MATH 5055: ADVANCED ALGEBRA II (GALOIS THEORY)

HEESUNG YANG

1. SEPTEMBER 6: FIELD EXTENSIONS (SECTION 5.1)

Definition 1.1. A field F' is an extension field of a field K (or simply an extension) if
K C F. We will often say that F//K is an extension of fields. Then F is a K-vector space.
The dimension dimg F* will be denoted by [F': K], which is also known as the degree of an
extension. If F/E and E/K are both field extensions, we call E an intermediate field of
F/K. Visually, the following diagram represents this tower of fields.

F

E

K

Theorem 1.1 (Multiplicativity of degrees in towers). Let F//E and E/K be field extensions.
Then
[F: K] =[F: E|[E: K]

Proof (sketch). Let {us,...,un} C E be a basis for E/K and {vy,vs,...v,} be a basis for
F/E. All we need is to display a basis for F//K, and that there are mn elements. Namely,
we claim that {uv;|1 <i<m,1 < j <n}is a basis for /K. Proof of this claim will be
left to the reader as an exercise. Finally, from the claim, we have [F': K| = #{w;v;|1 <i <
m,1 <j<n}=mn=[F:E|E: K] as required. O

Definition 1.2. The subfield (resp. subring) of F' generated by X is the intersection of all
subfields (resp. subrings) of F' that contain R, i.e., the smallest subfield (resp. subring) of
F containing X. If F'//K is an extension of fields, the subfield generated by X C F over K
(resp. subring) is the subfield (resp. subring) generated by X U K. This will be denoted by
K(X) (resp. K[X]).

Definition 1.3. For ecase of notation, if X = {uy,...,u,} is finite, we write K(X) =
K(uy,...,u,) and K[X]| = Kluy,...,u,]. Then K(X) and K[X] are finitely generated.
They are called simple if n = 1.

Lemma 1.1. K(uq,...,u,) and Kluy,...,u,] do not depend on the order of the u;. Fur-
thermore, we have

Kluy, ..., uy) = (Kluy, ..., up_1])|un]
K(uy, ... up) = (K(up, ... tup_1))(Un).
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Theorem 1.2. Let F/K be an extension of fields. Then we have:

(o) K[ X]={f(ur,...,un)|n €Nyjuy,...,u, € X, f € Klxy,...,2,]}

(b)) K(X)={f(u1,...,un)|n € Nyuy,...,u, € X, f € K(x1,...,2,)}

(c) For each v € K(X) there is a finite subset X' of X such that v € K(X). Similar
claims hold for K| X] and K[X].

Proof (sketch). As for (a) and (b), we note that it is readily verified that our candidate sets
have the required algebraic structure and sit inside F' (hence, left as an exercise). Thus K[ X]|
is a subring of F' containing K, and K(X) is a subfield of F' containing K. Finally, if R is
any subring of F' containing both X and K, then R would have to contain all polynomial
expression in elements of X having coefficients in K. Similarly, if L is any subfield of F
containing both X and K, then L must contain all rational function expressions in elements
of X with coefficients in K.

As for part (c), if v € K[X] then v can be written in the form f(us,...,u,) for some
Uy, ..., u, € X and f € Klzy,...,z,]. But then v € Kluy,...,u,], so v € K[X'] for
the finite subset X' = {uy,...,u,} € X. Similarly, if v € K(X), then v = f(uy,...,u,)
for some uq,...,u, € X, except that f this time is a rational function. Hence we obtain
v € K(uq,...,u,) by employing the similar type of argument. O

2. SEPTEMBER 7: COMPOSITE FIELDS, ALGEBRAIC, AND TRANSCENDENTAL EXTENSION

Definition 2.1. Let L and M be subfields of F'. Then the composite field of L and M in F
is the field generated by L U M. It is denoted by LM. The tower of the fields will look like
the below:

F

L

|
N
\/

Definition 2.2. Let F'//K be a field extension.

(a) u € F is algebraic over K if it satisfies a non-zero polynomial in K[z|. Otherwise u
is transcendental over K.

(b) F/K is an algebraic extension if every element of F' is algebraic over K. Otherwise
it is a transcendental extension.

Remark. e Every u € K is algebraic over K (because x —u € K|x]).
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o If u € F is algebraic over K, then u is automatically algebraic over intermediate
fields of F'//K. This is simply because K|[x] C Elx] for any intermediate fields E.

F Su

E

K

e y € [ is algebraic over K if and only if it satisfies a monic polynomial (a poly-
nomial with leading coefficient 1) in K[z|. In fact, the only algebraic elements in
K(xq,...,x,) over K are those in K itself.

Ezample. e i € C is algebraic over Q (satisfies 22 + 1 € Q[x]). Thus ¢ € C is algebraic
over R also. In faxt, R(i) = C.
e 1, ¢ € R are transcendental over Q.
e Each of the variables z; in the rational functions field K (xq, ..., z,) is transcendental
over K.

3. SEPTEMBER 7: SIMPLE EXTENSIONS

Let F/K be a field extension where F' = K(u) for some v € F, ie, F/K is a simple
extension. Let ¢ : K[z] — K[u] be a homomorphism defined by ag + ajz + - -+ + a,2™ —
ap+ aju+ - - - + a,u™. Then by the first isomorphism theorem, we have K|x]/ker ¢ = K[u].
If the kernel is trivial, then we have K[z] = K[u]. In this case, u is transcendental (in
fact, K[z| = K|u] iff u is transcendental). It thus follows that u is algebraic if and only if
ker o # (0). In particular, we have the following:

Theorem 3.1. With the above notation, let u € F be transcendental over K. Then there is
an isomorphism K(u) = K(x) that is the identity on K.

So, nothing much can be said about the transcendental case, as K (u) is just isomorphic
to the “boring* field of rational functions. But the algebraic cases are more interesting.

Recall that ker ¢ # (0) if u is algebraic. K is a field, so K[z] is a principal ideal domain
(PID). Thus ker ¢ = (f) for some f € K[z]. There is a unique monic generator f,(x) for
this ideal.

Definition 3.1. The polynomial f,(x) above is said to be the minimal polynomial of u over
K.

The definition makes it clear that f, is minimal with respect to divisibility amongst all
the polynomials satisfied by u. That is, f, divides every polynomial satisfied by u. Also, f,
is the polynomial of least degree satisfied by wu.

Theorem 3.2. f, is the unique monic polynomial of least degree in K [x] satisfied by u.

Definition 3.2. Let D be an integral domain.

(a) u € D is a prime < if u|vw then u|v or u|w for all v,w € D.
(b) w € D is irreducible < if u = vw then one of v, w is a unit (and the other is associate

to u)t.
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In any integral domain, primes are irreducible.

Remark. Every irreducible is a prime only when D is a unique factorization domain (UFD).
Thus the same claim holds for PIDs, as every PID is a UFD. Thus any irreducible in K{z]
is also a prime.

Proposition 3.1. Let D be an integral domain.

(a) An element w € D is a prime if and only if (u) is a prime ideal of D.
(b) An element uw € D is an irreducible if and only if (u) is mazimal amongst principal
ideals of D.

(¢) In particular, if D is a PID, then u € D is irreducible if and only if (u) is maximal.

Proposition 3.2. Let R be a commutative ring.

(a) Let P be a prime ideal. Then R/P is an integral domain.
(b) Let M be a mazimal ideal. Then R/M is a field.

Theorem 3.3. Let F/K be a field extension, and let u be algebraic over K. Suppose that
fu(x) € Klz] is the minimal polynomial of u over K.

(a) K(u) = K[u

(b) K(u) = K[z]/(fu(2))

(¢) [K(u): K| =n where n := deg f,.

(d) {1,u,u?, ... ,u" 1} is a K-basis for K(u).

(e) Every element in v € K(u) can be written uniquely in the form of v = ag + aju +

ot apu™t forag,...,a,1 € K.

Proof. 1t follows from the first isomorphism theorem that Klu| = Klz|/(f.(z)), which is
an integral domain. Thus, f,(z) is a prime ideal of K[z]. This means that f,(z) is prime
hence irreducible also. Therefore (f,(x)) is maximal, so K[z]/(f.(x)) = K[u] is a field. But
note that Kfu] C K(u). But K(u) is the smallest subfield of F' containing K and w and
K[u] € K(u). This completes parts (a) and (b). O

4. SEPTEMBER 11

Proposition 4.1. Let F//K be a field extension, and uw € F' algebraic over K. Let f(z) €
K|[z] be the monic polynomial satisfied by f. Then the following are equivalent:

(a) f is the minimal polynomial of u over K.

(b) f is of least degree amongst monic polynomials in K [x] satisfied by u
(c) [ divides all such polynomials.

(d) f is irreducible over K.

Definition 4.1. The degree of u € F over K is the degree of f,. It equals the dimension
[K(u) : K] of K(u) over K.
Example. Let u be a real root of f(z) =23 — 3z —1 € Q[z].
(a) Show that [Q(u) : Q] = 3 and {1, u,u?} is a Q-basis for Q(u).
Solution: We show that f is irreducible over Q. Suppose not. Then f would have
a rational root, say a € Q. The rational root theorem limits us to two possibilities:
+1. But then we see that 1> —3 — 1 # 0 and (—1)> — 3(—1) — 1 # 0. Thus

23 — 3z — 1 is irreducible over Q. f is thus f,, the minimal polynomial of u, hence

[Q(u) : Q] = 3 = deg f,. It is a standard exercise to check that {1,u,u?} is a basis.
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(b) Express v = u* + 2u® + 3 € Q[(u) as a Q-linear combination of 1, u, u?,
Solution: f(u) =0, so u®> = 3u + 1. Thus
v=u-u’+2u®+3
=uBu+1)+23u+1)+3
=5+ Tu + 3u’.
(c) Do the same for v~1.
Solution: Let v™! = a+bu+ cu? where a,b,c € Q. Thus we have (5+ Tu+ 3u?)(a +
bu+cu?) =1=vv L
(5+ Tu+ 3u?)(a + bu + cu?) = 1
5a + (50 + Ta)u + (5¢ + 3a + Tb)u® + (7c + 3b)u® + 3cu' =1
5a 4 (5b + Ta)u + (5¢ + 3a + Tb)u® + (Tc + 3b)(3u+ 1) + 3cu(3u+ 1) =1
(5a + 3b+ 7c) + (Ta + 14b + 24c)u + (3a + b + 14c)u® = 1.
Equate coefficients, and make the computer solve the system for you. Then you get
a= %,b = —%,c = f71 Therefore v = % — % + %uz.

Let 0 : R — S be a ring isomorphism. Then ¢ naturally extends to a ring isomorphism
between R[z| and S[z], by applying o to the coefficients of polynomials in R[z], i.e.,

o Zujxj — Za(uj)xj.
J J

Theorem 4.1. Let 0 : K — L be a field isomorphism, u an element in some extension of
K and v an element in some extension of L. If either:

(i) w is transcendental over K, and v is transcendental over L; or
(ii) u is algebraic over K (with the minimal polynomial f,, and v is algebraic over L
(with the minimal polynomial f,), and o f, = f, holds,

then o extends to an isomorphism K(u) — K(v) that maps u onto v.

K(u) — K(v)

K L

Proof. Suppose that (i) holds. Then o extends further to a field isomorphism K (z) — L(x)
(just apply o to the numerators and denominators). If u is transcendental over K and v
transcendental over L, then we have isomorphisms between

K(u) = K(z) — L(z) — L(v)
f(u) = f(z) = (o f)(z) = (o f)(v),

the composite of which is an isomorphism from K(u) to L(v), extending o and mapping u

onto v.
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Now suppose that (ii) holds. Then we have the field isomorphism o : K[z] — L[z]. Under
this map, we have o((f.)) = (o fu) = (f,). We therefore obtain an induced isomorphism

Kz]/(fu) = Llz]/(f0)
z+ (fu) = x4 (fo).

All in all, we get isomorphisms K(u) = K[u] — Klz|/(f.) — Llz]/(f,) — L[u] = L(v),
the composite of which is an isomorphism. Now take K = L and ¢ = idg, then the result
follows. 0

Corollary 4.1. Let u and v be elements in some extension of K. Suppose also that u and
v are algebraic over K. Then the following are equivalent:

(i) fu= fv (i-e, u and v have the same minimal polynomial over K )
(i) There ezists an isomorphism from K(u) to K(v) that maps u onto v and is the
identity on K.

Proof. ((ii) = (i)) Let fu.(z) = Zajxj. Then clearly we have 0 = f,(u) = Zajuj.
J J
Applying o : K(u) — K(v) gives

0=0(0)=0 (Z ajuj>
= o(a;)o(u)

J
=0y CLjUj,
since o fixes a; € K and o : u — v. Thus v is a root of f,. The result follows upon observing
that f, is irreducible over K.

((i) = (ii)) This is a direct consequence of Theorem [4.1] O

5. SEPTEMBER 13

Theorem 5.1. Let f € K|[z| be a degree n polynomial. Then there exists a simple extension
K (u) over K such that:

(i) u is a root of f
(i7) [K(u) : K| <n with equality holding if and only if f is irreducible over K
(7ii) whenever f is irreducible, K(u) is unique up to an isomorphism fizing K.

Proof (sketch). Let g be an irreducible factor of f. Then (g) is maximal in K[z]. Therefore
K|[z]/(g) is a field. Then the inclusion map K < K[z]/(g) defined by a — a + (g) is a
monomorphism, so we can view K as a subfield of K[x]/(g). For u := x + (g) is a root of
g (and therefore of f), it follows K[z]/(g) = K(u). So it follows that [K(u) : K] = degg <
deg f =n. If f is irreducible, then g = f, so equality holds in this case. 0

Theorem 5.2. Fvery finite extension is algebraic and is finitely generated.

Proof. Let F/K be a finite extension, say of degree n. Let u € F. The elements 1,u,u?, ..., u" €
F must be K-linearly dependent. Thus there are constants ag, aq,...,a, € K not all zero

such that ag 4+ a1u + asu® + - - - + a,u™ = 0. Therefore u is algebraic as desired. F/K is thus
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algebraic as u was arbitrary. Finally, observe that any chosen K-basis for F' generates F' as
a field, so F'is indeed finitely generated. 0

Theorem 5.3. If FF = K(X) for some subset X of F' consisting entirely of elements that
are algebraic over K then F/K is algebraic.

Proof. Let u € F. Then u € K (uy....,u,) for finitely many u; € X. Consider the following
tower of fields:

K(uy, ... uy)
K(Ul, c. ,un,l)
K<u17 u2)
K (un)
K
Each u; is algebraic over K (because u; € X), so each w; is algebraic over K (uq,...,u;j_1).
For all j, we see that [K(uy,...,u;) : K(ui,...,u;—1)] < 0o. So we have that

(K (i, uy) K] =K (o) s K, u)]
J
is finite. Hence K(uq,...,u,)/K is algebraic, so u is algebraic over K. Hence F/K is
algebraic. 0
Remark. If X happened to be finite, then K (X)/K is not just algebraic, but finite as well.

Theorem 5.4. If F/E and E/K are algebraic extensions, then F/K is an algebraic exten-
sion.

Proof. Let w € F. Then u is algebraic over E.Therefore there exist by,...b; € E and b, # 0
such that bg+bju+- - -+b,u™ = 0. Hence u is algebraic over K (b, ..., b,). But K(by,...,b,)
is a finite extension of k. Finally, we see that we have the tower

K(bg, ..., b,)(u)

K(bo, ... by)

K
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such that each of the extension is finite. Therefore K (by,...,b,)(u)/K is finite, hence alge-
braic. So u is algebraic over K as required. 0

Theorem 5.5. The set E of all elements of F' that are algebraic over K is a field. It is the
mazximal algebraic subextension of F/K.

Proof. The second statement is immediate from the first statement, so it suffices to prove
the first statement. Let u,v € E with v # 0. We need to show that u —v,uv™! € E in order
to show that E is a field. Consider the tower

E
K(u,v)
K
Clearly K (u,v) is a field, so K(u,v) > u —v,uv"!. Therefore u —v,uv~" € E. Thus FE is a
field as required. ]

6. SEPTEMBER 13 & 14: FUNDAMENTAL THEOREM OF GALOIS THEORY

Let £/K and F/K be field extensions, and let o : E — F a non-zero field homomorphism.
We are mostly interested in o that also preserves the linear structure of E/K and F/K. The
following result shows that the maps of interest are those that fix K element-wise.

Lemma 6.1. Let E/K and F/K be fields extensions, and o : E — F a non-zero field
homomorphism. Then o is a K-linear transformation (or a K-module homomorphism) if
and only if o|x = idg (i.e., o fivzes K element-wise).

Proof. Suppose first that ¢ is K-linear, and let a« € K. Then o(a) = o(a-1) = ac(l) = a.
Thus o fixes K element-wise. Conversely, if o fixes K element-wise, and if u,v inFE and
a € K, then we have o(u + av) = o(u) + o(a)o(v) = o(u) + ac(v). Thus ¢ is K-linear. O

Definition 6.1. A K-homomorphism a non-zero homomorphism from E to F' that fixes K
element-wise. Similarly, we can define a K -monomorphism, K -epimorphism, K -isomorphism,
and K -automorphism.

Definition 6.2. The Galois group of F//K, denoted Auty F'is the set of all K-automorphisms
of F.

Ezxample. Let F:= K(x) be the rational function field over the infinite field K. Show that
the Galois group Auty K (x) is an infinite, non-abelian group.

Proof. For a € K \ {0}, the dilation map defined as
(fo)) _ [lax)
O—G - )
g9(x) )  glax)
for f,g € Klz|, is a K-automorphism of K(z). Further, for b € K we have the K-

automorphism
T(ﬂ@):f@+®
’ gz +0b)’




for f, g € K[x], given by translation by b. Therefore Auty K (z) is infinite. Also, Autx K (x)
is indeed not abelian because o, and 7, cannot commute as long as a # 1,b # 0. Note that
o.m(x) = a(x + b) = ax + ab whereas n,0,(x) = 7(azx) = ax + b. O

Theorem 6.1. Let 0 € Autyg F and f € K[z]|. If u is a root of f, then so is o(u).

Proof. Let f(z) := Z a;z) with a; € K. Then it follows that
J

0=0(0)=0 <Z ajuj>

J

= ola)o(wy
=Y a0y = flo(w),

as desired. 0

Our primary focus will be extensions of the form F' = K (u) where w is algebraic over K.

e Each element in Autyx K(u) is uniquely determined by its value at w.
e Each element of Auty F' must send u to a root of the minimal polynomial of u over

K.

From these facts, we see that # Auty K (u) does not exceed the number of distinct roots of

the minimal polynomial of u over K, so cannot exceed the degree of the minimal polynomial
of u over K either. Therefore, we have # Auty K(u) < [K(u) : K].

Proposition 6.1. # Auty K(u) < [K(u) : K].

Recall that if 0 : K — L is a field isomorphism, w is algebraic over K, and v algebraic over
L, then o extends to an isomorphism from K (u) to L(v) if and only if & maps the minimal
polynomial of v over K onto that of v over L.

FExample. Find the Galois group of the given extension:
(a) K/K
Solution: Auty K = {id}, since [K : K] = 1. If K/K, then indeed the Galois group
is trivial. However, the converse is false, as we will see in part (b).

(b) Q(V2)/Q
Solution: We note that f(z) = 2® — 2 is irreducible over Q (by the rational root
theorem), so f is the minimal polynomial of v/2 over Q. There are three roots of f:
V2, V/2w, v/2w?, with w being the primitive cube root of unity. Thus we get three
isomorphisms:

o1 =id V2 — V2
o9 V2 V2w
o3 V2 = V2.
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But note that v/2w € Q(v/2w), and Q(+/2) contains the real numbers only. Therefore
oy ¢ AutgQ(¥/2). Similarly, o3 & Autg Q(3/2), since v/2w? € Q(v/2w?). Thus o, is
the only automorphism of Q(+v/2). Thus Autg Q(v/2) = {id}.
(c) C/R

Solution: Note that C = R(7), and that f(z) = 2 + 1 is the minimal polynomial
of i over R. So we get two isomorphisms: o7 which sends i to i (i.e., the identity),
and o9 which sends i to —i. It’s clear that R(i) = R(—i), so both oy and oy are
R-automorphisms of C. In conclusion, Autg C = Z/27Z.

(d) Q(v2)/Q

Solution: Clearly f(z) = 2> — 2 is the minimal polynomial of v/2 over Q. So there
are two isomorphisms (namely v/2 +— ++/2). Thus Autg Q(v/2) = Z/2Z.
() Q(v2,v/3)/Q

Solution: We need to split up the extension into two pieces, specifically:

Q(v2,v3)

Q(v2)

Q

We claim that the minimal polynomial of v/3 over Q(v/2) is indeed f ;5(z) := 2? — 3

since v/3 ¢ Q(v/2) (not that hard to see — just prove this by contradiction).
We have isomorphisms

01: Q(V2) = Q(V?2)
V2 V2

731 Q(V2) = Q(—v2) = Q(V?2)
V2 —V2.

Each extends to two maps on Q(v/2,v/3), Thus [Q(v/2,v3) : Q] =2-2 =4. one
sending V3 — /3 and the other v/3 — —v/3. So we end up with the four isomorphism
maps 7, ..., T4 such that

Tll\/if—)\/ﬁ 7—2:\/5'—)\/5 T33\/§P—>—\/§ T4Z\/§|—>—\/§
V3= V3 V3= —V3 V33 V3= —V3.

So {1,v/2,1/3,V/6} is the standard basis for Q(v/2,v/3)Q. Note that there are only
two groups of order 4 up to isomorphism: Z/47Z or 7Z/27 & Z/27 (also known as
the Klein-four group.) In this case, we see that ord(m) = 1, and ord(7;) = 2
for j = 2,3,4. This means that AutgQ(v/2.v/3) is not cyclic, so is isomorphic to
Z)2Z & Z)27.
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7. SEPTEMBER 18: GALOIS CORRESPONDENCE

Theorem 7.1. The following statements hold, regarding the towers of fields and groups
above:

(i) H :={u € F | o(u) = u for all 0 € H} is an intermediate subfield of F/ K.

(1)) E' == Autg F = {0 € G | o(u) = u for all uw € E} is a subgroup of G.
Proof (sketch). 1t is clear that H' is a subset of F' that contains K and E’ is a subset of G.
Just verify closure under the appropriate operations. 0

So we have F' = {id} and {id}’ = F. Similarly K’ = G. However, G’ O K but could be
strictly larger.

Definition 7.1. F//K is called Galois if G' = K.
Remark. For any field extension F'/K, one can find a subfield K C Ky C F such that F/Kj
is Galois (i.e., Ky = G' = Autg F).

Ezxample. C/R is Galois. Previously, we sound that Autg C = {07, 09} where o7 is identity
on C and oy is the complex conjugation. If uw € C\R then oy(u) # u. So no elements outside

of R is fixed by Autg C. Therefore C/R is Galois.

Ezample. Q(v/3)/Q is Galois. If u = a+bv3 € Q(v/3)\Q, then u is not fixed by Autg Q(v/3)
since Autg Q(v/3) = {01, 02}, where oy is the identity and oy sends a4 bv/3 to its conjugate.
If u ¢ Q then b # 0. Therefore oa(u) # u, implying that G’ = Q. So Q(v/3)/Q is indeed
Galois.

Definition 7.2. The dimension [M : L] in the tower of fields below is called the relative
dimension of L in M (or relative dimension of M over L).

F {id}
M H
L J

K <— G :=Autg F

Then the index [J : H] is said to be the relative index of H in J (or relative index of J over
H).
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Theorem 7.2 (Fundamental theorem of Galois theory). Let F/K be a finite Galois ea-
tension. Then the maps E — E' and H — H' induce a one-to-one, inclusion-reversing

correspondence between the set of all intermediate fields of F//K and the set of all subgroups
of G = Autg F such that:
(i) The relative dimension of intermediate fields is equal to the corresponding relative
index of subgroups, i.e., [M : L] = [L' : M']. In particular, we have #G = [G :
{id}] = [F : K].
(ii) F is automatically Galois over intermediate fields E.
(i1i) However, E/K is Galois if and only if E' is a normal subgroup of G; and in this
case, Auty £ = G/FE'.

The proof of this theorem will involve a lot of technicalities, so we will go over some
examples first to illustrate this theorem.

Example. We want to show that Q(\/ﬁ, \/3) /Q is Galois, and want to find the lattices of
intermediate fields and subgroups that illustrate the fundamental theorem.
Solution: We’ve already seen that

G = Aut@ @(\/E, \/g) = {ld = 0'\/57\/3,0'\/5’_\/3,0'_\/2\/3,0'_\/2\/§}.

So there is one subgroup of order 4, namely G itself. There are three subgroups of order 2,
each of which is generated by the remaining three elements of order 2 (besides the identity):
(0z_v3){0_3.v3),(0_\5.y3). And there is the trivial subgroup, {id}. So the lattice of
subgroups look like below.

{id}

N
{0v3,-v3) {0 vavs) {0 vz -va)
\C‘;

To see why Q(\/E, \/§)/Q is Galois, we start by picking u = a + bv/2 + ¢v/3 + dV6 €
Q(v/2,v3) \ Q, where at least one of b,c,d # 0. If b # 0, then 0 gaysu) # s if ¢ #0,
then o, 5 5(u) # u. If d # 0, then 0_ 5 5(u) # v and o5 _ 5(u) # u. Therefore
(Autg Q(v/2,v/3)) = Q. Therefore we have a Galois extension.

Now we need to find the corresponding fields for each group. Which subfield does the
automorphisms in (o 5, 5) fix? note that

O'\/ii\/g(u) =a+ b\/§ - C\/g — d\/g,

so —c=cand —d =d, or c = d = 0. Thus u is of the form a + by/2. Therefore (0yz._v3) =
Q(+/2). Similarly, we have (0_mv3) = Q(+/3). For the last remaining order-2 subgroup
<0’_\/§7_\/§>, note that

o_yg_y3u)=a-— V2 — cV/3 + dV6,
12



so =b=>band —c=c,orb=c=0. Thus (05 .3 = Q(v/6). So the lattice of the
subfields looks as follows.

Q(v2,V3)

P N
Q(v2) Q(V3) Q(V6)

Lemma 7.1. Let F'/K be a field extension (need not be finite; need not be Galois either),
and let L, M be intermediate fields of /K. Similarly, let H,J be subgroups of Autgx F' = G.
Then the following are true:

(i) F' ={id},K' =G

(1)) {id} = F and G’ O K. The equality holds if and only if F/K is Galois.

(i) LCM=L'>M

(i) H< J=H O.J

(iii) L C L" and H < H"

(i) L' = (L") and H = (H")

Proof (sketch). We only need to prove (iv). By (iii), we see that L' < (L')", so L' < (L")'.
But then L” O L by (ii), so (L") < L' by (ii) also. Thus we get the first equality L' = (L")
as required. The other equality can be proven using a similar technique. [l

Definition 7.3. Call an object X (either an intermediate field or a subgroup) closed if
X"=X.

Remark. F is Galois over K if and only if K is closed.

8. SEPTEMBER 21
Theorem 8.1. Let F' be an extension over K. Then there is a one-to-one correspondence
between.:

(1) closed intermediate fields of the extension; and
(2) the closed subgroups of the Galois group,

giwen by E+— E' = Autg F.

Proof (sketch). Inverse of the correspondences is given by assigning each subgroup H to its
fixed field H'. O

Remark. All “primed” objects are closed.

Remark. To use this theorem, we need to determine which intermediate fields and which
subgroups are closed.

Lemma 8.1. Let F be a field extension of K, and L C M intermediate fields. If [M : L] is
finite, then [L' : M'] < [M : L]. In particular, for F/K finite, we have | Autg F| < [F : K].
13



Proof. Induction on n := [M : L]. The base case [M : L] = 1 is trivial. now suppose that
n > 1, and assume that the theorem is true for all 1 < i < n. Now choose u € M \ L
which we know we can choose as [M : L] > 1. Since [M : L] is finite, u is algebraic over
L, with irreducible polynomial, say, f € L[z| of degree k > 1. Then [L(u) : L] = k, and
[M : L(u)] = n/k. Now consider the following tower:

M<~——M

L(u) =— L(u)’

L/

L

Now we have two cases:
(1) kK < n. Then 1 < n/k < n, so by the induction hypothesis [L' : L(u)'] < k and
[L(u) : M'] <n/k. Hence

(L' M'|=[L":Lu)][L(u) :M<k-—=n=[M:L.

n
k
(2) k=mn. Then [M : L(u)] =1, so M = L(u).
For now, we shall assume that there is an injective map from the set of all left cosets of M’
in L' (call this set S) to the set of all distinct roots (in F) of f € L[z] (call this set T"). We
will prove this claim afterwards, as Lemma[8.2] By Lemma 8.2 we have |S| < |T'|. It is also
known that |T| < n and |S| = [L' : M'] (by definition). Hence [L': M'] < |T'| <n=[M : L].
This implies that the final statement of Theorem (with L = K and M = F, since
| Autg F| = [Autg F: 1] = [K': F'] < [F : K]. O

Lemma 8.2. Let M, L, M’ L' be the same as in Lemma(S8.1. Then there is an injective map
from the set

S :={all left cosets of M" in L'}
to the set
T := {all distinct roots (in F') of f € L[z]}.

Proof. Let TM' be a left coset of M’ in L'. If o0 € M’ = Auty, F, then since u € M we have
7(o(u)) = 7(u). Hence every element of the coset 7M’ has the same effect on u (namely,
u— 7(u)).

Since 7 € L' = Auty F., and u is a root of f € Lz], it follows that 7(u) is a root of f also
(Theorem 2.2 in Hungerford). Hence, the map S — T given by 7M’ — 7(u) is well-defined.

It still remains to show that it is injective. Suppose that 7(u) = 79(u) where 7,7 € L'.
Then 75 '7(u) = u, so 75 '7 fixes u. Hence 75 '7 fixes L(u) = M element-wise (Theorem
1.6(iv) in Hungerford), and so 7, '7 € M’. So oM’ = 7M’, as required. O

9. SEPTEMBER 25
Lemma 9.1 (The subgroup counterpart for Lemma . Let F be a field extension of K,
and let H < J be subgroups of Autyx F. If [J : H| is finite, then [H' : J'| < [J: H|.
14



Proof. We will prove this by contradiction. So suppose that [J : H] = n is finite but that
[H' : J'] > n. Then we can find a J'-independent subset, say {ui, ..., u,+1} of H'. Now let

{71,..., T} be a complete set of representatives for the cosets of H in J (i.e., J = |_| T.H).
i=1
Now consider the linear system

[7i(u;)] 1<i<n T = 0.
1<j<n+1

This system has a nontrivial system, as there are more columns than rows. So let a nontrivial
solution be zy = ay,...,z, = a,, and z,,1 = -+ = z,41 = 0 having the least number of
non-zero components. We will now show that, under the given circumstances, it is possible
to come up with another nontrivial solution that has fewer than r non-zero components.
Then Exactly one of the ;H is H; say mH = H, without loss of generality. Then 7, € H,
so 7p fixes all elements of H'. Hence 7 (u;) = w; for all j. So the first equation is reduced

into wya; + -+ -+ + uya, = 0. Since {uy,...,u,11} is linearly independent over J’, it follows
that a; ¢ J' for some j. Let ay be such element. Since we can scale solutions, we can
assume that a; = 1. Since ay ¢ J', for some o € J we have o(az) # as. Note also
that {o71,...,07,} is also a complete set of representatives for H in J, and the system
[07i(u;)]# = 0 is just the original system (with equations put in a different order, possibly).
But then z; = o(ay),...,2, = o(a,), and z,41 = -+ = 2,41 = 0(0) = 0 is a solution

to this system. But then the difference of our two solutions is also a solution. Therefore,
(1-1,ay—0(az),...,a,—0o(a,),0,...,0) = (0,ay —o(az),as —o(as),...,a.—o(a.),0,...,0)
is another solution. But note that ay — o(ag) # 0. Thus, this is a nontrivial solution that
has more zero components than our initial solution, thereby contradicting the minimality
assumption. 0

Lemma 9.2. Let F/K be an extension, L < M intermediate fields, and H < J subgroups
of Autg F'.

(i) If L is closed and [M : L] finite, then M is closed and [L': M'| = [M : LJ.
(11) If H is closed and [J : H] finite, then J is closed and [H' : J'| = [J : H|.
(111) Let F/K be finite and Galois. Then all intermediate fields E and all subgroups H
are closed. Also, we have # Autyx F = [F : K].

Proof. (i) Let L be closed and [M : L] < co. Recall that [L': M'| < [M : L] and [M" : L"] <
[L': M’]. But since M C M", it follows [M : L] < [M" : L]. But then L is closed, so L” = L.
Hence [M : L) < [M" : L] = [M" : L"] < [L' : M'] <[M : L}, so this string of inequality
actually has equality throughout. But since L C M C M” and [M : L] = [M" : L], it follows
M = M". Thus M is closed. (ii) can be proven as similarly (or, refer to the textbook).

(iii) Let F'/K be Galois and finite, and F an intermediate field. Since K is closed (as
F/K Galois) and [E : K] is finite (as F'/K is finite), from part (i) it follows that E is closed.
Also, by (i) we have # Autyx F = [F : K] is finite. Similarly, each subgroup H is finite. So
[H : {id}] is finite; hence by part (ii), H is closed (since {id} is evidently closed). O

Remark. At this point, we finished proving the first half of Theorem [7.2]
15



10. SEPTEMBER 27

Today, we want to prove that whenever F'/K is Galois (let K C E C F be a tower of
extensions), so is F'//E. However, the same cannot be said about F/K. In fact, F/K is
Galois if and only if ' < G. Particularly, in this case, Autx £ = G/FE'.

Definition 10.1. F is stable if every o € Autg F maps F to itself.

Remark. If E is stable, then o|p € Auty E for all 0 € Autg F; furthermore, both o and ¢!
map F onto itself.

Lemma 10.1. Let F//K be any field extension. Then the following are true.

(i) If E is stable, then E' < G.
(1) if H <G, then H' is stable.

Proof. (i) Suppose 7 € E'. Then 7(u) = u for all u € E. Since E is stable, so if u € E then
o(u) € E. Hence T7o(u) = o(u), or equivalently 0~ 'ro(u) = u. Therefore 07170 € E’, so
indeed E' < (G, as required.

(i) let H < G = Autg F'. We need to show that H' is stable, i.e., for any ¢ € G and
u € H', we need to show o(u) € H'. In other words, we need to show that 7o(u) = o(u) for
all 7 € H. But this holds — since H < G, we see that 07 '70 € H. So o7 '70(u) = u for all
u € H'. This completes the proof. O

Lemma 10.2. Let F/K be Galois, and E be stable, where K C E C F is a tower of field
extensions. Then E/K is Galois.

Proof. Let uw € E'\ K. We need to show that 7(u) # u for some 7 € Autg E. Since F/K
is Galois, indeed o(u) # u for some o € Autg F'. Since E is stable, we have o|p € Autg E.
From this o|g(u) # u. Thus E/K is Galois. O

Lemma 10.3. Let F/K be any field extension. E be a subextension that is both algebraic
and Galois over K. Then E is stable.

Proof. Let uw € E, and let f(x) € K[z] be a minimal polynomial of u over K. Let u =
U1, Us, . .., u, be the distinct roots of f that lie in E. If 7 € Autg F, then 7 permutes the
roots of f. Solet g(x) = (r—wuy)(z—wug) - - - (xr—wu,). The coefficients on g are the elementary
symmetric functions in wuq,...,u,. So the coefficients are fixed by Autx E. But then since
E/K is Galois, it follows that the coefficients all lie in K.

But then degg < deg f, so g = f — since f is the minimal polynomial over u over K.
Finally, for ¢ € Autg F', we see that o(u) € F since o(u) is a root of g and all roots of G lie
in E. Therefore E is stable, as required. 0

Definition 10.2. Let K € E C F be a tower of field extensions. Then 7 € Autg FE is
extendible to F if 7 = o|g for some o € Autg F.

Proposition 10.1. The set of extendible automorphisms in Auty E is a subgroup of Auty E.
Furthermore, if E is stable, then E' = Autg F' Q G. Therefore G/E' is defined.

Lemma 10.4. Let F//K be any extension, and K C E C F a tower of extensions, where E
is stable. Also, let Z be the set of extendible automorphisms in Autx E. Then G/E' = Z.
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Proof. Consider the map ¢ : G — Autyg E where 0 — o|g. Since F is stable, the map ¢ is a
well-defined homomorphism with image Z and kernel E’. The claim now easily follows from
the first isomorphism theorem. O

Now we are ready to prove the remaining parts of the fundamental theorem (Theorem
72):

Theorem 7.2 (Fundamental theorem of Galois theory). Let F/K be a finite Galois ea-
tension. Then the maps E — E' and H — H' induce a one-to-one, inclusion-reversing

correspondence between the set of all intermediate fields of F//K and the set of all subgroups
of G = Autg F such that:
(i) The relative dimension of intermediate fields is equal to the corresponding relative
index of subgroups, i.e., [M : L] = [L' : M']. In particular, we have #G = [G :
{id}] = [F : K].
(i1) F is automatically Galois over intermediate fields E.
(11i) However, E/K is Galois if and only if E' is a normal subgroup of G; and in this
case, Auty E = G/FE'.

Proof of Theorem [7.2. First we will prove that F/E is Galois. First, let u € F that is fixed
by €. Then u € E' = E since all intermediate fields are closed. Therefore F//E is Galois.
Second, we will prove the property regarding /K being Galois. If E/K is Galois, then F/K
is finite, so E/K is algebraic over K. Now recall that then E is stable, so B/ < Autg F
as required. Conversely, assume E’ <O G. Then E” is stable. But since F is closed, we see
E" = E. So E is stable. Thus E/K is Galois.

Finally, note that

#G/E' =|G:E)=[E":G)=[E: K] =Autx F,

which is enough to show that the set of extendible automorphisms in Autyx F is in fact a

subgroup of Auty E having the same finite size, so these two sets are in fact equal. Therefore
G/E = Autk F as required. O

Theorem 10.1. Let F' be a field, and G be any group of automorphism of F. Then F 1is
Galois over the fized field K of G. Furthermore, if G is finite, then F/K is a finite Galois
extension whose Galois group is G.

11. SEPTEMBER 28

Definition 11.1. Let K be a field, and f € K[z] a non-constant polynomial. Then f splits
over K if f(z) = (z —w1)(z — u2)(z — ug) - - - (x — u,) for some uy,us, ..., u, € K.
Definition 11.2. F'is a splitting field of S over K, for a subset S of K|z]| if:

e cvery polynomial in S splits in F.
e ['= K (U) where U is the set of all roots of all polynomials in S that lie in F.

Intuitively, the splitting field over K for some polynomials in K[x] is equal to the smallest
extension of K containing all roots of all polynomials in S.

Ezample. Q(v/2) is a splitting field extension for 2% — 2 over Q since Q(v/2) = Q(£v/2).
Similarly, C = R(:) = R(i, —1) is a splitting field extension of 22 +1 ovecr R since C = R(+1).
17



Ezample. However, Q(+/2) is not a splitting field extension of % —2 over Q since the complex

roots v/2¢ and v/2¢? where ¢ := €2™/3 do not lie in Q(+/2).

Remark. Splitting fields over K are algebraic over K. They are in fact finite for finitely
many polynomials.

Remark. It S = {f1,..., fu} is a finite set of polynomials in K[z], then a splitting field
extension for {fi,..., fn} over K will coincide with a splitting field extension of the single
polynomial f := f1fs... f,. Therefore, we only need to study the cases of a single polynomial
or infinitely many polynomials.

Remark. Every set of polynomials S in K[z| has a splitting field extension. Also, splitting
field extensions for a given set are unique up to a K-isomorphism (hence the splitting field
of...).

Theorem 11.1. Let K be a field and f € K[x] a polynomial of degree n > 1. Then f has a
splitting field extension F/K of degree [F' : K| < nl.

Proof. We will prove via induction on n. If n = 1, then F' = K is (trivially) the splitting

field extension of f over K of degree [K : K] =1 < 1. Fix [ > 1, and suppose that the

result holds for all polynomials in K[x] of degree [. Let f(z) have degree (I + 1).

Case I. f splits over K. In this case F = K is a splitting field, so [F: K] =[K : K] =1 <
I+ 1)l

Case II. f has an irreducible factor g € K|z] with degree deg g > 2. Then there is a simple
extension K(u)/K of degree [K(u) : K] = degg > 2, where u is a root of g, and
so a root of f. So f(z) = (x — u)h(x) for some h(z) € K(u)[z] of degree [. By the
inductive hypothesis, h has a splitting field extension over K (u) of degree < I!. Say

Now we claim that F' is a splitting field extension of f over K of degree [F' : K] <

(I 4+ 1)!. This is not that hard to see considering the tower below.

Since F' = K (u)(all roots of h) = K (all roots of f), it follows that F'/K is a splitting
field extension of f. Finally,

[F:K|=[F: Ku]K(u): K]=[F: K(u)degg <lldegg=1(I+1)=(I+ 1)
So the result follows by induction. O

Clearly, infinite case is much harder. It is hard to show in general that there is a field
containing the roots of infinitely many polynomials.

Theorem 11.2. Let F' be any field. Then the following are equivalent:

(i) Every non-constant polynomial f € F[z| has a root in F.
18



(i1) Every non-constant f € F[z] splits over F'.
(111) Every irreducible f € F[z] has degree one.
(iv) F has no proper field extensions.
(v) F is algebraic over a field K for which every f € K|z| splits over F.

Proof (sketch). ((i) = (ii)) Exercise.

((ii) = (iii)) Exercise.

((iii) = (iv)) Assume that every irreducible f € F[z] has degree 1. If L/F is an algebraic
extension and u € L, then the min polynomial of u ovre F' has degree 1. So u € F.

((iv) = (v)) Exercise.

((v) = (1)) If f € Flx] has u as a root, then the minimal polynomial of u over K in K|z],
then u as well as all the roots lies in F'. O

Definition 11.3. If F satisfies these equivalent conditions outlines in Theorem [11.2], then
F'is said to be algebraically closed.

Theorem 11.3. Let F'//K be any field extension. Then the following are equivalent:

(i) F/K is algebraic, and F is algebraically closed.
(i1) F is a splitting field extension over K for the set of all non-constant polynomials in

K|z].

Definition 11.4. An extension F' of K is an algebraic closure of K if it satisfies the equivalent
conditions listed in Theorem [11.3

Theorem 11.4. Fvery field K has an algebraic closure, and any two such fields are K-
1somorphic.

Corollary 11.1. Every set S of non-constant polynomials in K|x] has a splitting field ex-
tension.

Proof (sketch). We will only cover the finite case. Note that constructing a splitting field for
{f1,--, fa} is equivalent to constructing one for f := fifo... fn. If uy,...,u, are all of the
roots in an algebraic closure, then K(uy,...,u,) is a splitting field. 0

Theorem 11.5 (Uniqueness of a splitting field extension). Let F' be a splitting field of
S ={f;} C Klx] and M a splitting field of S’ = {of;} C Llz|. Then there is an extension
G : F — M which is an isomorphism so that 7|k = 0.

F
K
Proof (sketch). For finite S and S’, one can further reduce it to S = {f} and §" = {of}

as we did in the proof of Corollary [11.1, So let roots of f be wuq,...,u,, and roots of

of be o(uy),...,0(u,). By a previous result, we see that ¢ extends to an isomorphism
19
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oi: K(uy,...,u;) = Lio(uy),...,o0(u)).
F=K(uy,...,uy) %M =L(o(uy),...,0(uy))

K(Ul,-u,unfl) = L(a(ul),...,a(un,l))

On—1

K(uy)

K = L

Now consider the special case K = L and ¢ = id. Then any two splitting fields of a set S
of polynomials in K[z] are K-isomorphic. In particular, any two algebraic closure of K are
K-isomorphic. 0

Remark. Any automorphism of K can be extended to the splitting field extension of K.

12. OCTOBER 2: GALOIS EXTENSIONS AS SPLITTING FIELDS

Definition 12.1. Let K be any field, and let f € K[z] be a non-zero polynomial, and let ¢
be a root of f. Then f(z) = (z — ¢)™g(x) where g(z) # 0 and m € N. Then c is a simple
root (resp. multiple root) if m =1 (resp. m > 1).

Definition 12.2. Let f € K|[z] be irreducible.

(i) f is separable if f has only simple roots.
(ii) If F/K is a field extension, and u € F' is algebraic, then wu is separable over K if its
minimal polynomial over K is separable.
(iii) F/K is separable if every u € F' is separable over K.

Remark. e If f is separable, then f has no repeated roots in any splitting field exten-
sion.

e An irreducible polynomial f € K|[z] is separable if and only if the derivative of f is
non-zero. Particularly, in characteristic zero, all non-constant irreducible polynomials
are separable.

e In characteristic zero, all algebraic extensions are separable.

13. OCTOBER 4

Theorem 13.1. Let F'//K be a field extension. Then the following are equivalent:

(i) F/K is Galois and algebraic.
(i) F/K is separable, and F' is the splitting field extension of some set S of polynomials
in Kz|.
(111) F is the splitting field of some set T of separable polynomials in K|x].
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Remark. Theorem implies that algebraic Galois extensions are splitting fields of sepa-
rable polynomials. So one can rephrase the “splitting field” part and arrive at our intuitive
idea of Galois: the isomorphisms you get for free all end up being automorphisms.

Definition 13.1. Let F/K be algebraic. Then F is normal over K if every irreducible
[ € K|[z] that has a root in F actually splits over F.

Theorem 13.2. Let F'//K be algebraic. Then the following are equivalent:

(1) F/K is normal.

(2) F is a splitting field over K for some sets of polynomials in K[x].

(3) Every K-embedding/monomorphism from F into an algebraic closure K of K is
actually an automorphism of F.

Proof. ((i) = (ii)) Assume that F'/K is normal. Let {u;};c; be a K-basis for F. Then
F' is the splitting field extension over K of the set of all minimal polynomials of the w;.
Each minimal polynomial has a root in F' (namely, one of the basis elements). But since
F' is normal, F' contains all roots of all minimal polynomials. F' is the smallest algebraic
extension of K containing these elements, so this completes this direction.

((ii) = (iii)) Assume that F is the splitting field extension over K of some set of polyno-
mials in K[z]. So F' = K({u;};cr) for certain u; that constitute all roots of the polynomials

in question. Assume o : F' — K is some K-monomorphism. Then o permutes {u;}c;s.
Thus o : K({u;}ier) = K({u;}icr) where F = K({u;}ics) is the image. Thus o is in fact a
K-automorphism of F.

((ili) = (i)) Assume that every o : F — K over K is a K-automorphism of F (i..,
imo = F'). Suppose that f € K|z]| is irreducible and has a root u € F. Let v be any root of
f such that o(u) = v.

— - e

K(u) —== K(v)

K—2 K
We have a K-isomorphism o : K(u) — K(v) where u — v. Also since K/K is a splitting
field, so is K'/K(u) since K is an algebraic closure of K(u). So o has an extension 7 :
K — K. But then 7|r : F — K is a monomorphism over K, so ima|r = F. Thus
v=o(u)=7clp € F. O

Corollary 13.1. Let F//K be algebraic, Then F/K is Galois if and only if F'//K is separable
and normal. Specifically, if K has characteristic 0, then F/K is Galois if and only if F/K
15 normal.

Theorem 13.3. Let E/K be algebraic. Then there is an extension F of E such that:

(i) F/K is normal;
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(ii) no intermediate field of F' and K is normal over K;
(i11) if E/K s separable, then F/K is Galois; and
() if E/K is finite, then F/K is finite also.

Ezample. Q(+/2)/Q is not normal since the complex roots of the Q-minimal polynomial of v/2
are not contained in Q(+/2). So the normal closure is Q(v/2, —v/2, v/2i, —v/2i) = Q(+/2,14).

14. OCTOBER 5: FUNDAMENTAL THEOREM OF ALGEBRA

Some required background materials:
(1) Analytic
(a) Every positive real number has a positive square root.
(b) Every odd degree polynomial in R[z]| has a root in R.
(2) Algebraic (Sylow)
(a) If G is a finite group of order p™m for n > 1 and m relatively prime to p. Then
G has subgroups of order p’ for all 0 < j < n.

Lemma 14.1. Let K be an infinite field, and F/K be a finite separable extension. Then
F = K(u) for someu € F, i.e., F/K is simple.

Proof. Let F1/K be a normal closure of F//K. Then F;/K is finite Galois. So Auty F} is
finite, which implies that Auty F; has finitely many subgroups. By correspondence, only
finitely many fields are intermediate to F; and K. So only finitely many intermediate fields
of Fand K. So we choose an intermediate field K (u) that is maximal. Now suppose that
K(u) € F. Let v € F\ K(u). Consider fields of the form K (u+av) where a € K. Since there
are only finitely many of these and K is infinite, we must have K (u + av) = K (u + bv) for
a,b€ K and a # b. Thus (u+av) — (u+bv) = (a—b)v € K(u+av). Since a —b # 0, indeed
v € K(u+av). Also, u = (u+av) —av, so u € K(u+av) as well. Hence, K(u) C K(u+av).
But this contradicts the maximality of K(u), so F' = K(u). O

Lemma 14.2. C has no extensions of degree 2.

Proof. Suppose that E/C is of degree 2. Then by Lemma there is u € E such that
E = C(u), and the minimal polynomial of u over C is of the form f,(z) = 2? + sx + ¢ for
s,t inC. The quadratic formula says

—s+/s?2 -4t
5 )

Thus F = C(—s £ Vs — 4t) = C(v/s? — 4t) = C(y/a) for some a € C. So we are done once
we prove that y/a € C for all @ € C. Solve for ¢ and d where (¢ + di)* = a + bi. We can
conclude ¢, d € R since positive reals have positive square roots. So ¢ + di € C. This gives
us the desired contradiction. O

u =

Theorem 14.1 (Fundamental theorem of algebra). C is algebraically closed.

Proof. Suppose that F;/C is a finite extension. Then F;/R is a finite extension of even
degree. So let F'//R be a normal closure of E; /R, and G := Autg F. We prove that £} = C

by showing that, in fact, FF = C. Let #G = 2"™m for some n > 1 and m odd (since
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#G = [#G :{id}]=[F:R|=[F:C][C:R] =[F:C]-2). Let H< G such that #H = 2",
and let £ = H' (i.e., the intermediate field fixed by H).

F~— {id}

E<~——H
R~——(

So F'/R is finite Galois. Note that for some u € F, we have £ = R(u); and the minimal
polynomial of u over R has odd degree m. Irreducibility implies that m = 1, since otherwise
it will be reducible (since every odd-degree polynomial over the reals has at least one real

root). Hence F = R, so #G = 2™ for some n > 1.
F<——{id}

J ~—J

on

2

C <—>A11t(cF

2

Therefore Autc F has order 2! for some 0 < [ < n, since it is a subgroup of G = Autg F.
Now, if [ > 0, then choose subgroup J of Autc F' of index 2. This means that J' is a
degree 2 extension of C, but this contradicts Lemma [14.2] This means [ = 0. Hence indeed
[F:C]=2=1,s0 F =C. O

15. OCTOBER 4: THE GALOIS GROUP OF A POLYNOMIAL

Definition 15.1. Let K be a field. Then the Galois group of f € K|[z] is the group Autg F
where F' is some splitting field of f over K.

Definition 15.2. Let S, be the group of permutation on {1,2,...,n}. Then a subgroup G
of S, is transitive if for any 1 <i # j < n, there is ¢ € G with (i) = j.

Theorem 15.1. Let K be a field, and G be the Galois group of f € K|z].

(i) G is isomorphic to a subgroup of S,, for some n.
(i) If f is separable of degree n, then n|#G, and G is isomorphic to a transitive subgroup
of S.

Proof (sketch). (i) Assignment #3, Problem #1.

(ii) If f is separable, then F//K is Galois, where F' is the splitting field of f over K. If u
is a root of f, then under Galois correspondence, there is a subgroup of index n (namely the
subgroup of K-automorphisms fixing K (u)). Thus n|#G. O

Now we can determine the Galois groups of polynomials of degrees 1, 2, 3, 4.

Proposition 15.1. Let f € K|[z| be irreducible over K. If deg f = 1, then G = Autg K =
{id}. If deg f = 2, then G = {id} if f is not separable; if f is separable, then G = Z/27.
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Proof. The degree 1 case readily follows. If u # v are the distinct roots of f, then Autx F' =
{01 =id, 09} where 03 : u+— v. If u = v then g9 = 01, so the claim follows. O

Proposition 15.2. If f € K|z| is irreducible over K, is separable, and is of degree 3, then
the Galois group of f is isomorphic to either one of Az or Ss.

Proof. Suppose that deg f = 3, and f is separable over K. then F/K is Galois as F' is the
splitting field of a separable polynomial f. Since the only transitive groups of S3 are Az and
Ss, then the Galois group of separable cubic polynomials must be one of Az or Sj. U

To determine whether G is isomorphic to Az or S3, we need to compute the discriminant
of f.
Definition 15.3. Let K be a field with char K # 2, and let f € K|[z] be irreducible over K
and of degree n, with distinct roots uq,...,u, € F. Then the discriminant of f is
D = A?
where
A = H(UZ - Uj) eF.
i<j

Proposition 15.3. Let D and A be defined as above.

(i) D=A%€ K.

(ii) Suppose o € Autg F' < S,,. Then o is even (resp. odd) if and only if o(A) = A

(resp. o(A) = —A).

Proof (sketch). (ii) o can be viewed as a permutation of the u;, so it can be viewed as a
product of transpositions. And each transposition reverses the order of some factor u; — u;.
Thus it introduces a minus sign into the product. Thus ¢ is odd if and only if there is an odd
number of switches (as there is an odd number of minus signs introduced in the product),
so this is equivalent to o(A) = —A.

(i) For any o € Autg F, we have

o(D) = (A?) = o(A)? = (£A)? = A’ = D,
so D e K. O

Corollary 15.1. In the Galois correspondence, the intermediate field K(A) corresponds to
GNA,. Inparticular, G < A, if and only if A € K.

Proof. We know that o € A, is equivalent to o(A) = A. The claim follows upon noting that
K(A) is the fixed field of G N A,,. O

Corollary 15.2. Let f € K[x] be separable and deg f = 3. Then G is isomorphic to Az or
Ss. If char K # 2, then G = Az if and only if A € K.

Proposition 15.4. Let char K # 2,3, and let f(z) = 23+ bx? + cx +d € K|x] be separable.
Then g(x) = f(z — ) has the form ® + px + q. This polynomial has discriminant of the
form —4p3 — 27¢>.

Proof. 1f u is a root of f, then u + b/3 is a root of g. But the factors in the definition of A

are the same since, for roots u; and u; we have u; —u; = (u; + b/3) — (u; + b/3). Thus f

and ¢ have the same A, hence D. 0
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Ezample. Let f = 23 — 3z +1 € Q[z]. Then +1 are not roots, so by the rational root
theorem, f is irreducible. Since char@Q = 0, f is separable. Compute the discriminant:

D = —4(-=3)? —27(1)®> = 81 = 9%. Thus D is the square of something in Q, so G = As.

Example. Let f(z) = 23+ 32> —x — 1 € Q[z]. For the same reason as z° — 3z + 1 in the
previous example, f(z) is also separable over Q. Note that g(z) = f(x —3/3) = f(z — 1) =
(z—134+3x—-1)*—(zr—1)—1=2—4x+2. So D = —4(—4)% — 27(2)? = 148. So this
is not a square in Q, so G = Ss.

16. OCTOBER 12 & 16: MOVING ONTO THE QUARTIC CASE

Let f € K|z| be a separable degree-four polynomial, and let uy, ug, us, us be distinct roots
in the splitting field F. F/K is Galois with Galois group G, a transitive subgroup of S, of
order divisible by 4. Let V' := {(1), (12)(34), (13)(24), (14)(23)} = Z/2Z @& Z/27. Note that

V' is a normal subgroup of Sy, so V N G is a normal subgroup of G.

Lemma 16.1. Write (o, 8,7) 1= (ujus + ugty, uyug + Uiy, ugty + ususz). Then there is a
correspondence between K («, 3, gamma) and V NG, via Galois correspondence.

Proof. Since F/K is Galois, so is F/K(«a,,7). So K(a,f,7) is the fixed field for the
group of all K-automorphisms that fix «, 3,7. We claim that if o(V N G) = 7(V N G),
then o(6) = 7(5) for § € {a,,7}. Note that the elements in V fix «, 8,7 — so indeed
o(VNG) =7(VNG). Therefore 0 = T for some p € VN G. But then u(d) = § for
d € {a,B,7}, 50 0(6) = 7(u(6)) = 7(5). Now, we have that

Sy =V U(12)V U (13)V U (14)V U (123)V L (132)V.

So finally, we have

(12)(8) = uguz + wrug # B

(13)(a) = ugug + uyug #

(14)(a) = uguq + wruz # o

(123) () = ugus + uguy # o
(@)

(132)(ev) = ugug + uuy # .
So only the elements in G that lie in V' fix «, 3,7, as required. 0
Remark. Furthermore, K (o, 8,7)/K is Galois with the Galois group G/(GN V).
Definition 16.1. The polynomial g(x) = (x — «)(z — )(x — ) is the resolvent cubic of f.
Remark. It seems at first glance that a resolvent cubic of f lies in F[z], but in fact it lies in
Klz].
Lemma 16.2. Let f(z) = 2* + b2’ + ca* + dv + e € Klz]. Then the resolvent cubic g is
given by g(x) = 2 — ca® + (bd — 4e)x + b%e + 4ce — d°.

Proposition 16.1. Let f € K[z] be a separable quartic polynomial, and F'/ K be the splitting
field of [ over K. Let G be the Galois group, which is isomorphic to a transitive subgroup
of Sy of 4, 8, 12, or 24. Let also m = [K(«, 3,7) : K|. Then
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(i) m=1<G=V
(iv) m=2< G = Dy or Z/AZ.
In particular, we get Dy if f is irreducible over K(a, B,7) (and Z/AZ otherwise).

Ezample. Let f(z) = 2 +42° +2 € Q[x]. Then the resolvent cubic of f is g(z) = 2% — 4% —
8 +32 = (¢ —4)(% — 8). Thus a = 4,5 = &, = —V&. So Q(a, ,7) = Q(8) = Q(V2).
So [Q(v2) : Q] = 2. Hence G = Z/4Z or G = D4. But then f(z) = 2* + 4z + 2 =
(22 — (=2 +V2))(2? — (=2 — V2)) € Q(v/2)[z]. Therefore G = Z/47Z.

Ezample. Let f(x) = 2* — 2 € Q[z]. Then g(z) = 2% + 82 = 2(x + v/8i)(x — v/8i). Thus
a=0,8=+8,y=—V8i. SoQ(a,B,7) = Q(+/8i). Since [Q(+v/8i) : Q] = 2, we see that
G = ZJ4Z or D,. But since f is irreducible over Q(v/8i), it follows G = D,.

Theorem 16.1. Let p be prime, and f € Q[z]| be irreducible where deg f = p. Suppose also
that there are exactly two non-real roots in C. Then the Galois group of f is S,,.

Proof. We can view G as a subgroup of S,; recall that G is a transitive subgroup of S, with
p|#G. Cauchy’s theorem implies that G thus has an element o of order p. Order of o is the
lem of the orders of its disjoint cycles. Since p is prime, there can be only one cycle; thus o
is a p-cycle. Further, complex conjugation is a Q-automorphism of the splitting field F' of f
over Q. Complex conjugation fixes the real roots and swaps the two non-real roots. So G
contains a transposition, say (ab). So we can write o = (ajy- - - j,). So some power o* is of
the form o* = (abiz---i,). So G contains (ab) and (abiz - - -i,) (re-order if necessary). Then
G contains (12), (123 ---p). Hence G D ((12),(123---p)) = S,, so G = S, as required. [

17. OCTOBER 16, 18, & 19: FINITE FIELDS
Theorem 17.1. Let F be any field, and let
P = ﬂ{K | K is a subfield of F'}.

Then P is a field having no proper subfields. If char FF =0, then P = Q; if char ' = p > 0,
then P =F, =Z/pL.

Definition 17.1. The P as defined in Theorem is called the prime subfield of F. In
particular, P is the subfield generated by 1p.

Proof. Since 0,1 € P we know that P # (). For any u,v € P, indeed u,v € K for all subfields
K of F. Then u —v,uv™! € K for all such K (clearly, v # 0 for uv™!), so u — v,uv=! € P.
So if K is a subfield of P, then K is a subfield of F'. Hence P C K, so P = K. Thus P
cannot have any proper subfield.
For the second part, consider ¢ : Z — P such that m — m-1p. Then ¢ is a homomorphism
with kernel (m) where m = char F.
(1) Case I: m = p where p is a prime
In this case we get an isomorphism between Z/pZ = F, and im¢ < P, per the first
isomorphism theorem. So im ¢ is a field. But im ¢ is a subfield of P which has no
proper subfields. This forces imp = P, so F, = P.
(2) Case II: m =0
For this case, we see that ¢ : Z — P is a monomorphism. This naturally induces

a monomorphism @ : Q — P (just apply ¢ to both numerator and denominator).
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Then im @ = Q is a field. Thus im @ is a subfield of P, but P doesn’t have any proper
subfields. Indeed imp = P, so P = Q as required. 0

Corollary 17.1. If F is a finite field, then char F' = p where p is a prime. Furthermore,
#F =p" forn € N.

Proof. char F' = p since P = F,, for some prime p. (Alternative for P is Q, but Q is infinite
whereas ' is assumed to be finite.) Finally, F'/F, is an extension of finite degree since
otherwise F' would be infinite. Say [F': F,] = n. So #F = p" since ' = F}. O

Theorem 17.2. Let F be a field, and G a finite subgroup of F*. Then G 1is cyclic. In
particular, the multiplicative group of a finite group is cyclic.

Proof. Let G be a finite subgroup of F*. Then G is a finite abelian group. If G = {1}, then
G is cyclic. Otherwise, then by the fundamental theorem of abelian groups, we have

G=Z/mM\ZBL/mZ @ ---DL/myZ
for some m; € N,m; > 1, and my |[mg|---|my. We thus have v™ =1 for all u € G. In
other words, the polynomial ™ — 1 € F[z] has at least #G roots. But this polynomial has
at most my, roots in F', so #G < my. At the same time, we have #G = mymgy - - - my, S0

this forces k = 1. Hence G = Z/myZ is cyclic. In particular, F' is finite, so F* is cyclic as
required. 0

Remark. Taking F' = F,, we see that the primes have primitive roots.

Corollary 17.2. If F' is finite, then F' = F,(u) for some w € F. In other words, F is a
simple extension of IF,,.

Proof. Let F* be generated by u. Then F' = F,(u). O

Lemma 17.1. Let char F = p and r € N. Then the map ¢ : F — F defined by u — u?" is
a Fp-monomorphism. In case F' is finite, ¢ is in fact a F,-automorphism of F.

Proof (sketch). Basically this follows from the Freshman’s dream. In characteristic p, we
have (u=4v)?" = u?" 0", s0 ¢ is a homomorphism. Furthermore, since (1) = 17" =1 # 0,
 is a non-zero map. ¢ is a non-zero field homomorphism, so ¢ is a field monomorphism
also.

Finally, pick p consecutive integers as the representatives of the elements in F, (say F, =
{1,2,...,p}). Then note that

p(l) =1
p(2)=p(l+1)=p(1)+ (1) =2

ep) =l +1+--+)=p(1)+---+p(1)=1+---+1=p.
—— ~ ~~ -
p times p times

Therefore ¢ is a [F,-monomorphism. Furthermore, if F' happens to be finite, then im ¢ has
the same size as F', so im ¢ = F. The last claim follows. 0

Proposition 17.1. Let p be a prime, and n € N. Then F is a finite field with p™ elements
if and only if F is a splitting field extension over F, of x¥" — x.
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Proof. (=) Suppose that #F = p". Then #F* =p"® — 1. So u’"~! =1 for all u € F*. All
elements of F* satisfy 2P"~! —1, so they all satisfy x(2?" ' —1) = 27" —z (including 0). Hence
every element of F' is aroot of 27" —z. In conclusion, F' = F,(F) = F,({all roots of 27" — x}),
which is a splitting field over F, of 2" — , as required.

(<) Assume that F is the splitting field of z¥" — x over F,. Note that (zF" — x)" =
p"aP" ! —1 = —1 since char F = p, so 2" — x is relatively prime to its derivative. This
implies that 27" — z is separable in F, and so has p" distinct roots.

Let E be the set of all roots of zP" —z in F. If we can show that E is a field, then we would
have £ = F has size p". Note that v € F if and only if ¢(u) = u, where ¢ : ' — F sending u
to uP”. Clearly p(1) = 1,80 1 € E. For any u,v € E where p(u) = u and ¢(v) = v, it follows
o(u—v) = p(u) —pv) =u—v € E. For any v # 0, we have p(uv™") = p(u)p(v)™t = uv™!,
so uwv™! € E. Thus E is a subfield of F', so £ = F as required. 0J

Corollary 17.3. Let p be a prime and n € N. Then there exists a field with p" elements,
and any two such field are IF,-isomorphic.

Proof. Any finite fields with p" elements are splitting fields of 27" — x over T, so we know
that there exist such field(s), and any two of them are F,-isomorphic. O

Corollary 17.4. Let K be any finite field, and let n € N. Then there is a simple extension
F = K(u) with [F: K(u)] =n. Furthermore, any two such F'’s are K-isomorphic.

Proof. Let #K = p” where p is a prime, and r € N. Define F to be a splitting field extension
of zP"" —x over K. For any u € K we have u?" = u, so inductively we can also claim v?"" = u.
Thus F is a splitting field extension of 27" — z over F,, also. Every element in K is a root
of 27" — z, so F = F,({all roots of 27" — x}) since F' = K ({all roots of 27" — x}). Hence
#F = p'™, and F consists precisely of the p'™ roots of 27" —x. So p'™ = #F = (#K )K=
pE] from which [F : K] = n follows.

Furthermore, if [F} : K| = n, then [F} : F,] = rn. So both F' and F} are splitting field
extensions of 27" — x over F,,.

F Fy

NS

K

F

p

So F and F, are K-isomorphic, as both are splitting field extensions of 7" — z over K.
Finally, we have already shown that any finite extension over a finite field is simple, so the
proof is complete. O

Corollary 17.5. If K is a finite field, then K[x| contains irreducible polynomials of every
positive degree.

Proof. Let n € N, and let F' = K (u) be a simple extension of degree n. Then the minimal
polynomial of u over K is an irreducible polynomial in K |[x] of degree n. 0

Definition 17.2. Let F'//K be a Galois extension. Then F/K is a cyclic extension if Galg F
is cyclic.
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Proposition 17.2. Fvery finite extension of a finite field is Galois with cyclic Galois group.

Proof. Let F//K be finite, and let K be a finite field whose characteristic is p. Then F/F,, is
finite since F//K and K/F, are both finite.

F
K

F

p

Say [F : F,] = n. Then #F = p", so F is a splitting field of 27" — z over F,. In fact, F
consists precisely of the p” distinct roots of 2" —x. Thus F is a splitting field extension over
FF, of the polynomial 27" — z that has separable irreducible factors. Hence F'/F, is Galois,
so F/K is Galois also. Finally, note that Galg F' < Galg, F', and all subgroups of a cyclic
group are cyclic also. So it is sufficient to prove that Galg, F' is cyclic. So we want to prove
that there exists ¢ such that Galg, F' = (), where ¢ : I' — F'is the Frobenius map, i.e., the
[F,-automorphism given by ¢(u) = u? for all u € F. First, we claim that ¢" = id. Indeed,
note that ©"(u) = u?" = u since every u € F is a root of 2?" — x. If ¢* = id then every
u € F would satisfy 2P — z. This forces k > n — otherwise, all p"™ elements would be roots of

the polynomial 2P — x, which has degree strictly less than p”. Hence ord ¢ = n. But then
ordp = [F: F,] = # Galg, F'. Thus the claim follows. O

18. OCTOBER 23: SEPARABILITY (CHAPTER VI)

Definition 18.1. An element u, algebraic over K, is purely inseparable over K if it is the
only root of it minimal polynomial in K |[z]. In other words, its minimal polynomial factors
as (x —u)™ for some m > 1. F/K is purely inseparable if each v € F' is purely inseparable
over K.

Theorem 18.1. The elements that are both separable and purely inseparable over K are
precisely the elements in K.

Proof. Let u be separable and purely inseparable over K, and let f, be the minimal polyno-
mial of u over K. Since u is purely inseparable, u is the only root of f,, i.e., f, = (x —u)™
for m € N. But since u is separable also, f, has distinct roots. Therefore m = 1. So
degy(u) =1, so u € K as required. O

Remark. This result implies that whenever F//K is separable (such as when char K = 0),
the only purely inseparable elements are the elements in K. So we need only characterize
purely inseparable extensions in characteristic p > 0, where p is a prime.

19. OCTOBER 26: CHARACTERIZATION OF PURELY INSEPARABLE EXTENSIONS IN
CHARACTERISTIC p

u is purely inseparable over K if and only if the minimal polynomial of u € K[x] has
only one root. Similarly, u is separable if and only if the minimal polynomial of u € K|x]

has distinct roots. In general, only the elements in K are separable and purely inseparable.
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Thus, If F//K is separable (resp. purely inseparable), pure inseparability (resp. separability)
isn’t interesting to look at (e.g. char K = 0).

Let S be the separable closure of K in F; similarly let P be the purely inseparable closure
of K in F.

F

SP
S p
K
(Recall that K = SN P).

Lemma 19.1. Let F/K be a field extension, and char K = p where p is a prime. For every
u € F algebraic over K, then u?" is separable over K for some n.

Proof. We will prove this by induction on [K(u) : K]. If [K(u) : K] = 1, then u € K. So
by Theorem m, W’ = u is separable over K. So suppose k > 1 and suppose the result
holds for elements of degree 1,2,...,k — 1 over K; and let u have degree k over K. If u
is separable over K, then the result follows from the base case. If u isn’t separable, then
fu € K[x] has a repeated root. So this root satisfies f, also. But f;, is minimal, so f; = 0. If
fu=>a;x7, then f, =3 ja;zi~! = 0; therefore ja; = 0 for all j. This implies that either
a; =0 or p|j for all j. Thus every exponent is divisible by p, so f, is a polynomial in z”.
Write f, = g(aP) for some g € K[z]. Then degg = kp~* < k, so u? has degree over K in the
range 1,2,...,k — 1. Apply the inductive hypothesis implies (uf")i”w1 is separable K, so u?"
is separable over K. 0

Theorem 19.1. Let F/K be algebraic, and char K = p > 0 where p is a prime. Then the
following are equivalent.
(i) F/K is purely inseparable.
(ii) Every u € F has minimal polynomial in K[x] of the form z*" — a.
(iii) For every u € F, we have u?" € K for some n > 0.
(iv) F contains no non-trivial (as in not in K ) elements that are separable over K.
(v) F is generated over K by a set of elements purely inseparable over K.

We will prove the equivalence by following the map below.



Proof. ((i) = (ii)) If F)/K is purely inseparable, v € F and f, € K[z] is the minimal
polynomial, then f,(z) = (x — u)™ for some m. Write m = p'n for pfn (if m = 1, then
u € K anyway; so assume m > 1). Then f,(z) = (x —u)™ = (x —u)P'" = [(z —u)P']" =
(zP" — u?")™ € K[z]. Then the coefficient of 27"~V is —nu?" € K. But since ptn, we
have u?" € K. So n = 1 since f, is of lease degree satisfied by u. So f,(z) = 2¥" — a for
a=u" €K.

(i) = (iv)) Immediate.

(i) = (v)) Any generating set will consist entirely of purely inseparable elements.

((ii) = (iii)) Let u € F, and let

fulz) = 2" —a.
Then 0 = f,(u) =u?" —a,sou’" =a €K
((v) = (iii)) Let F' = K(u1, ..., u,) where each u; is purely inseparable over K. Repeating
the argument presented in ((i) = (ii)), we see that for all j there is n; such that u} e K.

Define n = max{n;}. Then v} »" ¢ K for all j. Finally, if u € F' then u is a rational function

in the u;. Then freshman’s drearn implies u?" € K.
((iv) = (111)) If u € F then u?" is separable over K for some n by Lemma [19.1] So by
(i

v), uP

((ili) = ()) Suppose u € F. So by (iii), we see u?" € K for some n. Note that f(z) =
2P" —uP" € K|z] is satisfied by u. Since f(z) = (z —u)™ has only one root, the same is true
for the divisor f,(x) € K[z]. Thus w is purely inseparable over K as desired. O
Corollary 19.1. If F/K is finite and purely inseparable with char K = p, then [F : K] =
for some n.

Proof (sketch). Let F = K(uq,...,u,) where each wu; is purely inseparable over K. Then
consider the tower

K C K(up) € K(uy,uz) € -+ C K(ug,...,uy).

Note that each w; is purely inseparable over K (uy,...,u;_1). So we may reduce to proving
the result for simple extensions. Finally, [K(u) : K] = p" for p” with minimal polynomial
being " — a € K|x]. O

20. OCTOBER 30

As we discuss purely inseparable extensions, we will be referring to the following very
helpful diagram often.

F

1!
/\
\/



(where K = SN P. S is the separable closure of K, and P is the purely inseparable closure
of K. Note that we are required to show that S and P actually are fields (thereby being
subfields of F)).

Theorem 20.1. Let F/K be algebraic.

(i) S is the largest subfield of F' that is separable over K.
(i) F/S is purely inseparable. That is, the S/K is the “separable” portion of the exten-
sion, so the remaining portion (F/S) is the purely inseparable portion.
(iii) P is the largest subfield of F' that is purely inseparable over K.
(iv) SNP =K
(v) F/P is separable if and only if F = SP.
(vi) If F/K is normal, then S/K and F/P are Galois with Autx S = Autp F' = Autg F.

Before proving the theorem, we are required to prove the following lemma, as this lemma
will be used in the proof of Theorem [20.1]

Lemma 20.1. If F = K(X), and every element of X is separable over K, then F/K is
separable.

Proof. Let v € F. Then v € K(uy,...,u,) for some u; € X; let f; € K[z| be the min-
imal polynomial of u; for each j. Als, let E be a splitting field over K of the u;. Then
K(uy,...,u,) € E. But since F/K is Galois, it follows that F/K is separable over v € E.
Thus v is separable over K. 0]

Proof of Theorem[20.1 (i) Let 1 € S, and w,v € S. Then u,v € K(u,v). Thus u —v €
K(u,v), and uv™" € K(u,v) (provided v # 0). But K(u,v) € S, so S is a field.

(iii) Let 1 € P, and u,v € P. Then u,v € K(u,v). Thus u —v € K(u,v), and uv™! €
K (u,v) (provided v # 0). But K(u,v) € P, so P is a field.

(iv) This is Theorem [18.1]

(ii) Let u € F'. Note that we need to cover both the characteristic p case and the charac-
teristic 0 case. Let char K = p. Then u?" is separable over K for some n, i.e., u?" € S for
some n. Thus F/S is purely inseparable as required. If char K = 0, then every element of
F is separable over K. Thus F' = S, so F'/S is (trivially) purely inseparable (and separable
at the same time).

(v) (=) If F'/P is separable, then F'/SP is separable also. Also, F'/S is purely inseparable,
so F/SP is purely inseparable also. The only extension that is both separable and purely
inseparable is the trivial extension; therefore F' = SP as required. (<) Assume F = SP.
We may view F as ' = P(S). So any elements in S that are separable over K are separable
over P also. Since the generators (the elements in S) are separable, indeed F'/ P is separable.

(vi) We first prove that (Autx ')’ = P. Pick u € P. Then f,(x)(x —u)™ € K|[z]|. For any
o € Autg F, o(u) is a root of f,. There is only one root of f,(z), so this forces o(u) = u.
Hence P C (Autg F)’. Conversely, assume u € (Auty F')', and assume that v is another root
of fu(z). Then there is a K-isomorphism 7 : K(u) — K (v) such that u + v. Since F/K is
normal, F//E is also a splitting field of some set of polynomials (where F is an intermediate
field between F' and K), 7 extends to some element 7 € Autyx F. So for some 7 we have
v =T(u) = u, as u is the only root of f,(z). This means u € P. This proves the reverse
inclusion, so we have (Autg F')’ = P, hence Autyx F' = Autp F.

Now consider the map 6 : Autp F' — Autg S defined by o +— o|s. First, we need to prove

that 0 is well-defined. Let 0 € Autp F' = Autgx F. Then (o) € Autg S since o|g(5) is
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a subfield of F' isomorphic to S. So the separability is preserved, i.e.., im(o|g) € S. Now
looking at o~!|s shows that o|s € Autg S.

As for surjectivity, note that F'/S is normal since F'/K is normal. This means that
T € Autg S is extendible to F'. In other words, there is ¢ € Autx F' = Autp F with o|g = 7.
Such o satisfies 6(¢) = 7; thus € is surjective.

It remains to show injectivity To do so, we shall prove that ker@ is trivial. Suppose
o € kerf. This means o|g = idg, so o must fix S. But then o € Autp F', so o fixes P also.
Hence o fixes SP. But then we already proved that F'/P is Galois, so F'/P is separable.
Recall that ' = SP (from (v)) so 0 = idg. Thus ker @ is trivial. O

Corollary 20.1. Let F/K be a field extension and E an intermediate field. If F/E and
E/K are separable, then F/K is separable also.

Proof. Assume F'/E and E/K are separable. Then £ C S. F/S is both purely inseparable
and separable: F'/S is separable since F'/E is separable, and £ C S (consult the diagram
below).

H—U0n—m

Thus F' = S is separable over K. O

21. NOVEMBER 1

Let char F' = p. Then
e For all n € N, FP" = {u*" : v € F} is a subfield of F' — recall FP* = im ¢ where
¢ : F — F defined by u — u?".

e F/FP" is purely inseparable. Thus F/FE is purely inseparable for any intermediate
field.
These facts lead us to the following corollaries.

Corollary 21.1. Let char K = p, and suppose that F/K is algebraic.
(1) If F/K is separable, then F = KF?" for every n € N.
(2) If [F : K] is finite, and F = KFP?, then F/K is separable.
(3) u is separable over K if and only if K(u) = K(uP).

Lemma 21.1. Suppose char K = p, and suppose that F/K is algebraic. Suppose also that
|[F: K] is finite. Then there exists n € N such that S = KF?".

Lemma 21.2. Suppose char K = p, and suppose that F/K is algebraic. Suppose also that
[F: K] is finite. Then for any t > 1,

KFY = K(uf. ... uP)

for any choice of generators u;.
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Proof. By Freshman’s Dream, we have F' = K (uy,ug, ..., Uy,) = K(ul,... ub) if F = KF?
(since each w; is a generator). Similarly, since each ug-’ is a generator, it also follows that
F = K(uy,...,ut) = K(uﬁ’z, ...,u”). Continuing on with this argument, we see that
K@, .. u?)=KF'" = 5. Thus F/K is separable. O
Proof. (a) If F/K is separable, then for any n, the extension F/KFP" is separable. But
F/KFP" is also purely inseparable, so F' = KFP".

For parts (b) and (c), we will assume that [F' : K] is finite. First we show that there
exists n € N such that S = KF?". Since F = K(uy,...,up) = S(ui,...,Uy,), indeed F/S
is purely inseparable. So each u; is purely inseparable over S. Thus there is n with Ufjn es
for all j. Hence FP" C S, so KFP" C 8.

F

SP

'

KF?

K

Since S/K is separable, S/KFP" is separable also. Yet S/KFP" is purely inseparable also,
so S =KFr". O

22. NOVEMBER 2

Definition 22.1. Let F'/K be an algebraic extension, and S is the separable closure of K
in F. Then [S : K] is called the separable degree of F/K, denoted by [F : K],. [F :S]is
called the inseparable degree of [F : K], denoted by [F : KJ;.

Remark. Some properties of [F: K] and [F': K];
o [[F: K|=[F:K|F :K].
e /K is separable if and only if [F: K], = [F : K| and [F : K]; = 1.
e ['/K is purely inseparable if and only if [F': K|, =1 and [F: K]; = [F : K].
e If F'//K is a finite extension in prime characteristic p, then [F : K]J; is a power of p.

Lemma 22.1. Let N be a normal extension of K containing F. Let E be an intermediate
field of F and K. Then

#Homg (F,N)* = #Homg(E, N)*# Hompg(F, N)*,
where # Homg (F, N)* denotes the number of non-zero K-homomorphisms from F to N.
Proof. Let Homg (E,N)* = {o01,...,0:}, and Homg(F,N)* = {m,...,7.}. Each o; extends

to an element &; € Autg(N). In fact, 7;|p € Homg (F, N)*. So all products of o;7; (abuse

of notation here — write o; for 7;) are K-monomorphisms of F' into N. Here we make the
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claim that Homg (F, N)* = {o;7; : ¢,j} and that all of o;7; are distinct. Note that proving
this claim will complete the proof since we would have

#Homg (F,N)* =rt = #Homg(E, N)* - # Hompg(F, N)*.

To start off, one of the inclusions ({o;7;} € Homg (F, N)*) is immediate. Conversely, if o €
Homyg (F, N)*, then o|g € Homg(E, N)*. Thus o|g = o; for some i. But this tells us that
o~ 'o € Homg (F, N)*, and this will fix everything in E. Thus 0~ !¢ € Homg(F, N)* = {r;}.
Therefore o; ‘o = 7; for some j, so o is of the form o;7;. Therefore Homg (F, N)* = {o;7; :
Finally, if
0T} = 0qTp, (*)
then 0'(;10'2'7']' =7, fixes K. If u € F, then

0, oimi(u) = 7(u)

o oi(u) =u

o, o; € Homg(F, N)*
o, lo; = id,

since 0,,0; = E — N. Thus o, = 0; is injective, and from , we have 7; = 7, also. Thus
o;7; are in fact distinct as a = 7,b = j. O

Lemma 22.2. Let [F : K| be finite, and let N be the normal closure of F over K (i.e,
N D F, and N/K is normal). Then # Homg (F, N)* = # Homg (S, N)*.

Proof. Every element in Homg (S, N)* extends to an element of Autx N, and then restricts to
an element in Homg (F, N)*. All in all, every element of Homg (.S, N)* extends to an element
of Homg (F, N)*. So we just need to show that if 0,7 € Homg (F, N)* and o|s = 7|g, then
o = 1. If char K = 0, then the lemma becomes evident as S = F. So suppose that
char K = p > 0. Then F/S is purely inseparable, so for any u € F', there exists some n so
that " € S. Thus o(u?") = 7(uP"). Since o(u)?" = 7(u)?", and we can take advantage of
Freshman’s Dream, we have (o(u) — 7(u))?" = 0. Thus o(u) = 7(u). Hence o(u) = 7(u) on
F. 0

Proposition 22.1. Let [F : K] be finite, N O F, and N/K normal. Then # Homg(F, N)* =
[F: K]s.

Proof. By Lemma we are reduced to proving that # Homg(F,N)* = [F : K| for
finite and separable F'//K. We will prove this by induction on [F' : K|. If [F : K] = 1,
then the claim trivially holds. Let [F': K] > 1, and assume that result holds for all finite
separable extensions. Pick uw € F'\ K, and let [F' : K(u)] = m and [K(u) : K] = n. By
the inductive hypothesis, indeed # Homg ) (F, N) = m and # Homg (K (u), N) = n. Thus
# Hompy (F, N) = mn = [F : K], as required. O

23. NOVEMBER 6

Corollary 23.1. Let E be an intermediate field to F and K. Then [F : K]s = [F : E]s[E :
Kls and [F : K]; = [F : E|;|E : K];.
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Proof. Let N O F be a normal closure so that N/K is normal. Then [F': K|, is the number
of K-monomorphisms from F' to N, which is equal to the product of the number of E-
monomorphisms of F' and the number of K-monomorphisms of E. Therefore [F' : E|,[E : K]
as required. Finally, note that

[F: K|,[F:K];=[F:K|]=[F:FE|E:K]
= [F : E|4[F : E|;|[E : K|s|[F : K],
= [F: K|s[F : E};[F: K.
Cancel [F : K], and the [F': K|; = [F : E|;[E : K]; as required. O

Definition 23.1. The separable (resp. inseparable) degree of u over K to be the separable
(resp. inseparable) degree of K(u) over K.

Corollary 23.2. Let f € K[z] be a monic irreducible polynomial.

(i) All roots of f have the same separable and inseparable degree over K.
(i1) All roots of f have the same multiplicity.
(i1i) The common separable degree is the number of distinct roots of f; the common in-
separable degree is the common multiplicity of roots.
(iv) Let v be the common multiplicity of roots of f; let u be any root of f. Then u” is
separable over K.

Proof. If char K = 0, then we get the separable extension for free, so all the four claims
follow evidently. So it suffices to consider the char K = p > 0 case. Let F'//K be a splitting
field of f over K, and let u = wuq,us,...,u, be distinct roots of f in F. Then f(z) =
(x —up)™ (x —ug)™ - (x —u,)™ € Flz]. So for any j, indeed [K (u;) : K] is the number of
K-monomorphisms of K(u;) onto . Each monomorphism is determined by where u; is sent
to, and there are exactly n (the number of distinct roots of f) choices. Thus [K (u;) : K], = n.
So, every root of f has the same separable degree over K, namely the number of distinct
roots of f.

Given any j, k, choose a K-isomorphism o : K(u;) — K (uy) such that o(u;) = uy. Then
the factor of f corresponding to wuy is (z—wuy)™ = (x—o0(u;))". But the unique factorization
gives r, = r;. Hence every root has the same multiplicity, which we shall call .

It still remains to show that r is actually the inseparable degree. Note we can re-write
fx) =[x —w)(x —u2) - (x —u,)]". Sorn=deg f = [K(u;) : K| = [K(u;) : K]s[K(u;) :
K]; = n[K(u;) : K];. Cancel n, from which it follows r = [K(u;) : KJ;. Our choice of u;
was arbitrary, so every root has multiplicity equal to the common inseparable degree. This
finishes the proof of (i), (ii), and (iii).

As for (iv), let g(z) = (z — u}) -+ (z — ul). Then by Freshman’s Dream, f(z) = (2" —
ul)(x" —uh) -+ (z, —ul). Soif u is any root of f then u" is a root of g. Thus u” is separable
over K as required. 0

Definition 23.2. A primitive element for F'//K is an element u such that F' = K (u).

Theorem 23.1 (Primitive element theorem). A finite-dimensional extension is simple if and
only if there are only finitely many intermediate fields. In particular, every finite-dimensional
separable extension is simple.

Proof. We shall assume the first statement in order to prove the second statement first. Since

F/K is finite-dimensional and separable, if N is the normal closure of F'//K then N/K is
36



finite and Galois. Hence Autx N has finitely many subgroups. By the Fundamental theorem
of Galois theory (Theorem , N/K has finitely many intermediate fields, so there can only
be finitely many intermediate fields between F' and K also. The claim follows from the first
statement.

(= of the first statement) Suppose that F' = K (u) is simple, and let f(x) be the minimal
polynomial of u over K. Then we claim that every intermediate field corresponds to a factor
of f.

(<= of the first statement) Suppose there are only finitely many intermediate fields between
F and K. We will prove that F' is simple by taking a maximal intermediate field of the form
K (u), and then show that F'is actually equal to K (u). O

24. NOVEMBER 8: CYCLIC EXTENSIONS

Definition 24.1. Let F//K be a finite-dimensional extension, and let K be some algebraic
closure of K containing F'. For any u € F, the norm of u (resp. trace of u) denoted by
Np/k(u) (resp. Trp i (u)) is given by

[F:K]s
Npyx(u) = (H U(“))
resp.
Trpyc(u) = [F: K]; Y o(u),

[

where ¢ ranges over the K-monomorphisms F — K.

Remark. If F/K is separable, then [F' : K], = 1. Particularly, if u € F, then Ng,)/k(u)
is the product of conjugates of u; similarly, Trg ) x(u) is just the sum of conjugates of
u. However, Np/g)(u) is the product of conjugates powered by [F' : K(u)]; similiarly,
Trp/k@)(u) is the sum of the conjugates of u multiplied by [F' : K(u)]. Note that the
additional automorphisms in a bigger field creates some repetitions, which justifies the extra
power or the extra multiple, respectively. Thus it is important to always take note of over
which field the norm or the trace of an element is being calculated.

Remark. Call the roots of the minimal polynomial of w in K[x] the conjugates of u. Then

the conjugates are precisely the 7;(u) for 1 < i < [K(u) : K]s, where the 7; are the K-

monomorphisms of K(u), and the minimal polynomial of u over K is (x — 7 (u))(x —

To(u)) -+ (x — (u)) where | = [K(u) : K]s. In general, the K-monomorphisms of F' are

precisely the 7,0; where the 7; are as before, and the o; are K (u)-monomorphisms of F.
Consider the following diagram, where 1 < j < [F': K(u)]s.

F TO;
K(u) T
K id
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So, each 7o, extends 7 since if v € K(u) then o;(v) = v, and so 70j(v) = 7(v). The
monomorphisms of F'/K are just the extensions of the monomorphisms of E/K, each re-
peated [F' : Els times.

Ezxample. Consider the extension

Nl ﬁ\ /72 Tg\ /74
@(\/5) g1 p]
Q id id
where

0'12\/5'—)\/5

021\/5'—>—\/§

lewr—)f/é

7_2:{4/§|_>_\4/§

5 V2 = V2
Ty :\75 — —z'\4/§.
We will compute the norm and traces of v/2 over Q(+v/2)/Q(v/2) and Q(+/2)/Q.
No(vmyonvn(V2) =n(V2)n(V2)
(- V3) = V3
Trg im)arva (V2) = 11(V2) + 72(V2)
=V2-v2=0.
No(#3/0(V2) = 11(V2)m2(V2)75(V2)74(V2)
= V2(—V2)(iV2)(—iv2) = —2
TI“Q(42)/Q(\4/§) = 7(V2) + 1(V2) + 13(V2) + 14(V2)
= 0.
Also, the norm of traces of V2 over different field extensions:

Nowna(V3) = 1(vDoa(V2)

= V2(—V2) = -2
Tr@(ﬁ)/@(%) = Ul(\/ﬁ) + 0’2(\/5)
=V2-+v2=0.

No(#2)0(V2) = 1(V2)ma(V2)13(V2)14(V2)
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— VaVA(-VE)(-V2) =4
Tr@(i‘/i)/Q(\/ﬁ) = 11(V2) + (V2) + 13(V2) + 14(V2)
= 0.

Note that the norms and traces of the same element do differ depending on which field
extension they are taken.

Theorem 24.1. Let [F': K| be finite with u,v € F. Then the following hold:
(1) Np/k(uv) = Np/g(u) Np/g (v) and Trp g (u +v) = Trp/g(u) + Trp/g (v).
(2) if u € K, then Np/g(u) = %) and Trp/x (u) = [F : Ku.
(3) NF/K(U),TI‘F/K(U) e K.
(4) If the minimal polynomial of u over K is f(x) = ag+ayx+ -+ a, 12" 1 + 2", then
Ny (u) = ((=1)"ag) ")
Trp/k(u) = [F: K(u)]an_1.

25. NOVEMBER 9

Lemma 25.1. Let K CF, andu € F\ K. Then

[ ()]
Np/k(u) = (N (u))

Trpjr(u) = [F: K(u)] T/ (u).

Proof. Start from the definition. Note that ¢ in the product denotes K-monomorphisms of
F, and 7 the K-monomorphisms of K (u).

[F:K]; [F:K (u)]s
Np/k(u) = (H 0(u)) = (H T(u))

[F:K];

[F:K ()]s [F:K (u))s [K (u): K], K (u):K]; | @)
(M) - {(1r)
= (NK(u)/K(U))[F:K(u)].
One can make a similar argument for trace (except that you use the additive reasoning rather
than multiplicative). O

Theorem 25.1. Let u,v € F, and ¢ € K; and let E be an intermediate field between K and
F.

(i) Norm is multiplicative: Npg(uv) = Np/g(u) Np/g (v)
(i) Trace is K-linear: Trp g (cu +v) = ¢ Trp/x(u) + Trp/ (v)
(iii) Np/x(c) = K and Trp/g(c) = [F : Kle
(iv) If the minimal polynomial of u over K is f(x) = ag+a1x + -+ -+ anp_12" ' + 2", then
Nryi(u) = ((=1)"ag) )
Trp/k(u) = —[F : K(u)]an_1.
(’U) NF/K = NE/K ONF/E and TI'F/K = TI'E/KOTI'F/E.
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Proof. For the first part, note

[F:K]; [F:K];
NF/K uv) (HO‘ Uv ) = (H U(U)U(U>>
[F:K]; [F:K];
- (H o<u>> (H a<v>> = Niyi) N0,

One can use a similar argument to obtain the trace counterpart (ii). As for (iii), pick u € K.
Then every o : ' — K is a K-monomorphism that maps u to itself, and recall that there
are [F': K| of these maps. Thus

- (Ha >[F:K1i ) (1:[ u) [F:K];

— KK | [FK]

From (iii), we know that Np/x(u) and Trp/x(u) are in K. Also, thanks to Lemma [25.1] we
are reduced to proving that Ny x(u) = (—=1)"ag and Trx )k () = —an—1. Let the o in
the below product denote the K-monomorphisms of K (u). Then

f@) =[] (@ — o(w))Fe,

(e

Thus
[ (u):K];

Hence Nk (u) = (=1)"ag as requlred. A similar type of argument shows that a,_; =

— Tricquy/x ()
As for part (v), let 7 be a K-monomorphism from E to F' and o a K-monomorphism from
K to E. Then

[F:K]s [F:K];
Np/k (u <HO’ ) = Ha (HT(u)>

[EK]Z

[F:E]s
() )

[E:K];
= <H o (NF/E(U))> = Ng/xk(Np/p(u)).

One can employ a similar argument to derive the trace counterpart. 0

26. NOVEMBER 20

Definition 26.1. Let S be a non-empty set of automorphisms of F'. Then S is linearly
independent if aioq1 + -+ + a,o, = 0 for o, € S and a; € F for all 1 < i < n implies
ap=ay=---=a, =0.

40



Lemma 26.1. Any non-empty set of automorphisms on a field is linearly independent.

Proof. Suppose otherwise, i.e., S # () is a set of automorphisms on F' that is not linearly
independent. Thus there are oy,...,0, € S and a4, ...,a, € F non-zero such that
a101 + -+ + apo, = 0. (1)

Then of all such relations, choose one with n minimal.
Suppose that n > 1 and o1 # 09. Let v € F be such that o1(v) # 03(v), and let u € F.

Then apply to uv. Then becomes

aro1(u)o(v) + agoa(u)oa(v) + - - - + ano,(u)oy,(v) = 0. (1)
Now apply to u, then multiply by oy (v).
ayo1(u)or(v) + agos(u)oy(v) + - - + apop(u)oy (v) = 0. (11)

Subtract from .

n

> agop(u)(ok(v) — 01 (v)) = 0.
k=2
But clearly ay(o2(v) — 01(v)) # 0, so we have a contradiction to the minimality of n. O

Definition 26.2. Let F'/ K be an algebraic Galois extension. Then F//K is a cyclic extension
if Autg F is cyclic. If Autg F' is abelian, then F'/K is said to be an abelian extension.

Ezample. If F//K is a finite extension and #K = ¢ = p" where char K = p, then F/K is
cyclic. In fact, we have a canonical generator given by the Frobenius map ¢, where p(u) := u?
(i.e, Autg F' = ().

Theorem 26.1 (Kronecker-Weber theorem). Every finite-degree abelian extension over Q
1s contained in a cyclotomic field.

The next theorem explores the connection of norm and trace to cyclic extensions.

Theorem 26.2. Let F//K a cyclic extension of degree n; suppose G = Autyx F' = (o), and
u€F.
(1) Tr(u) = 0 if and only if u=v — o(: v) for some v (i.e., u € im(id —0) ).
(ii) (Hilbert’s Theorem 90) N(u) = 1 if and only if u = vo(v)™' for some v # 0 (i.e.,
u € im(id /o) ).
Proof. Write Autg F = {1,0,0%,...,0"'}. Then Tr =1+0+0*>+---+ 0"t and N =
Ixox0?x---x0o" ! Note that F'/K is separable by default, so there is no need to worry
about the inseparable degree that might affect trace and norm. For any u, we have
Tr(u) = Tr(o(u)) = Tr(o*(u)) = - - - = Tr(c" ! (u))
N(u) = N(o(u)) = N(o*(u)) = -+ = N(0" " (u)).
The above observation provides an easy proof for the (<) direction for both (i) and (ii).
Note that
Tr(v —o(v)) = Tr(v) — Tr(o(v)) = Tr(v) — Tr(v) =0
N(vo(v)™) = N(v) N(o(v))™" = N(v) N(v) ™' = 1.
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((i), =) For this direction, we need to show that if u € F and Tr(u) = 0, then v = v — o (v)
for some v. Choose an element w with T(w) = 1. Since {1,0,02,...,0"" '} is linearly
independent, there exists z € F' with Tr(z) = z4+0(z)+---+0"" 1(z) # 0. But then Tr(z) €
K, and Tr is K-linear; so if w := Tr(z) 'z, then Tr(w) = Tr(Tr(2) '2) = Tr(z) ! Tr(z) = 1.
Then one can show that u = v — o(v) where

vi=uw+ (uto(u))o(w)+ (ut+ou)+o*(w)o?(w)+- -+ (uto(u)+- -+ 2(u)o" *(w).

(Verifying that this v works is left as an exercise.) O

2
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27. NOVEMBER 22

Proposition 27.1. Let F/K be cyclic of degree n where n = p'm with p prime and
ged(p,m) = 1. Then there is a chain of intermediate fields Ey 2 Fy 2 -+ 2 Fy, = K
such that F'/Ey is cyclic of order m and E;/E;,1 is cyclic of order p for all i.

F

rel. prime to p

By
p

Et:K

Proof. Autg F is cyclic of order n = p'm. Since Autg F is cyclic, all subgroups are normal,
and all subextensions F/K are thus Galois. Since all the quotient and subgroups of a cyclic
group are cyclic, it follows that all subextensions of F'//K are cyclic. In other words, if L C M
are two intermediate fields, then M/L is cyclic. Now, let Ey be the fixed field of the unique
subgroup of Autg F' of size m (per Galois correspondence). Therefore [F' : Ey] = m, so
Ey/K is cyclic of order p'. So there is a chain of subgroups Hy < Hy < --- < H; = Autg Ep,
where #H; = p’. We can take advantage of the Galois correspondence in order to map over
to the fixed fields to get the chain K1 D Ey O --- D E;, = K. O

Proposition 27.2. Let char K = p. Then F/K is cyclic of degree p if and only if F/K is
the splitting field of an irreducible polynomial of the form x? —x —a € K[z|. In this case, if
w is any root of a2 —x —a in F, then F = K(u).

Proof. (=) Let F/K be cyclic of degree p. Then Tr(1) = [FF: K]-1=p-1=10. So
where Auty F' = (o), there exists some v such that 1 = v — o(v). Write u = —v, and let
a = u? —u. Note that o(u) = —0(v) =1—-v=1+wu# u. Thusu ¢ K, so F' = K(u).
Then o(a) =o(w? —u) =oc(u)? —o(u) = (u+ 1P —(u+1) =P +1—u—1=ul —u, so
indeed @ € K. Hence u € F' is a root of a? — x — a € K|x], so degu = p (since F' = K (u)).
Since xP — x — a is the minimal polynomial, it is irreducible also. Finally, if w is any root of
2P —x —a, then F' = K(w). So F is a splitting field of 27 — x — a over K.

(<) Let F/K be a splitting field of irreducible 2 — z — a € K[z]. If u is any root of
2P — x — a, then all the roots are given by w,u+1,...,u+ p — 1. Recall that [? = [ for any
leFys0(u+l)—(ut+l)—a=uw+P-u—Il—a=v+Il-l—-u—a=u"—u—a=0.
Clearly u,u+1,...,u+ p — 1 are all distinct; therefore, 27 — x — a is separable, whence we
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conclude F//K is Galois. But then F'/K is Galois of order p, so # Autx F' = p. Any group
of prime order is cyclic, so Auty F' is cyclic as desired. 0

Definition 27.1. Let K be a field and n € N. Then ¢ € K is an n-th root of unity if (" = 1.

Proposition 27.3. Let G be the set of the n-th roots of unity. Then G a subgroup of K*
such that #G < n. Since G is finite, G is cyclic.

Remark. Thus Proposition implies that the n-th roots of unity in any field form a cyclic
group of size n or smaller under multiplication.

Definition 27.2. ( € K is a primitive n-th root of unity if (" = 1 but (¢ # 1 for any
1<d<n.

Remark. Suppose that char K = p. Then the following hold:

o If p|n and n = p'm with ged(p,m) = 1, then 2" — 1 = (2™ — 1)?" by virtue of the
freshman’s dream. In this case, there is no primitive n-th roots of unity, since all
n-th roots of unity are actually m-th roots of unity.

e On the other hand, if pfn, then 2" — 1 has distinct roots. Thus the set of n-th roots
of unity is of size n and is cyclic. If  is a generator, then ( is a primitive n-th root
of unity:.

Theorem 27.1. Let K contain a primitive n-th root of unity ¢, and let F/K be a field
extension. Then the following are equivalent:
o /K is cyclic of degree dividing n.
o /K is a splitting field over K of a polynomial of the form x™ — a € K|x].
o F/K is a splitting field extension over K for a polynomial of the form x¢ —a € K|x]
where d|n.

28. NOVEMBER 23: CYCLOTOMIC EXTENSIONS

Definition 28.1. A cyclotomic extension of order n over K is a splitting field extension of
" —1¢€ Klx].

Remark. We only need to consider n not divisible by char K. If char K = p and p|n, then
we can write n = p'm where ged(p,m) =1 and ¢ > 1. Then 2" — 1 = (2™ — 1)*", so any nth
root, of unity is mth root of uninty also. So either char K = 0 or char K = p with p{n, and
then F'is a cyclotomic extension of K of order n.

Definition 28.2. Fuler’s p-function is an arithmetical function defined by
on) :=#{1 <m <n:ged(n,m) =1} = #(Z/nZ)*,

where (Z/nZ)* denotes the group of units modulo n (which is equivalent to invertible classes
m mod n such that ged(n,m) = 1).

Theorem 28.1. Let ¢ be a primitive nth root of unity.
(i) F = K(O).
(ii) Autg F' is isomorphic to a subgroup of (Z/nZ)*.
(i1i) F/K is abelian of degree dividing p(n). If n is prime, then F/K is not only abelian
but also cyclic.
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Proof. (i) The nth roots of unity in F' form a cyclic group of order n (since ™ — 1 has
n—1

distinct roots). Let ¢ be a generator. Then the nth roots of unity are 1,¢,¢?,...,¢" L, so
F= K(17<7<~2,”'7<n71> = K(g)

(ii) F/K is the splitting field of separable polynomial 2™ — 1, so F//K is Galois. For
o € Autg F, o(C) is a root of 2" — 1; therefore () = (' for some 7. But o is an automor-
phism, so ¢ and ¢(¢) must have the same order. In general, ord (*) = ord ¢/ ged(ord ¢, 1) =
n/ged(n,i). Therefore ord (¢*) = n if and only if ged(i,n) = 1. Hence the elements of
Autg F' are determined by exponents i such that ged(i,n) = 1. It is a routine exercise to
verify that the map from Autyx F to (Z/nZ)* defined by o; — i (where 0;(¢) = (') is a
monomorphism.

(iii) Note #(Z/nZ)* = ¢(n), and (Z/nZ)* is cyclic when n is prime. Thus (iii) follow
from (ii), which we already proved. U

Remark. 1t is possible for Autg F' to be isomorphic to a proper subgroup of (Z/nZ)*. Let
¢ € C be a primitive nth root of unity in C. Consider the tower of extensions R C R(¢) C C.
R(¢)/R has degree 1 or 2 since [C : R] = 2. But (Z/nZ)* has order ¢(n).

Definition 28.3. The nth cyclotomic polynomial over K ®,(z) is

P, (z) = H (- Cl)a

1<i<n
ged(i,n)=1

where ( is a primitive nth root of unity.

Proposition 28.1. Let P be the prime subfield of K.
(i) 2" — 1= ]| Palx).
dn

(ii) ®,(z) € Plz].
Remark. If char K = 0, then P = Q, so coefficients lie in Z.

Proof. (i) Partition the roots of 2" — 1 according to their order. Let H denote the product

across all the nth roots of unity, and let H be the product of all the nth roots of unity

whose order is d. ‘
" —1= H(m —u) = HH(:E—U) = H(I)d(x).
u dn d din

(ii) We will use induction for this claim. For n = 1, ®;(x) = x — 1 € Plz]. Now suppose
that the claim holds for all £ < n. Then

2" —1 =[] @) = | [ 2ulz) | Tul2).

dn din
d<n
=:f(x)
By the inductive hypothesis, we know f(z) € P[z]. Thus
" —1= f(z)P,(x). (1)
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Now apply the division algorithm onto 2™ — 1, f(z) € P[x]. Then there exist unique ¢,r €
Plx] with

ot — 1= f(x)q(x) + (@), (2)
where r = 0 or degr < degf. Compare and over F'. Then by the uniqueness
coming from the division algorithm, we conclude that ®,(z) = ¢(z). Thus ®,(z) € Plz] as
desired. O

Proposition 28.2. Let F = Q(() where ¢ is a primitive nth root of unity in C. Then the
following are true.
(i) ®,(x) is irreducible.
(ii) [F : Q] = p(n)
(11i) Autg F = (Z/nZ)*.

Proof. (ii) and (iii) follow immediately from (i), so it suffices to only prove (i). We will,
however, not prove (i) in full generality, but only when n is prime to illustrate a nice trick
that can be applied in other settings. If n = p is prime, then ®,(z) = (¥ —1)/(z — 1) =
2Pt 2P 2 ... 4+ o+ 1. In fact,

b+ 1) = T 5 (7).

T - 7
=1

Therefore ®,(x + 1) is irreducible since it is Eisenstein with respect to p. Hence ®,(x) is
irreducible also. O

29. NOVEMBER 27: RADICAL EXTENSIONS

Given a field K, does there exist a formula involving only field operations and extraction
of roots which gives all the roots of all polynomials in K[z|? The answer is yes for the most
part, as long as the polynomial in question is of degree 1, 2, 3, or 4. (We still say “for
the most part” due to some extraordinary circumstances, e.g. for the quadratic formula the
restriction char K # 2 is needed since otherwise division by 2 makes no sense.) However,
starting from degree 5, this is no longer true in general.

Definition 29.1. F/K is a radical extension if F = K(ui,...,u,) where, for each j,
some power of w; lies in K (uq,...,uj_1). In other words, u; is some roof of an element
in K(Ul, . ,U,jfl).

Remark (Connection to the main problem). Given f € K|z|, can we find a radical extension
of K that contains all of the roots of f?

Definition 29.2. Let K be a field, and f € K[z]. Then f(x) = 0 is solvable by radicals if
there is a radical extension of K that contains a splitting field of F'.

Lemma 29.1. Let F/K be a radical extension, and let N/K be the normal closure of F/K.
Then N s also a radical extension.

Before proving this, we need to prove the following two claims.

Lemma 29.2. The proof of Lemma is immediate from the next two lemmas. If F/K is
any finite-dimensional extension, then N = E1FEs - -- E, for suitable subfields E; of N, each
1somorphic to F.

46



Proof. Let {wy,wsy, ..., w,} beabasis for F//K, and fi, fo- - f, € K[z] be the corresponding
minimal polynomials. Let v be any root of f; for some j. Then there is a K-isomorphism
o : K(wj) — K(v) such that w; — v. Then there is an extension 7 € Autg N since N/K
is normal. Thus 7(F') is a subfield of N that is isomorphic to F' and contains v = 7(w;).
Continuing this process yields subfields Fi, ..., E, C N, each of which is isomorphic to F,
and all roots of f; lie in £y Ey - - - E,. By virtue of the minimality of r, EyEy--- E, = N. U

Lemma 29.3. Composites of radical extensions are themselves radical.

Proof. This is fairly straightforward; start with the two fields, and then try to prove this by
induction. OJ

Definition 29.3. Let G be a group. Then the commutator subgroup of G, denoted by G’
or G is the subgroup of G generated by {aba='b~! : a,b € G}. G™ is the nth derived
subgroup of G. G™ is equal to the commutator subgroup of GV,

Upon taking the commutator subgroup multiple times, we obtain a sequence
G>GY>G® >...>q0 > ...
which may or may not terminate.

Definition 29.4. If the sequence of commutator subgroups of G terminates eventually (i.e.,
G™ = (e)), then G is solvable.

Remark. If G is abelian, then G = (e) (i.e., G is solvable).
Definition 29.5. A solvable series of a group is a subnormal series with simple quotients.

Remark. G is solvable if and only if G has a solvable series.

30. NOVEMBER 30

Theorem 30.1. Let F'/K be a radical extension, and let E be an intermediate field. Then
Autg E is solvable.

Proof (sketch). The proof has two parts.

(I) Reduce the problem to showing that if F//K is Galois and radical, then Autg F' is
solvable.
(a) Prove that we may assume E/K is Galois.
Let Ky = (Autg E). Then E/K, is Galois with group Autg, £ = Autg E.
F/K is radical, so F/K, is radical as well (if necessary, replace K with Kj.
Thus we can assume that F/K is Galois.
(b) If N/K is the normal closure of F//K, then it is sufficient to show that Autx N
is solvable.
If E/K, then E is stable with respect to Autgx N. Then the map 6 : Autg N —
Auty E with o — ol is surjective as N/K is normal. But homomorphic images
of a solvable group are always solvable; and since 6 is surjective, Auty F is
solvable also.
(c) Now we can assume that N/K is Galois; switch back to the original notation by
setting N = F.
N/K is normal, so if it is not Galois, then one can trade in K for the fixed field

of Autg N just as we did in part (a).
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(d) Proof of (I)
Let F = K(uy,...,u,). Then u" € K(uy,...,u;— for all i. Thus we can
assume that each m; is prime to char K because one can replace m; with r
where m; = p'r and p'||m;. If m = mymy---m,, and ( is a primitive mth root
of unity, then it suffices to prove that Autyx F'({) is solvable; in turn, it suffices
to prove that Autg ) F'(¢) is solvable. The proof is complete once we construct
a solvable series, which shall be done in Part (II).

/\
\/

(IT) Use roots of unity to construct a solvable series for a related extension.

Now we are ready to construct a solvable series. Let H, = (e) < --- < H; :=
Autg, F(Q) < -+ < Hy, = Autge) F((), where E; := K(C,u1,...,u;) for each i (note
that £, = F({) 2 --- D E; O -+ D FEy = K(({) forms a tower of field extensions).
This is a solvable series. O]

Corollary 30.1. Let f € Klz|. If f(x) = 0 is solvable by radicals, then the Galois group of
f s solvable.

Proof. f(z) = 0 is solvable by radicals if and only if there is a splitting field £ of f over K
contained in a radical extension of K. So by Theorem [30.1], Autx E is solvable. Thus the
Galois group of f is the Galois group of a splitting field extension of f over K. ([l

Corollary 30.2. The general quintic is not solvable by radicals.

Proof. Recall that if f € Q[z] is of degree p for some prime p, and is irreducible over Q,
then f has exactly two non-real roots in C. Thus the Galois group of f is (isomorphic to)
Ss. However, S5 is not solvable. O

Example. f(x) = 2°—4x+2 € Q[z] is irreducible by Eisenstein (with respect to 2). Sketching
the graph shows that f has exactly three real roots, so the Galois group is S5, which is not
solvable.
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