %) =
(%) (%ﬁ) = 1. This is in fact a fundamental unit. In fact there exist u,, v, € Z such

that
1421 1421\
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As before, we define
D
Lo(s)=S (= )n
-5 ()
n>1
Theorem 26. Let K = Q(v/d) with discriminant D > 0. Then
2h(D)r(D)
Lp(1) = 227
D( ) \/E

where r(D) is the requlator of K. Thus

24.2. Computing regulators
The study of fundamental units is connected to Pell equations and continued fractions.

Definition 67. [ag,a1,...,a,] = ao + " L . And we define [ag,aq,...| =
pe— —
'”“n—1+5%
lim [ag, ai, ..., a,]. Also, we say that p,/q, = [ao, ..., a,] is a convergent of [ag, a1, . ..].
n—oo
We have a nice algorithm to find the continued fraction of a € R. As a = ao + b where
be (0,1), wecanlet ap = |a]. Set ap = . So g = wt 5 . Then let oy = =a+V
where b/ € (0,1). Write a; = |aq]. Keep going. In general an =1 a, [oznj.

ap—1—an—1"’
Theorem 27. A continued fraction terminates at some point (i.e., a continued fraction is
finite) if and only if x is rational. The continued fraction of x is eventually periodic if and
only if x is the root of some quadratic polynomial.

Let
]ﬁ _ GpPp—1 + Dn—2

Gn AnQn—1 + qn—2 '
We will continue next Monday on this topic.

25. APRIL 4

Let K = Q(Vd) with d squarefree, d = 2,3 (mod 4) and d > 0. In this case we know
that all algebraic integers are of the form = 4 yv/d and have N(z 4 yv/d) = 22 — dy?. If
these are units, we then want the norm to be £1. We may assume without loss of generality
that =,y > 0. Letting u, + v,vV/d = (z + y/d)", we again see that u, + v,V/d is a unit.
Further, u, = xu,_1 + dyv,_1 > Uup—1 and v, = TU,_1 + YUp_1 > Vp_1 (up + vaVd =
(z 4+ Vdy)(un—1 + Vdv,_1)). In particular, this sequence is growing. This allows us to
say that the smallest z,y such that z? — dy? = £1 is a fundamental unit. Notice that if

2? — dy? = (x + Vdy)(x — Vdy) = %1, then

1
z —Vdy —
| ‘ +-V/_y 2

(assume without loss of generality that d > 6). So




p
- —«
q
that it suffices to look for the first (i.e., the smallest) convergent of Vd, say f;—:, such that

N(p, + guVd) = £1.

Ezample. We find the regulator of K = Q(v/6). We can compute the continued fraction of
V6 as [2,2,4,2,4,...]. This has convergents 2, 2, 2 ,.... But N2+ V6) =22 -6 +#1
while N(5 4 2v/6) = 52 — 4 - 6 = 1. Therefore 5 + 2v/6 is a fundamental unit. The regulator
is thus log(5 + 2v/6) = 2.2924 . . ..

Theorem 28. [f§ is such that

1
< 502 then p/q is a convergent of a. This means
q

Assume now that K = Q(v/d) with d = 1 (mod 4),d > 1, and d squarefree. In this

case, all the algebraic integers are of the form x + y <%g> If y is even, say y = 2y, then

we can rewrite this as z + 2/ (#) = (x4 1) +yVd = 2’ +yVd where ' = z + 1.
We now have N(z/ 4+ ¢/v/d) = +1. If instead y is odd, we write this as = + y (%) =
%(Qx +y+yVd) = %(m' + yv/d). Here, we let 2/ = 2z 4+ y,y = y,2,y' both odd. Hence
N (%(x’ + y’\/a)) = +1 so N(2/ + y'v/d) = +4. Similar to before, we look for convergent
such that either p? — dg? = pm1 or p,,q, odd and p? — dg> = +4.

Ezample. Find the fundamental unit in & = Q(/21). This has continued fraction [4,1,1,2,1,1,8,1,1,2,1.
This has convergents 2,2, 9 2 32 Write 3 := %ﬁ But N(4 + 3) = 4* - 21 = -5
while N(5+ ) = 52 — 21 = 4. Also, 5 and 1 are both odd, thus a fundamental unit is
2 2 2
is a fundamental unit.
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