PMATH 763: INTRODUCTION TO LIE GROUPS AND LIE ALGEBRAS
NOTES

HEESUNG YANG

1. JANUARY 05: INTRODUCTION

1.1. Outline

(1) Weeks 1-3: Matrix Lie groups and Lie algebras (relations between them “Lie corre-
spondence”)

(2) Weeks 4-9/10: Representation theory of Lie groups and Lie algebras, both abstractly
and via explicit examples (like SL(2, C), SL(3,C))

(3) If time permits: additional topics such as Clifford algebras, exceptional Lie groups,
Spin groups, G» (octonions), F; (Jordan algebras)

(4) Prerequisites: group theory, linear algebra, point-set topology, some analysis. We
will focus more on the algebraic aspects of Lie groups and Lie algebras, so not much
analysis is needed. However, group theory and linear algebra are very important.
Manifold theory is not a prerequisite.

1.2. Mowving on to the course itself
Definition 1.1. A Lie group is a group that is also a smooth manifold (i.e. locally Eu-
clidean).

Remark 1.1. We will focus on matriz Lie groups (or sometimes called matriz groups). All
matrix Lie groups are Lie groups. Most, but not all, Lie groups are matrix Lie groups. In
some sense, all the important ones are. See Appendix C of the textbook for examples of Lie
groups that are not matrix groups.
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Definition 1.2. We say GL(n, C) is the set of all invertible n x n matrices over C called the
general linear group over C. We can define a similar notion over R (write GL(n,R)). We
denote M,,(C) the set of all n x n matrices over C, and M,,(R) the set of all n x n matrices
over R.

Remark 1.2. Both are groups, and GL(n,R) is a subgroup of GL(n,C). M, (C) resp. M,,(R)
are not groups but are algebras (over C resp. R). Recall that, as vector spaces, we have

M, (R) = R™" and M, (C) = C™" =~ R*".

(M,,(C) = C™ as vector spaces over the field C and C™*™ 2 R2" as vector spaces over R.)
Hence M,,(R) and M,,(C) inherit the natural Euclidean norm

A e M,(F), |A? = ZA”,

inducing the usual topology. There exists other norms, such as operator norms. So a sequence
A, € M, (F) converges to A € M,,(IF) as m — oo if and only if (A,,);; — A

Definition 1.3. A matriz Lie group (or just a matriz group) G is a subgroup of GL(n,C)
that is closed in GL(n,C) in the topological sense. That is, if A, € G for all m and
A, — A € M,(C), then either A ¢ GL(n,C) or A € G (equivalently, a sequence in G that
converges in GL(n,C) has a limit in G).

Remark 1.3. Most interesting and important subgroups of GL(n, C) are closed in GL(n, C),
hence are matrix Lie groups. But not all are (see Assignment #1).

Ezample 1.4. In “some sense”, this list is “almost” exhaustive (we won’t make this hand-
wavy statement precise now):
(0) GL(n,C) trivially. GL(n,R) is a matrix Lie group also, since the sequence in R
converging in C has a limit in R.
(1) SL(n,C) = {A € GL(n,C) : det(A) = 1} and SL(n,R) = {4 € GL(n,R) : det(A) =
1} are subgroups because det(AB) = det(A)det(B) and det(A™') = (det(A))™*
We know they are closed since det : M, (C) — C is continuous: limdet(A,,) =
det(limA4,,) =1
(2) Consider the following linear form on R™: let 0 < p,q < n with p 4+ ¢ = n. Define
the bilinear form
(< Jpg =R"xR" - R"

by

p n
q = Zl‘kyk - Z TkYk-
k=1 k=p+1
If p=mn,q=0then (_,_),0 is the standard Euclidean inner product. We call (_, _),,
the pseudo-Fuclidean inner product of signature p,q.
Some properties of (_, _), .
® (Z,Y)pq = (s T)pg
e bilinear
e non-degenerate, ie. (z,y),, =0 for all y iff z = 0.
e not positive-definite, unless ¢ = 0.
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o (v,9)pq =271, ,y, where

I, 0
Ip’q:{g —[q}

Definition 1.5. The orthogonal group is defined to be
O(p,q) = {A € GL(n,R) : (Az, Ay) g = (2,Y)pq Y2,y € R"},

i.e., the group of automorphisms of R™ preserving (_._),,. O(p,q) is also called the (p,q)-
orthogoral group.

Remark 1.4. O(p, q) is a subgroup of GL(n,R). Also, O(p, q) is closed, since
(Ax, Ay)py = (A2)T 1, , Ay = 2T AT 1, ,Ay.

We want 27 AT, , Ay = (x,y),, = 27 I, ,y, and this is true if and only if A1, ,A = 1I,,.
This is preserved under limits, so O(p, ¢) is closed. If p = n, ¢ = 0, then O(n,0) = O(n0 the
standard orthogonal group, i.e. {4 € GL(n,R) : ATA = I'}. Note that if A € O(p,q) then
ATT,,A=1,, so det(A)? = 1. Hence det(A) = +1.

Definition 1.6. The special orthogonal group of signature p, q is defined to be
SO(p, q) := O(p,q) NSL(n,R) = {A € GL(n,R) : ATI, ,A = 1,,,det(A) = 1}.

p,q»
Also, define O(n,C) = {A € GL(n,C) : (Ax) - (Ay) = x-yforall z,y € C"} = {A €
GL(n,C) : ATA = I}.. Recall that

r-y= Zﬂikyk-
k=1

This is not a positive-definite inner product but is a non-degenerate symmetric bilinear form.
O(n, C) is called the complex orthogonal group. There is no notion of signature (p, ¢q) over C.

Definition 1.7. U(n) is defined to be
U(n) = {A € GL(n,C), (Az, Aw) = (z,w) for all z,w € C"} ={A € GL(n,C) : AA =1},

and we call U(n) the unitary group of C". Similarly, SU(n) = U(n) N SL(n, C) is said to be
the special unitary group of C™.

Remark 1.5. If A € U(n) then A*A = I, so det(A) det(A) = |det(A)|* = 1. Thus det(A) =

e for some 6.

Ezample 1.8. Continued from Example

(2bc) O(p,q) and O(n,C) are examples of matrix Lie groups.
(3) Consider the standard inner product on C"

n
(z,w) = Zz_kwk =2'w=Zw
k=1

(* denotes conjugate transpose). The Hermitian inner product is linear in w and
conjugate-linear in z, i.e., (A\z,w) = Az, w) and (w, z) = (z,w). Also (z,2) > 0 with
equality holding if and only if z = 0. Such inner product is known to be sesquilinear.
(4) U(n) and SU(n) are matrix groups.
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(5) Symplectic groups are matrix groups. Let F = R or C. Define B = F?" x F?* — F
by

n

B($7 y) = (Ilyn-i-l - xn-&—lyl) +-+ ("L‘nyn-&-n - xn—&-nyn) = Z(xkynk - xn-&-kyk)'
k=1

Then B is a skew-symmetric bilinear form. Let

_ OnJrn _[nJrn
s= e k]

Then B(z,y) = (Jz)Ty = (Jx) -y = 27 JTy = —zT Jy.
(5a) Over R, the real symplectic group Sp(n,R) is defined to be
Sp(n,R) = {A € GL(2n,R) : ATJA = J}
= {A: B(Az, Ay) = B(z,y) for all z,y € R*}.

(5b) Over C, the complex symplectic group Sp(n) is defined to be Sp(n) = Sp(n, C)NU(2n).
(6) Generalized Heisenberg groups H,, are

( _1 % ke *_\
1 = *
H, = < AGGL(H,R),A: 1 ,
*
0 1

\ L d 7
i.e. upper triangular matrices with 1 on diagonals. This is clearly closed. To see it is
a subgroup, let Fy = span{ey, ey, ..., e}, the standard basis of R™. Then Ej, C Fx.q
and A(Ey) C Eg. More precisely, A(ex) = ex + (stuff in Ej,). Note that A|g, is
invertible, so A : E), — E}, is an isomorphism. If A, B € H,,, then

Aler) = e + fea

where fi_1, fio1 € Eiy, and (BA)(ex) = B(A(er)) = Blex + fu,) = e + B(fi1 +
fe—1. So BA € H,, since B(fi_1) € Ep_1. Thus A7 (ex) = ex — A (fr_1), s0
———
€EK_1
A=t e H,. If n = 3, then H, becomes the classical Heisenberg group.
(7) R* 2 GL(1,R),C* = GL(1,C), S* = U(1) are all matrix Lie groups.
View R" as a subgroup of GL(n,R) consisting of diagonal matrices with positive
entries on diagonals by

T [ ™t 0
Lo er?
ri=| . “ ‘ =: P(z)
Ty | 0 ern
6:r1+y1 0
e:cz-l-yz
T4y
0 eanryn




P(z+vy) = P(z)P(y) so P is a group isomorphism. Note that P is closed in GL(n, C)
but not in M,,(C).

2. JANUARY 07: TOPOLOGICAL PROPERTIES OF MATRIX GROUPS

Today, we will talk about topological properties of matrix groups, such as
e compactness
e connectedness
e simple-connectedness.

2.1. On compactness

Recall that M,,(C) = R2"’ is separable, so Heine-Borel applies. Thus, a subset G on M, (C)
is compact if and only if it is sequentially compact if and only if it is bounded and closed

in M,,(C). Hence, a matrix G is compact if and only if it is bounded and closed in M,,(C)
(Recall that it is already closed in GL(n,C) by definition.).

Ezxample 2.1. GL(n,C) and GL(n,R) are not compact since they are not bounded and not
closed in M, (C).

Ezample 2.2. If F = R or C, then SL(n,F), O(p, q), SO(p, q), U(n),SU(n), Sp(n, F),Sp(n), H,
are all closed in M,,(C). Thus it suffices to check if they are bounded.

Suppose A € O(n), that is, ATA = I, or equivalently, columns of A are orthonormal, hence
|A;;| <1 for all 4, j. Hence O(n) is compact. It also follows that SO(n) = O(n) N SL(n,R)
is compact also.

As for U(n), note that A € U(n) if and only if A*A = I, i.e., columns of A are orthonormal
with respect to Hermitian inner product. Thus |A4;;| < 1 for all 4, j hence bounded. Thus
U(n) is compact, and so is SU(n). Thus, Sp(n) := U(n)NSp(n, C) is compact also. However,
SL(n,F) and O(n,C) are not compact if n > 2. Sp(n,F) is not compact for all n > 1. If
p,q > 1, then O(p, ¢) and SO(p, ¢) are not compact. You will prove them in Assignment #1.

2.2. On connectedness
Recall that a topological space X R is connected if and only if U C X open, closed, non-
empty implies U = X (i.e., there can be no separation). Every topological space is a disjoint

union of its “connected components” X = [] U, with each U, connected. Note that all the
acA
connected components are closed.

Definition 2.3. A path in a topological space X is a continuous map « : [0,1] — X. A
topological space X is path-connected if and only if any two points a,b € X can be joined
by a path (i.e., there exists a path such that a(0) = a,a(1) = b).

Fact 1. If X is locally path-connected (includes manifold), then connectedness and path-
connectedness are equivalent. Thus connected components = path-connected components.
Since all matrix Lie groups are manifolds, the two notions are equivalent. Therefore, through-
out this course, we are always in the setting where the two definitions are equivalent. So we
will say “connected” but will test using the definition of path-connectedness.

Proposition 2.4. Let G be a matriz group, and Go be the connected component containing
the identity I. Then Gy is a matrix group, and is a subgroup of G.
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Proof. Connected components are closed in G, so Gy is closed in G hence closed in GL(n, C).
We thus only need to show that Gg is a subgroup. Let A, B € Gy. Since there exist
paths «,beta : [0,1] — G such that a(0) = $(0) = [ and a(l) = A,B(1) = B, then
af :[0,1] — G defined by (af)(t) = a(t)B(t) is continuous since the matrix multiplication
map is continuous. Note that («3)(0) = I? = I and (af)(1) = AB. Thus AB € Gy. Define
a™' 1 [0,1] — G to be the matrix inversion map, i.e., a '(t) := (a(t))”!. Then a~! is
continuous, so a~(0) = I and a~*(1) = A~!. This completes the proof. O

Proposition 2.5. GL(n,C) is connected.

Proof. For this, we prove via induction. If n = 1, then GL(1,C) = C* is connected. Let
n > 2. Recall that every complex square matrix is triangularizable. In other words, for any
A € GL(n,C), one can find P € GL(n,C) such that

)\1 X
A
PAP = S
0 An
Since det A = A --- )\, # 0 so none of \; can be zero. Let B := P 'AP, and define
B :10,1] = GL(n,C) as follows:
A2
50 = |
0 An
Then $(0) = B, and let (1) =: D. Define a(t) = PB(t)P~'. Then we have a(0) =
PBP™' = A and a(1) = PDP~'. Now apply the n = 1 case to derive that there must exist
continuous paths f; : [0, 1] — C* = GL(1,C) such that f;(0) = A; and f;(1) = 1. Define

fi(t)
t
wwe=r| PO P
fa(t)
Then v(0) = PDP~! = a(1) and v(1) = PIP~! = I. Thus there exists a path from A to I.
Thus GL(n,C) is connected, as required. O

Proposition 2.6. SL(n,C) is connected.

Proof. Clearly, SL(1,C) = {1} is connected. For n > 2, proceed as before, with Ay Ay - -+ A, =
1. Define a as we did in the previous proof, and for v take

1
8= S 0RO @ -




Proposition 2.7. U(n) and SU(n) are connected for all n > 1.

Proof. If A € U(n), then A*A = I. Thus A is normal and A is unitarily diagonalizable, i.e.,
there exists P € U(n) such that

)\1 €i91
A et
PAP = 2 _
)\n eion
Moreover, since A € U(n), each \y = . Let
6191(1725)
ei@g(l—t)
-1
alt)=P ' P.

£i0n (1-1)

Then a(0) = A and o(1) = P7'IP = I. So « is a path in U(n). Hence U(n) is connected.
Similarly, we can prove that SU(n) is connected by using the similar argument as in the
SL(n,C) case: take

and the claim follows. O
Proposition 2.8. GL(n,R) is not connected.

Proof. Suppose that A, B € GL(n,R) with det(A) > 0 and det(B) < 0. Suppose that a(t)
is a path in GL(n,R) from A to B. Let f := detoa : [0,1] — R*. Then f is continuous. By
the intermediate value theorem, since f(0) > 0 and f(1) < 0, there must exist ¢ € [0, 1] such
that f(¢) = 0, and this is a contradiction. O

Proposition 2.9. O(n) is not connected but SO(n) is connected, for all n > 1.

Proof. You will prove this in Assignment #1! O

2.3. On simple-connectedness

Definition 2.10. A subset G of M,,(C) is simple-connected if it is connected and every
closed loop can be continuously deformed to a point while staying in GG. In other words, if
a :[0,1] — G such that a(0) = a(l) = A (“closed loop”). Then there exists H : [0, 1] x
[0,1] — G continuous such that H(t,0) = «(t) for all ¢t € [0,1] and A = H(1,s) = H(0, s)
for all s, i.e, H(_,s) is a loop. Also, note that H(t,1) = A for all ¢ (constant loop).

Remark 2.1. Checking whether a subset G is simply connected or not is difficult. It is
crucially important for the “Lie correspondence” between Lie groups and Lie algebras.

Proposition 2.11. Recall that SO(2) = U(1) (Assignment #1), and U(1) and S* are home-
omorphic. Thus they are not simply connected. However, Sp(1) = SU(2), and SU(2) is
homeomorphic to S3, which is simply connected. Recall that S* is simply connected for all
k > 2. Therefore, SU(n) is simply connected but U(n) is not. SO(n) is also not simply
connected for all n > 2. The spin group Spin(n) is simply connected for all n > 2.
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2.4. Polar decomposition of SL(n,R)
Remark 2.2. Recall that if A € M,(R) is symmetric, then it is orthogonally diagonalizable
with real eigenvalues, i.e., there exists R € O(n) such that

At

A
RYAR = RTAR = 2

An
with \; € R.
Definition 2.12. We say that a symmetric matrix is positive if
(Az) - = 2T Az = Z Ajjrixeg; >0,
]
where the equality holds if and only if x = 0. Recall that A is positive if and only if \; > 0 for

all 7 (exercise). If A is positive-symmetric, then we can define a square root A'/? as follows.
First, AY? is also positive-symmetric defined by

VAL
= R
VA,

Then (A'?)2 = A and AY/? is positive-symmetric. In fact, this A2 is the unique matrix in
M,,(R) with these two properties (exercise).

A2 =R

Proposition 2.13. Let A € SL(n,R). Then there erists a unique pair (R, P) where R €
SO(n) and P is real and positive-symmetric such that det(P) =1, and A = RP

Proof. ATA= PRTRP = P? and AT A is positive-symmetric:
(ATAx) -2 = (ATAx)'2 = 2T AT Az = |Az|* > 0,
and the equality holds if and only if z = 0 as A is invertible. We need to show that
P = (ATA)Y2. So R = AP~!, thus only need to show R € SO(n).
RR" = (AP ) (AP ) = APT'P'AT = A(P?) ' AT
= AATA)TAT = 1.

Thus R € O(n). On the other hand, det(A) = det(R)det(P) = 1 and det(P) > 0, so
det(R) = 1. Hence R € SO(n) and det(P) = 1, as required. O

Remark 2.3. For SL(n, C), a self-adjoint matrix A (i.e., A* = A) is called positive if (Az, x) :=
r*A*r = x*Ax >0 for all z # 0

Proposition 2.14. Given A € SL(n,C), there exists a unique pair (U, P) with U € SU(n)
with P self-adjoint and positive such that A = UP and det(P) = 1.
8



2.5. Homomorphisms and Isomorphisms
Definition 2.15. Let G, H be matrix Lie groups. Let F': G — H be a map. We say F'is a
matriz Lie group homomorphism if:

e F'is a group homomorphism.

e F'is continuous.
In addition, if F' is bijective and F~! is continuous, then F is called a matriz Lie group
isomorphism (i.e., it is a group isomorphism and a homeomorphism of topological spaces).

Remark 2.4. In practice, most group homomorphisms between matrix Lie groups will be
continuous.

Definition 2.16. Two matrix Lie groups are isomorphic (as matrix Lie groups) if there
exists a matrix Lie group isomorphisms between them. We will only care about matrix Lie
groups up to isomorphism

Ezxample 2.17. R* = GL(1,R) and C* = GL(1,C). Also, U(1) = SO(2) and Sp(1) = SU(2)
(Assignment #1).

Ezample 2.18 (Matrix Lie group homomorphisms). The determinant map det : GL(n,F) —
F* = GL(1,F) is a Lie group homomorphism. Also, F': R — SO(2) defined as

cos(t) —sin(t)

sin(t)  cos(t)

is a homomorphism. One can check that F(0) = I,F(—t) = (F(t))™!, and F(t + s) =
F(t)F(s).

F(t) =

3. JANUARY 12

Ezample 3.1 (One more important example of a matrix Lie group homomorphism). Quick
aside: there exists a natural Hermitian inner product on M, (C) = C"*

n

(A,B) = ZA_isz'j = (A");iBij =Y (A*B);; = tr(A*B).

i.j j=1
We will define a homomorphism from SU(2) to SO(3). Define V= {A € M,y(C); A* =
A, tr(A) = 0}. Note that V' is a real subspace of My(C). Since

) =li =]

we have @ = a,d = d € R and ¢ = b. Therefore,

V:{[f ® }:teR,zeC}%’R?’
z —t

as real vector spaces; V' has

as a basis.



Now take a look at (A, B) = tr(A*B), restricted to V. If

A:{t_l 4 ],B:{tf 22}
21 —tl 22 _t2

then tr(A*B) = 2(tits 4+ x122 + y132), where 2z =z, + iyg. Thus (V,3(-, ) = (R3,) as inner
product spaces.

Now define a map F : SU(2) — GL(V) & GL(3,R) such that F(U)(A) = UAU ! if
A €V (note that F(U) € GL(V). Now need to verify that F'(U)(A) € V. First, we see that
tr(UAU™Y) = tr(A) = 0. Also, (DAUY)* = (UAU*)* = UAU*. But then since U € SU(2),
U* = U~'. Thus UAU* € V. Clearly, F(U) : V — V is linear, and F(U™') = (F(U))™!
since U"{({UAU ) (U 1)t = A

Let A, B € V, and to simplify notation, write Fy; := F(U). Consider the inner product

(Fy A, FyB) = tr(UAU*)(UBU*)) = tr(UABU 1)
= tr(AB) = (4, B).
Thus, for all U € SU(2), we have F; € O(V) =2 O(3), and F; = I € O(3). Since det(Fy) is
continuous in U and SU(2) is connected, det(Fy) = +1 for all U € SU(2). Therefore indeed

F sends any matrix in SU(2) to an element in SO(3). Note F' is continuous, and it is easy
to verify that Fy,py, = Fy, o Fy,. Thus it is indeed a homomorphism.

Remark 3.1. F is not isomorphic since F' is not injective — note that Fy = F_y. WE will
actually see that F' is surjective and ker(F') = {£I} (so it is “two-to-one”). Moreover, we
will see that induced homomorphism of the Lie algebras is actually an isomorphism.

3.1. Matrix exponential
Definition 3.2. Let X € M,,(C). Then the matriz exponential e is defined as

o0
Xm
X — JRS—
€= Z m!
m=0
First, we need to prove that this definition actually makes sense. For this, we need to
prove a few claims about norms:
Claim. For any X,Y € M,(C):

(D) |IX +Y| < || X||+ |]Y] (triangle inequality)
@) XY < [1X[HYI

Proof. The first one is clear since ||_|| is a norm. For the second one,
n n 2
o= 3 - X (T ) - S en
ij=1 i \k=1 ij

< DXV IP = IXIPIY )P,
0,

where X is the i-th row of X and Y; the j-th column of Y. 0

Definition 3.3. Let X, € M, (C) for all m. We say that >  X,, converges absolutely if

22 [ Xl < oo
10



Claim. 1f Y X,, converges absolutely, then it converges.

Proof. Let
N
SN = ZXm
m=0
We have
N’ N’
I1Sve = Snll = D X|[ < D I1Xull =0
m=N-+1 m=N
as N, N' — oo, since Y || X, < oo. O

Claim. eX := 3" 5 X, converges for all X € M,(C).

Proof. Tt converges absolutely, since

Hﬁw < Lixp

<X = el < oo,

m

1 m
) ‘EX

Moreover, the partial sums are continuous in X and the convergence is uniform on {X :
| X|| < R} for all R > 0. Thus e is continuous in X. O

Proposition 3.4 (Properties of matrix exponential). For any X,Y € M, (C):
(1) ® =1.
(2) () = ¥
(3) If XY =YX, then eXe¥ = XY = e¥eX,
(4) €~ is always mvertzble with (eX)™t ==X,
(5) eHIX = esXetX for all s,t € C.
(6) If P is invertible, then ePXP™" = PeX P~
(7) lle* || < el

Proof. (Property (2)) Recall that adjoint A* of a matrix A is defined as the unique n x n
matrix such that

(Aa,b) = (a, A*b)
for all a,b € C". If

then (sya,b) = (a, (sy)*b) for all a,b € C". Note that

=

Take N — oo to get (eXa,b) = (a,eX"b) for all a,b. Hence eX™ = (eX)*.
11



(Property (3)) Since the series converges absolutely, we are free to rearrange the terms:

X2 X3 Y2 Y3
X T+ X +—+—— I+Y +—+—+...
eXe¥ ( + X + 5 + G + - +Y + 5 + G +
= Xk ym-k 1, m!
= - ) = — " xkym—k
« k! (m—k)!) Zm kzzok!(m—k)!

m=0

M+ i)

3|H/ ~
i

<X+Y) X+Y‘

3
I

Note that = follows since XY = V' X.

(Property (4)) Let Y = —X in (3). And X, —X commute. Hence eXe ™ = e XeX =
eXHtEX) = 0 = . Thus e™X = (X)L

(Property (6)) Notice

Al aly|
M _
R e
m=0 m=0
Take N — oo to get PeX Pt = ¢PXP7 O

Proposition 3.5. Let a(t) = e'X fort € R. Then a: R — M, (C) is smooth, and that

ietX :XetX — GtXX
dt
for all t. Therefore
d
— X=X
dt|,_

Proof. e!* is a convergent power series in ¢, so can be differentiated term-by-term. So we

have
d x d [t N AL L =L (tx)m! ix
dt* ﬁ(23m1> 2 (z%m—m ‘

m=1 m=1

How can we compute e® in practice? A theorem of linear algebra (see Appendix B of
the theft or Hoffman-Kunze) says that every matrix X can be written uniquely in the form
X = S+ N where S is diagonalizable and N is nilpotent (i.e., there exists k € Z, such that
Nk =0) and SN = NS. Then

eX = eIN = %N,
Since S is diagonalizable one can find P such that

A 0

A
PSP = : _D

12



and PDP~ ! = 8. So 5 = ¢PPP™ = pPePP1 50

eM 0
A2
e
el =
0 ern
Also, since N is nilpotent,
=1
eV = —N™
m!
m=0

reduces to a finite sum.

Ezrample 3.6. Write

[d)-[a 2] [ee]

=5 =N
Since N? = O, we have ¢V =14 N. Thus
A__ S N e? e%
ef=e’et =1 e“}

Ezxample 3.7. Let

X:{O _9}:9-0 _01](961@

=J
It is easy to check that J?> = —I, and that J? = (—=1)'T and J?*! = (-=1)'J. So

0 92lJ2l 0 021+1J2l+1

L @D T A (@2 1)

0 (_1)09% 0 (_1)l92l+1
=2 [> + (; 2+ 1) )J

0

= cosfl +sinf.J.

Therefore,
95 | cos —sinf
© T | sinf cos

} € SO(2).

3.2. Matrix logarithm
Proposition 3.8. Define log(z) by



This is defined and is analytic in By(1) := {w € C: |w — 1| < 1}. Moreover, for all z € C
such that |z—1| < 1, we have €8 = z for allu € C with |u—0| < log 2, we have |e*—1| < 1
and log(e*) = u.

Proof. Let © > 0 and |z| < 1. Then the identity

d
—log(1 —z) = =—(1+a+2+---).

dx
Integrate term by term to see

x?  ad
log(1 — ) = — i),
og( x) ($+2+3+ )

1—=x

Let z=1—z hencez=1— 2. So

log(z) = — ((1 e (1 —22)2 N (1 —3;;)3 N ) B Z (_1)m+;iz _ 1)m.

m=1
This has radius of convergence |z — 1| < 1, as expected.

Also, it coincides with the usual logarithm on (0,2) € R, i.e., ¢(® = x for all z € (0,2).
By analyticity, e'°¢() = z for all z € By(1). If |u| < log2 then

2 2

So log(e") = w for all real u with |u| < log2. By analyticity, we have log(e") = w for all
w € C and |w| < log 2. O

Definition 3.9. For A € M,,(C), define

whenever this series converges. We ono for sure this converges when ||A — I|| < g because

(A= 1)™ < [|A—I||™ and o
Z(_l)m+l (2 ;m)

converges.

Remark 3.2. In general, it may converge on a bigger set, but we need not care about this
for the purpose of this course. For instance, if A — I is nilpotent, then log(A) converges
regardless of ||A — 1.

So, in summary, the log function

log(4) = 3~y AL

m=1

m

is defined (and continuous, by the uniform convergence of compact subsets) on {A € M,,(C) :
|A—1I|| < 1}. If |JA—I|| < 1, then e84 = A. Also, if | X|| < log2, then |eX — I]| < 1 and
log(e®) = X. Hence, e and log are continuous and are inverses of each other near O and I,
respectively. We will start proving this fact in the next lecture. We will also discuss more
properties of e and log. We will also talk about the “Lie product formula”, and Lie algebras

of G.
14



4. JANUARY 14: LIE PRODUCT FORMULA AND LIE ALGEBRAS
Proposition 4.1. The function

S A—-1I)m
A log(A) = Z(—l)m“u
m=1
is defined and continuous on By(I) := {A : M, (C) : ||A —I|| < 1}. Also, if ||A —1I|| <1,
then e84 = A and if ||z|| < log2, then ||eX — I|| < 1 and logeX = X.

m

Proof. Note that [[(A—1)"| < ||A—I||™ < 1 for all m. Hence

N A-Dm) _ A=)
_1m+1(— < L |
I P

converges. So the tseries for log converges absolutely for A € By(/) and uniformly on
compact subsets. Hence log is continuous on By ().
To show that e!°e4 = A for all A such that ||[A — I|| < 1, consider the following two cases:
(1) A is diagonalizable
If so, then there exists some P such that

A
A
PAP =D = 2
An
So we have
A —1
Ay — 1
A—I=PDP' —[=P(D-1)P' =P . P,
Ap— 1
and ||[A—I|| = [|[P(D — )P < ||P||||D — I||||P"|. Now we need the following
claim:

Claim. 1f || B|| < 1 then all eigenvalues of B has norm < 1. (Assignment #2!)

Let B =D — I. Note that |B|| < 1 (Spiro couldn’t think of why this is the case
— we need to check this ourselves.). Hence, by the claim above, we have [A\; — 1| < 1
for all 7. Hence

Sy A0 p ( = (1) HD 1>m> pi

m m

m=1 m=1

so equivalently,
log A\
log A
log A = P 8l Pt

log A\,
15



Similarly, it follows
6log A1

elog)\g
elogA —p ' Pfl — A

elog An

(2) General case We need to use the fact that the diagonalizable matrices are dense
in M,,(C), which you will prove in Assignment #2. We have e'%¢4m = A for all
diagonalizable matrices A,, such that ||4,, — I|| < 1. So by continuity, we have
€4 = A as m — oo. One can derive loge® = X in a similar manner.

This completes the proof. 0
Proposition 4.2. There exists ¢ > 0 such that for all B € M,,(C) with ||B|| < 5 such that
Hog(1 + B) — B < cl| BI*

Note that ¢ is independent of B.
Proof. log(I + B) is defined since ||

—~

I+ B)—1I||=|B| <i<1. Hence

& (_1)m+1Bm
log(/+ B) — B = ————-B
og(I + B) mz_l -
00 1 m+1Bm o -1 m+1Bm—2
-y G ()
m=2 m m=2 m
So we have (172
hos(z + ) - B < Y W2
m>2
Now choose ¢ = ) %, and we are done. Note that this shows that log(I + B) =
m>2
B + O(||B|]?), i.e., for ||B]|?* sufficiently small, we have the O(||B||?) portion < c||B||* with
the choice of ¢ independent of B. [l

Theorem 4.3 (Lie product formula). Let X, Y € M, (C). Then

. x y\™m
&Y = lim (emem) .
m—0o0

That is, this identity holds even when X and Y do not commute.

Proof. Start with
X 1 X? 1 X3

mTmr 2 TG
X 1 X? 1 X3

=l+—+— |5 +t——+].
m m

eXm =1

2 "m 6
)
We claim that (%) is bounded, and that the bound depends on X but not on m. Note that:

X|? 11X]3
oo < I LRI oty g <
m
16




Note that for m~2 sufficiently small (in fact, for all m > 1) we have eX/™ = I + X1+ 0()
and the similar claim can be made for /™. Hence,

X Y 1
eXme¥im =14+ =+ —1+0(—=).
m m m2

Since eX/™eY/™ — [ as m — o0, it will be in the domain of log as long as m is sufficiently
large. Apply Proposition [4.2 after taking logs on both sides:

X Y 1
log(eX/meY/™) = log (I +—=+—=+0 (—2>)
m - m m

X Y 1 X Y 1
m m m m m m

J/

-~

<em=—2

where ¢ does not depend on m but on X and Y. Hence

X Y 1
log(eX/me¥/my = = + — + 0 (—) :

m m m2

Exponentiate both sides and take m-th powers, i.e.,
eX/meY'/m — 6X/erY/m+O(m_2)

7
hence
m —2 -1
(6X/m€Y/m) _ 6m(X/m—&—Y/m-I—O(m ) — eX—l—Y—l—O(m )
Since e is continuous, upon making m — oo, we have

lim (eX/meY/m)m _ 6X+Y
Mm—00

as required. O
Theorem 4.4. For all X € M,,(C), we have det(eX) = %),

Proof. Suppose when X is diagonalizable. Then we have, for some P,

A

A\
PXPl=p 2 Pl=D

An
or X = PDP~!. So we have
det(e¥) = det(PeP P7Y) = det(P) det(e?) det(P~t) = el Hrn = oti(D) — o) ]

For the general case, use the fact that the set of diagonalizable matrices is dense in M,,(C)
and that the exponential map and the determinant map are continuous.
Definition 4.5. A map o : R — GL(n,C) is called a I-parameter subgroup of GL(n,C) if:

(1) « is continuous; and

(2) a(s+1t) =a(s)a(t) for all s,t € R.
In other words, « is a continuous group homomorphism.
Remark 4.1. By property (2), we have a(0) = I and a(—t) = (a(t)) .

17



Remark 4.2. If x € M,,(C), then a(t) = e'* is an example of a 1-parameter subgroup.

Theorem 4.6. If « is a 1-parameter subgroup, then there exists a unique X € M,,(C) such
that a(t) = e for all t € R.

Proof. Suppose that there exists X, Y such that a(t) = e!* = ¢, Then

d

@ H=X=Y
dttzo&()

so the uniqueness is proved. Now we need to show existence.

Let B.(0) :=={Y € M,,(C) : ||Y]| < ¢}, and let € < log2. We have shown that exponentia-
tion takes B.(0) bijectively onto exp(B.(0)) with continuous inverse log map from exp(B.(0))
to B:(0). Now let U := exp(B./2(0)) = log™"(B:/2(0)). Then U is open.

We claim that every B € U has a unique square root in U, given by eXp(% log B). Let
Y :=log(B), with || B|| < £/2 so that exp(3 log B) € U. Then Z := exp(3Y) = exp(3 log B).
Then clearly we have Z? = (exp(3B))* = exp(Y) = B. Hence Z is indeed a square root
of B. For uniqueness, suppose that Z’ is another square root of B, with Z/ € U. Since
(Z")? = B and exp(log Z') = Z’, we have

exp(2log Z') = (exp(log Z'))? = (Z')*> = B = exp(Y).

Since Z' € U, we have log Z" € B./»(0), and 2log Z’' € B.(0). Also, Y € B./(0) C B.(0)
and exp is injective on B.(0). Hence Y = 2log Z’' so Z' = exp(3Y) = exp(ilog B) = Z, as
required.

Now, since « is continuo and B is in the neighbourhood of I, there exists some ¢y > 0 such
that a(t) € U for all |t| <ty and a(0) = I. Let X = %log(a(to)) so toX = log(a(ty)). So
t0X € B.j5(0) and a(tg) = e*X. Note that a(ty/2) € U and (a(ty/2))? = a(to/2)a(ty/2) =
alty) = eX, by property (2) of an 1-parameter subgroup. So by the claim we just proved,
a(ty/2) = ¢, Repeat this operation to see that

o) ox
(0% ? =€

for all k£ € N. Take m-th powers and use property (2) to get

m mtg
o (ﬁt()) — e

for all k,m € N. Now {Zito : m,k € N} is dense in R and o and exp are continuous, so
a(t) = X for all t as desired. O

Remark 4.3. We needed the following ingredients to prove the previous theorem:

(1) The fact that « is continuous and is a homomorphism
(2) the fact that exp and log are continuous inverses of each other near 0 and I respec-
tively.

Now that we identified all the 1-parameter subgroups, we are ready to define Lie algebras.
18



4.1. Lie algebra of a matrix Lie group
Definition 4.7. Let G be a matrix Lie group. Then the Lie algebra of G, denoted g, is the
set

g=1{X €M,(C):e¥ €G for all t € R},
i.e., X € g < the l1-parameter subgroup {e*X : ¢t € R} generated by X lies in G.

Remark 4.4. We cannot say that X € g & ¢X € G. One can find examples where e* € G
but e ¢ G for some t € R. Those X are not in g.

Also, we cannot say that X € g < X € G for all t € C. A Lie algebra for which this is
true is called a complex Lie algebra.

Remark 4.5. Every matrix lie group G is an embedded submanifold of GL(n, C) and it follows
that it Lie algebra g is isomorphic to the tangent space to G at I, i.e., TG = g.

Example 4.8. Some examples of Lie algebras:
(1) GL(n,C)
If X € M,,(C), then e'* € GL(n,C) for all t € R. Hence the Lie algebra of GL(n, C)
is gl(n,C) = M, (C).
(2) GL(n,R)
If X € M,(R), then ¢ € GL(n,R) for all t € R. Conversely, if e/X € GL(n,R) for
all t € R, then
xo k) exe M, (R).
dt{,_g
Hence we have gl(n,R) = M,,(R). In particular, we have shown that if G is a subgroup
of GL(n,R), then its Lie algebra g consists of real matrices.
(3) SL(n,C)
Recall that det(e®) = e"X). Hence det(e"®) = ") for all t € R since tr is
linear. So if e* € SL(n,C) for all + € R then ") = 1 for all t € R. Hence
tr(X) = 0. Conversely, if tr(X) = 0, then det(e¥) = ¢""X) = €0 = 1 for all £. Thus
et* € SL(n,C) for all t € R. Tt follows that

sl(n,C) = {X € gl(n,C) : tr(X) = 0}.
Similarly, in the real case, we have
sl(n,R) = {X € gl(n,R) : tr(X) = 0}.
(4) U(n) = {A € GL(n,C) : A*= A~}
Let e'X € U(n) for all t € R, i.e.

(etX)* — 61&X*

— eftX — (etX)fl

for all t € R. So
d

dt g
Conversely, if X* = —X then (e'*)* = (e/X)~! for all ¢ € R. Hence

u(n) ={X e gl(n,C) : X* = —X}.
19
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Thus u(n) consists of skew-Hermitian matrices, i.e., the matrices with diagonal entries
purely imaginary. Simiarly, in the case of SU(n) = U(n) N SL(n, C), we have

su(n) ={X € gl(n,C): X* = =X and tr(X) =0},

so su(n) consists of traceless skew-Hermitian matrices.

5. JANUARY 19
Recall the definition of Lie algebra first:
Definition 5.1. g is the Lie algebra of a matrix Lie group G C GL(n,C) if
g={X €GL(n,C): e € GVt € R}.

Remark 5.1. If X € g, then eX € G, where G denotes a connected component of I in G,
since X € @ for all ¢, and we have a path from I to eX. Moreover, X € g < !X € G for
all t € R & !X € Gy for all t € R. Therefore, the Lie algebra g of G is the same as the Lie
algebra of Gy.

Ezample 5.2. If G = O(n) = {A € GL(n,R) : ATA = I}, or AT = A~'. Suppose that
e'X € O(n) for all t € R. So it follows that e X = X" = (eX)7 = (¢!X)~1. Therefore, the
Lie algebra of G is

o(n) ={X € gl(n,R): X* = —X}.
that is, 0(n) consists of skew-symmetric matrices. Therefore, necessarily tr(X) = 0. There-
fore if X € o(n), then det(e!¥) = e!"X) = 0 = 1 for all t. Hence ¥ € SO(n) for all
t € R, s0 so(n) = o(n) = {X € gl(n,R) : XT = —X}. Therefore so(n) = o(n) (in fact,
SO(n) = O(n).).
Ezample 5.3. We also claim that Lie(SO(p, ¢)) = Lie(O(p, q)) where Lie(A) denotes the Lie
algebra of A. If A € O(p,q), then ATI, A = 1I,,, or I, AT 1 = A~'. So if e € O(p, q),
then I, ,(e™)TI7} = (e¥)7! = e!IpaX hg) — =X Hence so(p,q) = o(p,q) = {X €
gllp+¢R): [, X"T,,=—X}.

Ezample 5.4. Recall that Sp(n,F) : {4 € GL(n,F) : ATJA = J}, where
0 —I,
[0 ]
So A € Sp(n,F) & JATJ ' = —A~1. So if &X € Sp(n,F) then J(eX)TJ = /X" =

—(e™)™ = —e™¥ for all t € F. That is, X € sp(n,F) & JXTJ = X. Thus sp(n,F) =
{X € gl(2n,F) : JXTJ = X}. More generally,

sp(n) = sp(n,C) Nu(2n) = {X € gl(2n,C) : JXTJ = X, X* = —X}.

A B

Remark 5.2. If X = {C’ D

], then X € sp(n,F) if and only if D = —AT and B,C
symmetric.

Example 5.5. Suppose that H, is a generalized Heisenberg group. Let X be an upper

triangular matrix with 0 on the diagonals. It is clear that e/* € H,, for all t € R. Conversely,
20



if !X € H, for all t € R then X is an upper triangular matrix with 0 on the diagonals.
Hence the Lie algebra of H, is

0 *
0 0

Now we are ready to discuss some properties of Lie algebras.

Proposition 5.6. Let G be a matrix Lie groups with Lie algebra g. Let X € g and A € G.
Then AXA™! € g. That is the conjugation by an element of G preserves g.

Proof. One-line proof: e/AXA™) = AetX A~1 € G for all ¢ € R. O

Theorem 5.7. g is a real vector space. That s,
(1) if X € g thentX € g forallt € R
(2) if X,Y € gthen X +Y €g.
Additionally, we also have
(3) if X,)Y € g then XY —Y X € g.

Proof. Let t € R. Since e**X) = ¢(YX € G for all s € R, we have tX € g. For (2), we divide
into two cases. If XY = Y X, then e!X+Y) = ¢Xe?Y ¢ G for all t € R. Hence X +VY € g.
If X and Y do not commute, then note that e!*/™me?/™m € G hence (e!X/™e!Y/™)™ € G also,
for all nonzero m. Any matrix exponential is invertible, so e **Y) € GL(n,C). Apply the
Lie product formula to get

et(X-i—Y) — lim (etX/metY/m)m
m—00

9

and since G is closed in GL(n,C), it follows that either the limit is not invertible or in G.
Hence the limit is in G.

As for (3), recall that

d d
dt|,_, dt|,_,
Hence
d
p XY X = XYe ™ 4 Y (-X) = XY - YX.
t=0

If we let Z(t) := e!*Ye X then Z(t) is the conjugation of an element of g (Y') by an element
of G (namely, ). Hence Z(t) € g for all t € R, and

d

—| Zt)=XY -YX €y,

dt|,_g
since g is a subspace of gl(n,C) and any subspace of a finite-dimensional C-vector space is
closed. ]

Definition 5.8. Given X,Y € gl(n,C), their Lie bracket or commutator [X,Y] is defined
to be [X,Y] = XY — YX.
21



Remark 5.3. We showed that the Lie algebra g of G is a real vector space that is closed
under the Lie bracket, i.e., X, Y € g= [X,Y] € g.

Remark 5.4. Even if G € GL(n,C) as opposed to GL(n, R), the Lie algebra g of G is only a
real vector space.

Ezample 5.9. Recall that U(n) C GL(n,C) while U(n) ¢ GL(n,R). However, u(n) = {X €
gl(n,C) : X* = =X}, soif X € u(n) then (iX)* = —iX* = (—i)(—X) = iX # —iX.
Therefore iX ¢ u(n) so u(n) is not subspace of the n-dimensional C-vector space.

Definition 5.10. The Lie algebra g of a matrix Lie group G is a complex Lie algebra if
X € g=1iX € g (ie. gis a compler subspace of gl(n,C)). In this case, we say G is a
complex Lie group.

Ezample 5.11. GL(n,C), SL(n,C),SO(n, C),
the other hand, GL(n,R), SL(n,R), Sp(n, R),
complex Lie groups.

C),Sp(n,C) are complex Lie groups. On
5O(n), O(p, q), U(n), SU(n), Sp(n) are not

Remark 5.5. Homomorphisms of matrix Lie groups induce homomorphisms of their Lie
algebras.

Theorem 5.12. Let G, H be matriz Lie groups with Lie algebras g,b respectively, and let
® : G — H be a matriz Lie group homomorphism. Then there exists a unique real linear
map P, : g — b such that

d(eX) = X for all X € g.

®, also satisfies

(1) P (AXA™Y) = ®(A)D(X)P(A)™! forall Ac G, X €g

(2) ©.([X,Y]) = [@.X, D.Y] (Lie algebra homomorphism)

(3) P.(X) = %}tzoq)(etX) for all X € g.

(4) If ¥ : H — K is another Lie group homomorphism, then Vo ® : G — K and
(Vod), =U,09,.

Proof. Since ® is a group homomorphism and continuous, the map t € R o P(eX) e His a
I-parameter subgroup. Use the fact that ® is a group homomorphism to get ®(e!*)®(e*X) =
(X esX) = (el+9X), Similarly, W(s)U(t) = V(s +t). So by last week’s theorem, there
exists a unique matrix W € gl(n, C) such that ®(e**) = " for all ¢t € R.

d(e!™) € H so e € H for all t € R, which impiles that W € b. So define ®,(X) = W.
So we have (3). Indeed,

d
O (X)=W = —
(X)=W=—

w_ d
dt

t=0

d(etX) = X for all ¢, so ®(e)®(X)) = (X)) = P(X)) = !*(X) Take the
derivative at ¢ = 0 to get

t=0

O, (sX) =s5d,X forall s € R. (%)
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From ®(e!X) = e!®<(X) at ¢ = 1, we have ®(eX) = e®<(X). Also,
eHP(XHY)) (2 (0X40Y) (1 (B])
— P = @ < lim (etX/metY/m>m>

m—00

= lim @ ((etX/ metY/ m)m) (® is a continuous homomorphism)

m—0o0
= Jim (@(em)B(e )" = tim (et
= H®XFEY) by the Lie product formula).

For (1), note that
615<I>*(AXA*1) _ efb*(tAXAfl) _ (I)(etAXAfl) _ (I)(AetXA_l)
= ®(A)D()D(A) .

Take d/dt at t = 0 to get ®,(AXA™) = &(A)P, XP(A)~!, which proves (1).
As for (2), recall that

d
(X, Y] = —| e*ve ¥,
dt|,_,
So
d X, —tX
O[X,) Y] =D, | —| €“Ye
dt|,_,
d
== ®, (Y e ™) (differentiation commutes with linear maps)
=0
d -
= Sl @ e ™) by (1)
=0
— i et‘I’*X@*Yeft@’*X
dt|,_,
= [®,X,3,Y],

thereby proving (2).
For (4), note that

et(\Ifo(I))*X _ (\IJ o q))(etX) _ @(@(etx))
— \If(etq)*X) — 6t\11*d>*X‘
Take d/dt at t =0 to get (Vo ®), X = U, (P, X) for all X, as required. O
Remark 5.6. We have shown that ® : G — H matrix Lie group homomorphism induces
®, : g — b Lie group homomorphism.

Question. Suppose that g, b is a Lie group homomorphism (i.e., R-linear, A[X, Y] = [A(X), A(Y)]
if A: g — b is a Lie algebra homomorphism). Then does there exist a Lie group homomor-
phism ® : G — H such that ®, = \?

The answer is actually no. We will prove that a sufficient condition is that G is simply

connected.
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6. JANUARY 21

Recall that if & : G — H is a Lie group homomorphism, then it induces a Lie algebra
homomorphism ®, : g — h such that the diagram

G-2-H

exp [ ] exp

g—5~b

commutes.

6.1. The Adjoint mapping
Definition 6.1. Let G be a matrix Lie group and g its Lie algebra. Fix A € G. If z € g,
then AXA™! € g. Define

AdA g—9
by Ads(X) = AXA™!. Then Ad, is R-linear and Ad, is invertible, because Ady-1 =
(Ada)~!. Therefore Ad4 € GL(g), the set of invertible linear operators on g.

Proposition 6.2. The map from G to GL(g) defined by A — Adya is a matriz Lie group
homomorphism.

Proof. The map is clearly continuous (linear maps over finite-dimensional spaces). It is a
homomorphism since

Adap(X) = (AB)X(AB)™' = A(BXB 1) A™! = (Ads0 Adp)(X),
i.e., AdAB :AdAOAdB. ]

By last class, there exists an induced map (Ad), : g — gl(g), where gl(g) denotes the Lie
algebra of GL(g), the space of all linear operators on g.

Proposition 6.3. For all A, Ads : g — g is a Lie algebra homomorphism.
Proof. This is a straightforward computation:
Adu[X,Y] = A(XY —YX)A™!
= (AXA DAY AT — (AY A H)(AX A
= [Ads X, Ad, Y. O

So Ad induces a map Ad, so that the following diagram commutes:

G 24 GL(g)

Wi

g (A—d)jg[(g)

Now we are ready to define the little ad:

Definition 6.4. We define the little “ad” as ad := (Ad), : g — gl(g). That is, ad is the
map such that exp(ady) = Ad(exp X), or e2dx = Ad(e¥).

Proposition 6.5. adx(Y) = [X,Y].
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Proof. Note that ady = Ad(e!™), by definition of induced linear map on Lie algebras.

d
dt 1t=0

Therefore,
adyy = 4 Ad(e™)Y
YT at,,
— i (etXYeftX>
dt|,_,
= [X,Y],
by what we did last class. 0
Corollary 6.6. (¢*¥)Y = i <adX>mY
y 6.6. = S :
Proof. Note that
— (adx)™ 1 X Xy, —X
> Y =Y+ Y]+ XX Y] = Ad(e)Y = MY e O

m=0

6.2. Detour to exponential mapping

Remark 6.1. Recall that exp : g — G is defined to be exp(X) = ¥, and it is continuous in
X. It exp injective or surjective? Unfortunately, the answer is no in general (i.e., neither
injective nor surjective). The following example illustrates this point.

Example 6.7. We already know that eX € Gy, the connected component of identity. There-
fore g =¥ G cannot be surjective if G is not connected. For example, note that so(n) = o(n),
and the image of exp : 0(n) — O(n) lies in SO(n) C O(n).

Ezxample 6.8. However, even if G is connected, exp is in general still not surjective. Let
G := GL(2,C), which is clearly connected. Let

A= { _01 _11 1 € SL(2,C).

We claim that there cannot exist any X € sl(2,C) = {X € gl(2,C),tr X = 0} such that
eX = A. For this, consider the following cases:

Case 1. A\ = Ay = 0. Every 2 x 2 matrix in triangularizable over C, i.e., there exists P
0 a

] P-1. Therefore, eX — Pe[ 00 }P—l _p H ﬂp—l. But

0 a

suchthatX:P[O 0

since [ has both eigenvalues 1, it cannot be A.

a
0 1
Case 2. A\ + Ay =0 and A\ #0, i.e, (A, A2) = (A, —A).
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Then X has distinct eigenvalues, so X is diagonalizable. Hence there must exist P such

that
P—IXP:H _OA}
X:P[g\ _())\}P‘l
eX:P[eOA BOA}PP

Therefore e is diagonalizable. But A is not diagonalizable, hence a contradiction.

FExample 6.9. We remark also that exp : g — G is generally not injective either. Consider

0 —0:|ex |:COSQ —smé’]‘ This

the following exponential map from so(2) to SO(2): [ 00 sinf  cosd

is clearly not injective!

We will see however that exp : g — G is a homeomorphism from an open neighbourhood
U of 0 in g to an open neighbourhood V' = exp(U) of I in G.

Theorem 6.10. For 0 < & < log2 (we need this to guarantee that log A is defined on V. and
log(eX) = X ), let U. := {X € gl(n,C) : || X|| < &} and V. := exp(U.). Let G C GL(n,C)
be a matriz Lie group with Lie algebra g. Then there exists eg € (0,log2) such that for all
A e V. with A € G if and only if log A € g. Hence, exp : U,, = V, is a homeomorphism.

Proof. (=) First, we need the following claim:

Claim. Let B, € G for all m € N such that B,, converges to I, and let Y,,, := log B,,, which is
well-defined for m sufficiently large. up pose that Y,, # 0 for all m, and H);_ZII — Y € gl(n,C).
Then Y € g.

Proof of Claim. To show that Y € g, we need to show that /¥ € G for all t € R. Let t € R.

Then Y, — 1Y as m — oo, but By, — I. Therefore ¥;,, — 0 and [|Y},|| — 0. Therefore

there exists a sequence k,, € Z (depends on t) such that k,,||Y,.|| — T as m — oo. Then
(By)im = (¥m)fm = hm¥n — o Yml 322y e

so indeed (B,,)*" € G for all m. Since G is closed in GL(n,C), it follows that ¥ € G. So
Y € g as required. O

To finish off the proof, we start by observing that gl(n,C) = C* = R with usual
topology, and that g is a real subspace of R*”. Decompose gl(n,C) = g & g+, where
g+ is the orthogonal complement with respect to the usual inner product. Define a map
F:g®gh =gl(n,C) = GL(n,C) as F(X,Y) = eXe¥. Then F : R?” — R?” is a smooth
map. Since

F(tX,0) = X

d
dt
d
—| F(0.tY) =Y,
dt (0,1Y) ’

t=0
t=0

26



we have

(DF)y : R*™ — R
is the identity. In particular, (DF)| is invertible, so by the inverse function theorem, there
exists a neighbourhood 0 € U such that V' = F(U) is a neighbourhood of [ and F': U — V
is a homeomorphism (in fact a diffeomorphism).

Now we need to show that there exists €9 € (0,1log2) such that A € V.N G = log A € g.
Suppose not. That is, for all m € N and for ¢ = m™!, there exists A,, € V1 N G such that
log A, ¢ g. Using the local inverse for F', if m is sufficiently large then A,, ~ 1 (A, is close
to I), so A,, = eXme¥m where X,, € g and Y}, € gt such that X,, — 0 and Y,, — 0 (since
A, — I). We must have Y, # 0 since otherwise A,, = eX™ = X, =log A,, € g, which is a
contradiction.

Let B,, = e XmA,, = e¥™ so that B,, € G for all m and B,, — I as m — oco. Since the
unit sphere in gt is compact, there must exist a subsequence of Y;,’s (call it Y;, again) such
that Y,,,/||Ym|| — Y with ||Y|| = 1. But then by the claim we just proved, we have Y € g:
since Y,,,/[|Yom| € g+ for all m we have Y = lim Y, /||Y;,|| € g*. But this implies that Y = 0,
and this is a contradiction.

(<) This is obvious since €84 = A for all A € V,. O

Corollary 6.11. Let G be a matriz Lie group with Lie algebra g. Then there exists a
netghbourhood U of 0 in g and a neighbourhood V' of I in G such that exp : U — V is a
homeomorphism.

Corollary 6.12. Let G be connected. Then every A € G can be written in the form
A=e%eX2 X for X, ..., X, € g, with k depending on A.

Remark 6.2. Informally speaking, every connected Lie group is generated by a neighbourhood
of I. Note that we cannot take k = 1 in general.

Proof. Let A € G. Since G is connected, there exists a continuous path « : [0, 1] — G with
a(0) = I and a(1) = A. Let VV be a neighbourhood of I in G on which exp : exp™'(V) - V

is a homeomorphism. Since « is continuous, f(z) = (a(s))'a(t) is continuous in s. Note
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that f(t) = I.. Also, for f: (t—¢e,t+¢) — G, there exists §; > 0 such that s € (t — g, t + 0x,)
means F(s) = (a(s))'a(t) € V. Since [0,1] is compact, we can find 0 =ty < t; < t5 <
or < tp_1 <t =1 such that a(t;—1)ta(t;) € V for all j =1,2,..., k. Note that

A= Altg) T A(t) Alt) T A(t2) -+ Altia) T Alt),

.

ev ev ev
— XigXe L Xk
where A(tg)™t =1, A(t) = A(1) = A and X3,..., X} are some matrices in g. O

Corollary 6.13. Let G, H be matriz Lie groups where G is connected. Let ®; : G — H be
matriz Lie group homomorphisms j = 1,2. If (1), = (P2)s : g — b then &y = s.

Remark 6.3. This corollary is false if G is not connected.
Proof. Let A € G, and write A = eX1e*2...eX* where X, € g.
d,(A) = <I>1(6X16X2 . eX’“)

= ® ()P (eX2) - By (eF)
= e(él)*Xl e e((bl)*Xk

— o(®2): X1 o(P2)sXp
= @2(€X1)®2(€X2> e (I)Q(QXk)
= Dy(eX1e2 .. oK) = By (A). O

6.3. Abstract Lie algebras
Definition 6.14. Let F be R or C. A finite-dimensional F-Lie algebra g is a finite-
dimensional F-vector space together with a map [, | : g X g — g such that:

(1) [-, -] is bilinear over F

(2) [X,Y]=—[Y,X] for all X,Y € g (i.e. skew-symmetric)

(3) [[X,Y],Z]+[[Y,Z],X]|+[[Z,X]+ Y] =0 for all X,Y,Z € g (Jacobi identity).

Remark 6.4. As defined, a Lie algebra need not be a subspace of gl(n,F), and [ X, Y] need not
be XY —Y X (since the matrix multiplication may not make sense). However it is indeed the
case that [X,Y] = XY — Y X in gl(n,C) satisfies (3). Therefore gl(n,F) is a F-Lie algebra
with commutator as Lie bracket. Therefore, the Lie algebra g of a matrix Lie group G is a
R-Lie algebra in this abstract sense.

Also, if X € g then iX € g (complex matrix Lie group) then g is a C-Lie algebra in this
sense.

Definition 6.15. Let g be a real (resp. complex) Lie algebra.

(1) A subalgebra of g is a real (resp. complex) subspace b that is closed under the Lie
bracket, i.e., [Hy, Hy] € b for all Hy, Hy € b.
N——
Lie bracket in g
If g is a complex Lie algebra and h C g is a real subspace closed under the bracket,
then b is a real subalgebra of g.
(2) A F-linear map A : g — b between two F-lie algebra is a Lie algebra homomorphism
if A\[X,Y]; = [AX, Y], for all XY € g.
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Example 6.16. u(n) is a real subalgebra of the complex Lie algebra gl(n, C).

Definition 6.17. It is easy to see that a bijective Lie algebra homomorphism has inverse
which is also a Lie algebra homomorphism. Therefore, a bijective Lie algebra homomorphism
is a Lie algebra isomorphism.

Theorem 6.18 (Ado’s theorem). Every finite-dimensional F-Lie algebra is isomorphic (as
an abstract F-Lie algebra) to a subalgebra of gl(n,F) for some F with the Lie bracket being
the usual commutator.

Remark 6.5. 1t is not true if the dimension is infinite, even for [F is R or C. The proof of
this theorem is beyond the scope of this course.

7. JANUARY 26

Definition 7.1. Let g be a Lie algebra, and let X € g. We defined ady : g — g by adx(Y) =
[X,Y]. Last week, from Ad : G — GL(g), we induced a Lie algebra homomorphism ad :=

(Ad), : g — gl(g).

Claim. ad : g — gl(g) is a Lie algebra homomorphism from g to g.

Proof. ad is linear since [-,_] is bilinear. We need to check that adixy] = [adx,ady] =
adx ady —ady adx. Note that adxy) Z = [[X, Y], Z] and (adx ady —ady adx)Z = [X, [V, Z]]—
Y, [X, Z]]. By the Jacobi identity, it follows [[X,Y], Z] = [X,[Y, Z]] — [V, [X, Z]]. O

Proposition 7.2. For all X € g, the map adx : g — ¢ is a derivation of g. That is,
adx[}/, Z] = [adXY,Z] + D/, adX Z]

Proof. [ XY, Z]] = [[X,Y], Z] + [Y,[X, Z]] by the Jacobi identity. O

7.1. Complexification of a real Lie algebra
Definition 7.3. Let V' be a finite-dimensional real vector space. Then the complexification
Ve is the finite-dimensional C-vector space such that

Ve =V ®@r C = {v; +ivg;v1,v2 € V},
where (v + iw) := v — w.

Remark 7.1. V¢ is a C-vector space with dimc Ve = dimg V. For instance, note that (R")¢ =
Ccn.

Remark 7.2. If W is a complex vector space, then by restrictions on scalars, we can consider
the underlying real vector space Wg. Note that we have the identity dimg(Wg) = 2 dime¢ W
and (C")g = R?". As real vector spaces, we have the isomorphism (Ve)g XV @ V.

Remark 7.3. If {vq,...,v,} is a basis for V as a R-vector space and {vy,...,v,} a basis for
Ve as a C-vector space, then {vy,...,v,,1v1,...,1v,} isa basis for (Ve)g =V @ V as a real
vector space.

Proposition 7.4. Let g be a real Lie algebra, and let gc be its complexification as a vector
space. Then the Lie bracket [, ] on g has a unique eztension to gc which makes gc into a
complex Lie algebra.
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Proof. Let X1, X5,Y1,Ys € g. We have, by bilinearity, that [X; + i X5, Y] +4Y3] = [ X3, Y] —
[ X2, Y] 4+ i[ X2, V1] 4+ i[ X1, Y2]. One can show this makes g¢ into a C-Lie algebra (straight-
forward but tedious computations). O

Ezample 7.5. gl(n,R)c = gl(n,C); similarly, gl(n,R)c = sl(n,C). The complexification of
5p(n7 R) 18 5p<n7 R)C = Sp(n7 C)

Ezample 7.6 (Complexification of u(n)). Recall that u(n) = {X € gl(n,C) : X* = —X}.
Let Z € gl(n,C). Write
7=222 AT x iy
2 21
Note that both X and Y and skew-adjoint, since
X*:Z -z Z _Z:—X,
2 2
and one can similarly see that Y* = —Y. Hence u(n)c = gl(n,C). One can show that both
have dimension n?.
Therefore, gl(n,R) and u(n) both have the same complexification. But they are not
isomorphic as real Lie algebras Similar fact is true for su(n) and sl(n,R): they have the
same complexification, but they are not isomorphic as real Lie algebras either.

8. JANUARY 26: CAMPBELL-BAKER-HAUSDORFF FORMULA AND ITS CONSEQUENCES

Recall that if ® : G — H is a homomorphism of matrix Lie groups, it induce a Lie algebra
homomorphism ®, : g — h such that the following diagram commutes.

G-2-H

exp [ ] exp

g—5>b
Question. Let g, h be two Lie algebras of matrix Lie groups G and H. Let A : g — h be a
Lie algebra homomorphism. Then does there exist ® : G — H such that &, = \?

So we want
G-

exp [ /y exp

g——=b

A

to commute: that is, ®(eX) = e*X). But here is the problem. Not every A € G is in the
image of exp — recall that exp is not always surjective. Even though it is, the problem is
far from over, since X need not be unique — recall that exp is not always injective either.
We will soon see though that if G is simply connected, then problems can be overcome. The
CBH formula is used to show that the map we can define is in fact a homomorphism from
G to H. The CBH formula says that the group multiplication (at least near I) is completely
determined by the Lie bracket in g.

The idea goes as follows. Let g be the Lie algebra of G. Let also that X, Y € g sufficiently

close to 0, thereby making eX,e¥ eXe sufficiently close to I, so that log(eXe) is defined.
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If [X.Y] = 0, then eXe¥ = XY 50 log(eXe!) = X +Y. But in general, the = part is
not necessarily true. The CBH formula expresses log(eXeY) in terms of X and Y and the
bracket of these two. We need the following analytic function ¢ : {|z — 1| < 1} — C defined
by

_logz  zlogz z

= — log z = Z apm(z —1)™,

= - =
1—; z—1 11—z o

9(2)

for some a,, € C. Note that since g(z) can be written as the power series (as shown above)
as long as |z — 1| < 1, g(z) is indeed analytic on {|z — 1] < 1}.

Let V be a k-dimensional C-vector space (if we choose a basis, V = C* and we can take
the usual Euclidean norm on M (C) = L(V, V), the space of linear transformations from V'
to itself. Hence, for any A € L(V, V), with ||A — I]| < 1, we can define

g(A) => am(A-1)"

m>0

This converges absolutely and uniformly on compact subsets to a continuous function of A.

Theorem 8.1 (Campbell-Baker-Hausdorff formula (integral form)). Let XY € gl(n,C),
with || X||, |Y| sufficiently small. Then

1
log(e®e¥) = X —l—/o g(e*x et )Y dt. (1)

Before discussing the proof of this theorem, we will discuss some corollaries of CBH.
Corollary 8.2. Let G be a matriz Lie group and g its Lie algebra. Then, for X,Y € g with
their norm sufficiently small, we have log(eXe¥) € g and A(log(eXe¥)) = log(eMX)er¥)),

Remark 8.1. The above corollary will be used to construct a homomorphism ® of Lie groups
from a homomorphism of Lie algebras and to relate Lie subgroups to Lie subalgebras.

Proof of Corollary. If X,Y € g, then adx and ady leave g invariant. So the RHS of CBH is
indeed in g. Hence the LHS of CBH is in g as well. If A is a Lie algebra homomorphism, then
ALY, X] = [AX,AY], so AM(ady X) = adyy) A(X). So by induction, we have A((ady)"X) =
(adxyy)™A(X), hence

e (X)) = Z %)\((ady)m){) (".© A continuous)

m>0
tm
= 3 ladye)"ARX) = e *H0IA(X).
m>0

We can repeat this computation to get A(e2dxe!2dy) = earxeladao) . We let X and Y small
enough so that we can apply CBH, and also to A(X), A(Y):

Mlog(e®e¥)) = A\(X) + /O Z amA((eXe!*y — [Y™(Y)) dt (- CBH and X linear)

m>0

=MX)+ D) (e et hor — MA(Y)) dt

0 m>0
— log(AAM),
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with the last equality following from the CBH for A(X) and A(Y'). So log(eXe¥) € g and
Mlog(eXeY)) = log(eMX)eAYM)), O

Remark 8.2 (Idea of proof of CBH). we ail show that two different expressions (one being
Z(X) = eXet) satisfy the same ordinary differential equation (ODE) with the same initial
conditions. By existence and uniqueness, we will get the equality. More in detail:

First step: we need to understand the linearization, or “differential”, of the exponential
map exp : gl(n,C) — GL(n,C) at points other than 0 € g. We saw that

o exp(tX) = X.

t=0

Recall that if F': R¥ — R* is smooth (or just differentiable), then the directional derivative
of F'at X in the direction of Y (DF)y : R¥ — R* is the linear map defined as

(DF)x(v) = L

F(X +tY).
pn (X +1Y)

t=0

Since

(Desplo(¥) = &

it follows that (D exp)o(Y) = I, regardless of the dimension of the given space. So we want

exp(0+tY) =Y,
t=0

4 exp(X +tY) for X # 0.
dt{,_g

If X and Y commute, then exp(X +tY) = e¥e’™. Then £ 1o ©XP(X +tY) = e*Y. Hence

(Dexp)x = e if [X,Y] = 0. Next time, we will show that

d xeey  x [I—e*x
el — - 1Y
at| € ¢ adx

t=0
We will try to make sense of this.

9. JANUARY 28
We start by recalling the CBH:

Theorem 9.1 (Campbell-Baker-Hausdorff formula). For all XY € gl(n,C) sufficiently
close to 0, we have

1
log(eXe¥) = X +/ g(e*x e gt
0
where g(z) = ZZIOTglz =Y ap(z—1)™.
We need some preliminary results before the full proof of CBH:
Theorem 9.2. For any X,Y € gl(n,C) we have

d X+ty X I — e dx
at| ¢ v R 2)

t=0
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Lemma 9.3. For all X € gl(n,C),

1 —e2dx 1’“( ( adx)>k
—— = lim — exp| —— .
adx m—00 1M m

Proof. Observe that exp(=24X)* = exp(—£ ady); hence (and also by absolute convergence

(the reason = is justified)),

m—1 0 m—1 l
1 k 1 1 1 k
o D oD (—de) =2 2 (—mdx

k=0

l

Note, in fact, that % Z:ol (%)l is a Riemann sum for z + z' on [0,1] — i is a lower

approximation to fol a! = 5. Therefore
[%S) m—1 l
1 kY| (1) !
> L5 (£ G vaer
1=0 k=0

so the series converges absolutely. The terms (in /) are bounded in norm, since

1\ 1 ;1 l
- ) Z < Z
<z+1) Hlladx]l! < pladxl

hence
Z N l” adx||' < ellrdxll < .
—\l+1) 1! -

Therefore we can apply the dominated convergence theorem to interchange limits m,l —
00. U

Proof of Theorem[9.9. Consider the complex function

1_6—2_1—(1—z+§—§+--->_i(—1)mzm
N B (m+ 1)1’

z z
m=0

and this power series has infinite radius of convergence. Therefore it is an entire function,
hence we can substitute into this function for any A € L(V, V') where V' is a finite-dimensional
vector space. We want V' = gl(n,C) and A = adx.

More generally, if X () € gl(n,C) is smooth in ¢, then

—adx (¢
4 x) _ xe (LZ M0 dX (3)
dt adX(t) dt

To see why ((3]) and are equivalent, note that follows from (3)) by letting X (¢) = X +tY
with ¢t = 0; for the other direction, you can use the chain rule.
Write F(X,Y) = %‘t:ﬂ eX T = (Dexp)xY. So F(X,Y) is linear in Y. Since exp :
gl(n,C) — gl(n,C) is a C'-map (you will prove this in Assignment #3), we know that
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F(X,Y) is continuous in X and continuous in Y (and also linear in Y). We have

X Y\
XY _ {eXp (_ +t_)]
m o m

(el G
) rED) ()]

Take %‘ o ON both sides:

m—1 m—k—1
X d
F(X,Y)= = —
(X,Y) 0 {eXp (m)} [dt exp

) (B )

m—1
= exp (m—_lX) 1 Ad (exp (—ﬁx)) F (E, Y)
m m £ m m
m—1
= exp (m—_lX) B exp (ad (£X>) F (E,Y>
m m £ m m
So we have
m—1 k
m— 1 1 adx X
g _— J— [ — - >
F(X,Y) exp< — X>m2{exp( - >] F(m,Y) (for all m > 0)

(#%) g (%)

Note that (¥) — X and e is continuous; by Lemma (**) — I=¢ X Note that ()

adx
is F'(0,Y) since F' is continuous in Y, and F(0,tY) = =Y. The claim follows. [

dttO

Proof of CBH. Let Z(t) := log(e®e®). If XY both sufficiently close to 0, then Z(t) is
defined for all ¢ € [0, 1]. In fact, Z(t) is smooth in t. We want to compute Z(1) = log(eXe¥).
Our strategy is to take advantage of the fundamental theorem of calculus, i.e.,

/‘——ﬁ ()

Therefore, the proof of CBH reduces to proving that Cfi—f = g(eMxetadv)y,
By Theorem [9.2] we have

20z _ (170 dZ
dt adz dt’

provided that X and Y are small. Z(¢) is small, so % is invertible. Recall that

I — adz(t) Z adZ(t)
adZ(t B (I+1)!

Y



_o—2dz (1) . .
I—e " can be written as a sum of I and “small” matrices. Thus

_ o—adgp\ L
% _ I e Z(t) v
dt adz(t)

Ad : G — GL(g) is a homomorphism, so

erdxetady — oadz) — Ad ) = Ad,x o Adv

SO
adz(t)

take log on both sides to get adz ) = log(e*¥e'dv). So

dZ B I _ <€adxetady)—1
dt log(eadx etady)

where g(z) = (11; ;;1 . The formula now follows upon letting ¢t = 1 and replace the Z—f in

(4) with the RHS of (5). O
Recall from last time, that we proved a corollary of CBH:

1
) Y = gt )y, (5)

Corollary 9.4. Let G be a matriz Lie group with Lie algebra g. If X : g — gl(n,C) is
a Lie algebra homomorphism, then for X|Y sufficiently small we have log(eXe¥) € g and

Mlog(eXeY)) = log(eMX)erY)),

So what does this corollary mean? The corollary says that near 0, the exponential map
exp:U € g — exp(U) =V € G is a homomorphism. Near I € GG, we can write elements
of G as eX for some unique X € g. The corollary says that if we define ® : G — GL(n, C)
by ®(eX) = e**) (defined on a neighbourhood V' of I) then & is a “local” homomorphism.
Write A(log(eXe¥)) = log(er®er¥)) = log(®(eX)®(e¥)). Take the exponential map on
both sides:

6)\(log(exey)) _ (I)(elog(exey)) _ (D(GXGY)

Mlog(eXe¥)) <I>(eX)<I>(eY).
So @ is a homomorphism whenever it is well-defined. That is, if AB € V for every A, B € V,
then we have ®(AB) = ®(A)P(B).
Theorem 9.5 (Campbell-Baker-Hausdorff formula (series form, up to the third order)).
log(e¥e¥) = X +Y 4 L[X, Y]+ X, [X, V] = [V, [X, V] + (),
with (11) being the higher order terms (i.e., bracket of X, Y of brackets of brackets (...)).

Proof. Let g(z) := 282 Write

(L+ (= D)z = 1) = B 4 B -]
z—1

=<L+@_¢»(1_Z;1+WZ;”2—~)

9(z) =

B 1 1 ) B = (1)
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So

2

d t?
eddxgtady _ 1 (I—i-adx—i-%—f—"') <[+tady+_<ady)2_|_...> — 7

2
adx)? 2
( 2X) - §(ady)2 + tadx ady +(7),
where (1) denotes the higher-order terms in ady,ady. Note that there is no zeroth order
term, so (e*dxetady — [)™ only has terms of degree > m in ady,ady. So up to degree 2 in

ady,ady, we have

= adx —H}ady+

m 1
g< adxetady — I+ Z i adxetady . [>m

1

dx)? ¢
:I+—(adx+tady+(aX) —

2 +2

m

(ady)? +tadx ady + - - >

(DO

1

((adx)® + t*(ady)? + tadx ady +tady adx + ) + - -

J/

(]| —

TV
m=2

Now apply to Y, with using the fact that ady(Y) =[Y,Y] = 0. So
1
g(eadxetady)y =Y + §[X7 Y]
Thus

n ;l[X’ X, Y]] - é[X, X, Y]]+ %[Y, (X Y]+

log(eXe’) = X +Y + ;[X Y]+ 112 (X, [X,Y]] - %[Y, X, Y]] + (1),

with (11) being the higher order terms (i.e., bracket of X, Y of brackets of brackets (...)). O

Remark 9.1. If [X,Y] = 0, then we already know that log(e*Xe¥) = X + Y. Hence, the
non-triviality of the Lie bracket is the infinitesimal measure of the non-commutativity of the
Lie group. That is, if G is abelian then eXe¥ = e¥eX for all X|Y € g (Hint: replace X with
tX and Y with sY: take the derivative % at (s,t) = (0,0) and see what happens.) and
[X,Y] =0 for all X,Y € g (clear!).

Conversely, if [X,Y] =0 for all X,Y then G is abelian near I.

Remark 9.2. The bracket is “infinitesimal” measure of (non-)commutativity. One can show
that the Jacobi identity is a consequence of the fact that the Lie group G is associative.
One can define a “weaker” notion of “Lie groups”, i.e., a group with associativity dropped
(but still want multiplication and inversion to be continuous). For such objects, some of this
theory holds, but for instance the Jacobi identity fails.
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10. FEBRUARY 2

Theorem 10.1. Let G, H be matriz Lie groups with lie algebras g,b respectively. Let X\ :
g — b be a Lie algebra homomorphism. If G is simply connected, then there exists a unique
Lie group homomorphism ® : G — H such that ®, = X\, i.e.,

G-

exp [ /y exp

QT>h

commutes.
Before proving this, we will first prove a corollary
Corollary 10.2. Suppose G and H are both simply connected. If g = bt then G = H also.

Proof. Tthere exists A : g = hso A™' : h = g is also an isomorphism. By Theorem , there
exist Lie group homomorphisms ® : G — H and ¥ : H — G such that &, = \, ¥, = \7L.
Hence (¥ o @), = ¥, 0 ®, = \'\ = id,;. So by Assignment #3, we have ¥ o & = id and
do V¥ =id. O

Proof of Theorem |10.1. The proof will be broken into multiple steps:
Step 1: We have shown that there exists U open neighbourhood of 0 € g and V' open
neighbourhood of I € G such that exp : U — V = exp(U) is a homeomorphism. Without

loss of generality, take V' small enough so that if A, B € V then log A, log B are small enough
to apply the CBH. On V, define ® by ® : V — H where ®(A) = o8 4),

V-_*.qm

exp H/ log T exp

Step 2: Since G is simply connected, it is connected. Let A € G be arbitrary. Then there
must exist a continuous path « : [0,1] — G with «(0) = I and «(1) = A. Just as we did
last week, there must exist a partition 0 =ty < t; < --- < t,,, = 1 such that for all s and ¢
satisfying t; < s <t < t;;1 we have a(t)a(s)™t € V.

Write
A=a(l)= \(a(tm)a(tm_l)_lzga(tm_l)a(tm_g)_l)l- : -\(oz(tg)a(tl)_l)loz(tl).
ev ev ev

We want ¢ to be a homomorphism so define
®(A) = (atm)a(tm-1) ) O(a(tm)a(tn-2)"") - (alt2)a(t) ) P(alt)),
using ¢ defined on V' by Step 1.
Step 3: We need to show that the definition of ®(A) from Step 2 is independent of the
partition.
We will show that ®(A) is unchanged if we refine our partition. Let s € (¢;,%,41) be an
extra partition point. Then

a(tipr)a(t) ™ = (a(tin)a(s) ™) (as)a(t;) ).
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So by a corollary of CBH (did it last time) on V', ® as defined in Step 1 is a local homomor-
phism. Hence

D(a(tipr)alt) ™) = B(altirr)a(s) ) @(als)alt;) ).

So the definition of ®(A) from step 2 is unchanged if we refine the partition. Therefore the
definition of ®(A) is independent of the choice of admissible partition (by considering their
common refinement). Thus ®(A) depends only on the path of o chosen. In the next step,
we will show that in fact ®(A) is independent of the path chosen.

Step 4: We now show that the definition of ®(A) is independent of path (uses simple
connectedness of G).

We said that G is simply connected if and only if every closed loop is continuously de-
formable to a constant loop. This notion is equivalent to the following notion (courtesy of
algebraic topology): any two paths «, & joining the same two endpoints are homotopic as
paths with fixed end points. This means that if o, @ : [0,1] — G such that «(0) = a(0) and
a(1) = a(1) then there exists a continuous map £ : [0, 1] x [0, 1] — G such that

e 3(0,t) = a(t) for all ¢

e 3(1,t) = a(t) for all ¢

e ((s,0) = a(0) = a(0) for all s

e 3(s,1) =a(l) =a(l) forall s.
Let o, @ be two paths from I to A. Need to show that the definitions of ®(A) using each of
these paths agrees. Let 8 be the one defined as above. Since 3 is continuous and [0, 1] x [0, 1]
is compact, there exists N > 0 such that if (s, ), (s',t') € [0,1] x [0,1] with |s — s'| < 2N!
and |t —t'| < 2N ! then B(s,t)3(s',¢)~ € V. We will deform « to & a little bit of time and
show value of ®(A) is unchanged with each step.

Define ax; : [0,1] — G a continuous path from I to A for £ = 0,1,...,N — 1 and
[1=0,1,2,...,N — 1 as follows:

B (1) te[0F]
wil) = B(E ) telin
(%) [%:1]
As for [Z’Tl, %], we interpolate between them with the straight line.
t
A BCs1)=
U]
L)
N
So more or less we deform the following way: a = agp — g1 — 2 — -+ = aon —
ajo — - — an_1,n — ayo = a. Notice that oy and oy 4 are identical except in the
interval [, L],
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ALFA
j"/
z\v

We have shown that the definition of ®(A) using a given bath is independent of admissible
partition. For both ay; and oy 41, choose the partition points to be 0, Nt oN—t . (1 —
DN (I+1)N! ... 1 (note that we omitted {/N). So distance between any two con-
secutive partition points is 2N 1. So this is a valid partition since 3(s,t)3(s/,¢)"! € V if
s=¢|t—t| <2N~'. Note also that the values of ®(A) obtained using paths ay, @41
using this partition for each path are identical because oy (to) = ag41(to) for any of these
partition points to. So the definition of ®(A) using ay; or ay 41 is the same. As for the case
of a Ny — ut1,0, it’s the same idea: note ay y(1) = agt10(1) = A.

A
N

.0

Hence, we can define ®(A) independent of path.
Step 5: We still need to show ® is a homomorphism and that the diagram commutes. Let «

be a path from [ to A and § a path from I to B. We want to show that ®(AB) < O(A)D(B).
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For this, define

(t) = B(2t) 0<t<3
W a@t-1)B l<t<1.
Note that y(1/2) = 5(1) = B and v(1/2) = a(0)B = IB = B, so + is indeed a path from [
to AB.
Let 0 =ty < t1 < ty < -+ < t,, = 1 be an admissible partition for a. Also, let
0=s9< s8] <---<8, =1 be an admissible partition for 3. Then
to So S1 S92 SN 1 1 tl 1 tz 1 tm
S _ 0 2t 22 2N _ -y 22
0 2 2<2<2< <2 2<2+2<2+2< <2+2

is an admissible partition for . Notice that

(5+3)7(5+%) = GwB)eE8)"
= a(t;) BB 'a(ti—1) "t = a(t)a(tie) Tt €V,

and similarly we have v(3)v(%5%) ™" = B(s;)B8(si—1)~". So since

A= a(ty)a(tm1) altp_1)a(tms) " - a(ts)a(ty) ta(t;)
B = B(s0)B(sn-1)"" B(sn-1)B(sn-2)"" -+ B(s2)B(s1) " Bs1),
we have

AB = Y(Tpim)Y (Pngm—1) "+ - -y (r2)y (1)~ ().

So ®(AB) = ®(A)P(B), as desired.
Step 6: Finally, near I, we have ® = exp o\ o log, so

cI)(etX> _ 6t/\(X)

for ¢ sufficiently small. Hence



This proves that A = ®,. So the diagram

V- H
exp “ log Texp
U — b
does commute, which is what we wanted. 0

11. FEBRUARY 4

Let G € GL(n,C) be matrix Lie group. Let H < G be a matrix Lie subgroup (i.e., it is
closed in G). Then the Lie algebra of H, h :={X € gl(n,C) : "X € H < G for all t € R} <
g. One can verify that b is closed under bracket, so b is a Lie algebra of g.

What about converse? If G is a matrix Lie group with Lie(G) = g and b a subalgebra of
g, does there exist a matrix Lie subgroup H of G such that Lie(H) = h? Answer is that,
in general, no because the notion of matrix Lie subgroup is too restrictive. Consider the
following example.

Ezample 11.1. Let G = GL(2,C) and g = gl(2,C). Define

(8 8o

for some fixed irrational a. Then b is clearly a Lie subalgebra. So does there exist a matrix
Lie group H C GL(2,C) such that Lie(H) = h? If so, then H contains

([t 0 YTt o
p 0 ita T 0 et

it
H’::{{eo ega] :tER}CH.

We want H to be closed, so it must contain the closure of H'. But the Lie algebra of H’ is
two-dimensional while b is one-dimensional. Contradiction! Note that H' is isomorphic (as a
group) to a matrix Lie group, but it is not isomorphic as a matriz Lie subgroup of GL(2,C).

for all t € R. Therefore

While the answer to our previous question is no in general, one can nonetheless prove a
weaker converse, as we shall see later.

Definition 11.2. Let H be any subgroup of GL(n, C), which is not necessarily closed. Then
its Lie algebra b is defined to be

Lie(H) = h = {X € gl(n,C) : X € H for all t € R}.
Definition 11.3. Let G be a matrix Lie group with Lie algebra g. A subgroup H of G
(again, not necessarily closed) is called an analytic subgroup (or a connected Lie subgroup)
if:
e h:= Lie(H) is a vector subspace of g.

e Every A € H can be written in the form A = [] e for some m and X,...,X,, € b.
i=1
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Proposition 11.4. Let H be an analytic subgroup of G. Then H is path-connected.

Proof. Let A € H. Then there exist X;,...,X,, € h such that A = eX1eX2...eXm  Let
aft) = Ae7t¥m = eXieX2 ... e(0=DXm  which is a continuous path such that a(0) = A and
a(l) = eX1 ... eXm=1 (and then iterate). O

Proposition 11.5. Let H be an analytic subgroup of G. Then b = Lie(H) is a subalgebra

of g.

Proof. We need to show that [X,Y] € hif XY € h. Let A € H and Y € h. Then

eAYAT — AetY AL g0 oY AT € H since efY € H, for all t. Therefore AY A~! € . And if

X,Y € b, then e XYe X € h. Take and use the fact that b is a subspace of g. The

proof is complete upon noticing that
d
dt|,_,

il
dt 1t=0’

eYe ™ = [X)Y] €b. O

Theorem 11.6 (Main theorem for today’s lecture). Let G be a matriz Lie group and let
g := Lie(G). If b is a subalgebra of g, then there exists a unique analytic subgroup H of G
with Lie(H) = b. In fact, H = {eX1eX2...eXm : X, € h}.

Before we prove the theorem, notice that without loss of generality, we can take G =
GL(n, C) because an analytic subgroup of GL(n,C) such that Lie(H) = C g is an analytic
subgroup of G. We need two technical lemmas for the proof of Theorem [11.6]

Definition 11.7. Let B be a basis of . An element R € b is called rational with respect
to B if its coordinates with respect to this basis are rational.

Lemma 11.8. For all 0 > 0 and for all A € H, there exist rational elements Ry, ..., R, € b
such that A = efreft2 ... efimeX with X € h and || X|| < 4.

Proof. Let ¢ > 0 be sufficiently small so that CBH (for GL(n,C)) holds for all X,Y such
that || X, [|[Y]| < e:

1
log(e®e¥) =C(X,Y) =X +/ g(e*x et 2 Y)Y dt.
0

C(X,Y) is continuous at X and Y. Since C(X,Y) is continuous, choose ¢’ > 0 (without
loss of generality assume & < ¢) such that ||X|[,[|Y] < e. Then ||C(X,Y)] < e. Since
X = (e )*, any element of H can be written in the form A = eX1eX2 ... ¢Xm with || X;]| < &’
for all 7. Since b is a subalgebra of gl(n,C) (assumption), by CBH we have C'(X1, X3) € b.

Choose a rational element R; € b close to C'(X7, Xs) such that |R|| < e (possible since
|1 X4l [| X2l <&’ = C(X1, Xs) <e). Then

Ry _—Ry C(X1,X2) Ry C(—R,C(X1,X2))

eX1eX2 = C(X1,X2) — oRip e =ele .

Write X, = C(—R;1,C(Xy, X5)). Notice that C(=X,X) = 0 for all X by choosing R;
sufficiently close to C' (X, X5). Thus we can ensure that || X|| < &’. So A = eX1eX2...eXm =
R1€E€X3 .

e -eXm | with H)TQH, |1 X;]| < ¢ for all j = 3,...,m. Iterate this process to get

Xm . . ~
A =efiehe. . eBma1e™™ with Ry, ..., R,,_ rational elements and ||.X,,|| < €. O
42



Recall that gl(n,C) = h @ ht. We proved earlier that there exist a neighbourhood U of 0
in b, a neighbourhood W of 0 in h*, and neighbourhood V of I in GL(n, C) such that every
A €V can be written uniquely as A = e¥eX for some Y € W C h+ and X € U C h where
X and Y depend continuously on A.

Lemma 11.9. The set of {Y € W : e¥ € H} is at most countable.

Proof. Fix 6 > 0 such that for all X,Y € b with || X]||, ||V < J, C(X,Y) is defined and
contained in U (possible since C'(0,0) = 0 and C' is continuous in X and Y'). We claim that
for each finite set {Ry,..., R,,} of rational element in b,, there is at most one X € h with
| X|| < & such that effre ... eftmeX € exp(W).

Proof of the above claim. Suppose that there are more than one. If ef1ef2... eftmeXs = N1

and eftref2 ... eftmeX2 = Y2 with X; € b, || X;|| < 6 and V; € W € b, then e*2e *2 =
eVle™ 1. Hence €2 = eVle X1eX2 = V10" X1X2) with C(—X;,X,) € U C h. But each
element of U has a unique representative e¥ e® with Y € W, X € U. Hence, by uniqueness
Yy =Y, and C(—X1, X3) = 0, and X' = X2, So X; = X, since exp is injective in U. O

By Lemma for every A € H, there exist rational Ry,...,R,, € b such that A =
efi .. efmeX with X € b and || X|| < §. But there exist countably many rational elements
in b, so countably many et ... efm each of which (by the claim above) products at most
one element e¥ = efit ... effmeX for some Y € W. The lemma follows. O

Proof of Theorem [I1.6. Recall that we defined H = {eX1eX2...eXm : X; € h}. This is
clearly a subgroup of GL(n, C). We want to show that H is an analytic subgroup of GL(n, C)
and Lie(H) = b, since uniqueness is clear from the properties of analytic subgroups. In order
for H to be an analytic subgroup, we need to prove two things: (a) Lie(H) is a subgroup
of gl(n,C); and (b) every element is of the form e*te*2...eXm with X; € Lie(H). If we
show that Lie(H) = b then we are done, since h is a subalgebra (hence a subspace) of
gl(n,C) by construction. Let H = Lie(H). Need to show that H =bh. If X € b, then
e!* € H for all t € R by the definition of H, since b is a subspace. So X € h = Lie(H).
Hence h C h. Let z € h = Lie(H), for all sufficiently small t. Write ¢'? = ¢¥®eX®) with
Y(t) € W C bt and X(¢t) € U C b, with X(¢) and Y (¢) continuous in t. But e/, eX® € H.
Hence e'® = ¢tZe=X(") ¢ H for all sufficiently small ¢. But by Lemma [11.9] we must have
Y (t) is constant. If not, it takes on uncountably many values (just apply the intermediate
value theorem to one of its components). Hence Y (¢) must be constant. But Y (0) = 0 so
et? = eX® for all sufficiently small ¢. Hence tZ = X(t) € b for all sufficiently small ¢. Thus

z € b so E C b, as required. O

Remark 11.1 (Quick summary of what we did today). There exists a one-to-one correspon-
dence between analytic subgroups of GL(n,C) and subalgebras of gl(n,C). The one-to-
one correspondence map is given by H — § = Lie(H) where H is an analytic subgroup
of G. Conversely, if b is a subalgebra of gl(n,C) then this subalgebra corresponds to
H = {eXteX2...e%n . X; € b} (an analytic subgroup of GL(n, C)).
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12. FEBRUARY 9: REPRESENTATION THEORY OF LIE GROUPS AND LIE ALGEBRAS

Definition 12.1. Let G be a matrix Lie group. A finite-dimensional complex representation
of G is a matrix Lie group homomorphism

II: G — GL(V),

for some finite-dimensional complex vector space V, i.e., V = C" and GL(V) = GL(n,C)
for some n = dim(V') > 1.

A finite-dimensional real representation of G is a matrix Lie group homomorphism II :
G — GL(V) where V is a finite-dimensional real vector space V' such that dim V' > 1.

Remark 12.1. If g € G, then II(g) € GL(V). We shall abuse notation and write g - v :=
II(g)(v) for all v € V when the representation II of G is understood. We say that G acts on

V' by the representation II. W sometime also say that V' is a representation of G. Note that
since II(gh) = II(g)II(h), we have g - (h-v) = (gh) - v.

Definition 12.2. Let g be a real or complex abstract Lie algebra. A finite-dimensional
complex representation of g is a Lie algebra homomorphism

m:g—gl(V)

for some finite-dimensional complex vector space dim(V') > 1. Recall that gl(V) is a Lie
algebra whose Lie bracket is the usual commutator.

If g is a real algebra then a real representation of g is a Lie algebra homomorphism
m: g — gl(V) where V is a finite-dimensional real vector space.

Remark 12.2. Throughout this course, every representation we consider is finite-dimensional
unless stated otherwise.

Definition 12.3. A representation (real or complex) of a Lie group or a Lie algebra is called
faithful if the homomorphism is injective.

Definition 12.4. Let II be a real or complex representation of GG, acting on V. Then
subspace W of V is called G-invariant (or invariant under G) if II(g)w € W for all w € W,
ie., (g)W C W.

If W # {0},V then the subspace W is called non-trivial. A representation is called
irreducible if it has no non-trivial invariant subspace.

The same type of definitions are applicable for representations of Lie algebras.

Remark 12.3. Any one-dimensional representation is necessarily irreducible.

Definition 12.5. Let Il : G — GL(V) and ¥ : G — GL(W) be two representations of a
matrix Lie group G (both real or both complex). A linear map 7" : V' — W is said to be a
morphism of representations, or an intertwining map if (T o Il(g))(v) = (X(g) o T')(v) for all
g € G and v € V. That is, the following diagram commutes:

v I(g) v

‘Ut
W ——W
2(9)
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An intertwining map that is an isomorphism of vector spaces is called an isomorphism
of representations or an equivalence of representations. We consider the isomorphic G-
representations to be “the same”.

The same definition is applicable for Lie algebra representations. (i.e., (T o m(X))(v) =
(0(X)oT)(v) forall X €e gand v e V.

Question. Given G (or g), what are all the irreducible representations up to equivalence,
real or complex? We will answer this question in the next few lectures.

Proposition 12.6. Let II be a representation of G acting on V. Then there exists a unique
representation of g = Lie(G) acting on the same vector space V' such that:

o II(eX) = emX) = (X for all X € g

o T(X)= %‘tZOH(etX)

o m(gXg!) =(g)m(X)(Il(g))" for allg € G, X € g.

Proof. This is immediate from our earlier results, namely = = II, : g — gl(V), where
g = Lie(G) and gl(V') = Lie(GL(V)). O

Proposition 12.7. Let G be a connected matriz Lie group with the Lie algebra g.

(1) Let 11 be a representation of G and let m = (I1), be the associated representation of
g. Then 11 s irreducible iof and only if 7 is irreducible.

(2) Let 114,115 be two representations of G with associated Lie algebra representations
1y, Mo, respectively. Then 11y = 1y if and only if m = 7.

Proof. ((1), =) Suppose that II is irreducible. Let W be a subspace of V' invariant under
7(X) for all X € g. Since G is connected, any g € G is of the form G = eX1eX2 ... X for
some X1,...,X,, € g. If W is invariant under 7(X;), then W is invariant under e™*?) =
[I(eX?) (to see why this follows, recall that W < V is topologically closed). Hence II(g) =
[(eX1) .- - TI(eX™) leaves W invariant for all g € G. Since II is irreducible, W = {0} or V.
This proves that 7 is irreducible.

((1), <=) Conversely, suppose 7 is an irreducible representation of g acting on V. Let W
be a subspace of V' invariant under II(g) for all g € G. Hence II(e*)W C W for all t € R
and X € g. Take

d
—| (W W
dt{,_,
for all X € g. So W is invariant under all 7(X). hence W = {0} or V. So 7 is irreducible.
((2), ) You will prove this in Assignment #4. O

Proposition 12.8. Let g be a real Lie algebra and let gc be its complexification. FEvery
complex representation m of g has a unique extension to a complex representation of gc,
also denoted m, given by

(X +iY) =7(X) +in(Y)
for all XY € g. Moreover, m is irreducible as a representation of g if and only if 7w is
irreducible as a representation of gc.

Remark 12.4. This proposition does not make sense if the word “complex”

“real”.

is replaced with
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Proof. 1f such an extension is to exist, we must have, by complex linearity, that 7(X +iY") =
7(X) +im(Y) for all X,Y € g.

Define it by the above, then we need to show that it is a complex Lie algebra homo-
morphism. One can show that (computational steps omitted) 7([X; + Y7, Xy + 1Y3]) =
(X1 + Y1), m( Xy + 1Y5)].

What is more interesting is the second part of the proposition.

(=) Let m: g — gl(V) be a complex representation of g. Suppose that 7 is irreducible as
a representation of g. Let W C V' be an irreducible subspace for gc, i.e., 7(X + Y)W C W
for all XY € g. If Y = 0, then we have 7(X)W C W for all X € g. So W is invariant
subspace for g, hence W = {0} or V. Thus 7 is also irreducible as a representation of gc.

(<) Conversely, suppose that W C V' is an invariant subspace for g. Then 7(X)WW C W
for all X € g, and W is a complex subspace, hence in(Y)W C W for all Y € g. Thus
(X + Y)W C W for all X,Y € g. Thus W is an invariant subspace for gc. But since
W = {0} or V, it follows that 7 is irreducible as a representation of g. O

Ezample 12.9 (The standard representation). By definition, G C GL(n,C) for some n. The
inclusion map ¢ : G — GL(n,C) is a complex finite-dimensional representation of G.

If G C GL(n,R) for some n, then the inclusion map ¢ : G < GL(n,R) is a real finite-
dimensional representation of G.

Similarly, if g is a Lie algebra of matrices (such as the Lie algebra of a matrix Lie group)
(i.e., g is a subalgebra of gl(n,C) or gl(n,R)), then the inclusion map is a finite-dimensional
(complex or real) representation of g.

Remark 12.5. If an abstract Lie group is not a matrix Lie group, then there is no “standard
representation”.

Ezample 12.10 (The trivial representation). Consider II : G — GL(1,C) given by II(g) =1
for all g € G. This is irreducible since this representation is one-dimensional. Another non-
trivial representation is 7 : g — gl(1,C) given by m(X) = 0 for all X € g. This is irreducible,
for the same reason (one-dimensional).

Ezample 12.11 (The Adjoint representation). We have already seen a non-trivial represen-
tation of a matrix Lie group and its Lie algebra, namely the big “Ad”. (Let V = g.) Recall
that Ad : G — GL(g), and Ad, : g — g is defined as Ad,(X) = gXg¢~! is a matrix Lie group
homomorphism. Since Adg, = Ad, o Ady, it follows that Ad is a representation of G on g.

On the other hand, (Ad). = ad : g — gl(g) (again, V = g here) defined as adx (Y') = [X, Y]
is a representation, since ad[xy] = [adx, ady].

Claim. Let G = SO(3) and g = so0(3) = R? (isomorphic as vector spaces). Then the
standard representation of SO(3) on R? and the adjoint representation of SO(3) on so(3) are
equivalent /isomorphic.

Proof. You will prove this in Assignment #4. O

Definition 12.12. We define V,,, to be a complex vector space of homogeneous polynomials
of degree m > 0 in two complex variables. That is,

—1 -1
Vm = {aoz{n + CLQZT/ 29 + -+ am—lzl'z;n + a/m’z;n La; € (C}

Thus the basis of V,, is {zF20"* : k=0,1,...,m}. Thus dimV,, = m + 1.
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13. FEBRUARY 11

We will show that, up to equivalence, the following representations are all the finite-
dimensional complex irreducible representations of SU(2).

13.1. A complex irreducible representation of SU(2) of dim m +1 (m >0)
Remark 13.1. Recall that SU(2) acts on C? in the standard way: for any A € SU(2) and

z = [Zl}GCQ,Wehave

Z9

Anz + Apzo 2
A= e C-.
[ Ag121 + Agazo

Define I1,,, : SU(2) — GL(V,,,) to be

If A, B € SU(w), then
(M (AT (B) f)(2) = (n(B)f)(A™"2) = f(BT'A™'2) = [((AB)™'2).
Hence I1,,(A)IL,,(B) f = I1,,(AB)f for all f € V,,,. So II,, is indeed a representation of
SU(2).

m
If f=ap2 + -+ anzd" = apz]" "5, then
k=0

(IL,(A) f) (21, 22) Z ap((A™ )z + (A_1)1222)m_k((/1_1)2121 + (A_1)2222)k7

k=0

hence I1,,(A) f(z1, 22) € V,, for all A € SU(2). Hence, I1,, induces a representation 7, of
su(2) on the same space V,,

d ¢
Tm(X) = pr . I1,, (")
d —tX
w0 = | e
Let 2(t) = e '*z. Apply the chain rule:
w0 = 5| sem-FLe % ot
of of

= (—X121 — Xi229) (2) + (—Xo9121 — Xo9929)

9o 925 )

Since sl(2, C) = su(2)c, this 7, is a representation of sl(2, C) given by the same formula.
Consider 7(X) for some specific s[(2, C). For instance, consider

10 0 1 0 0
o S oxe[o o) e[V
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Recall that H, X,Y form a basis of s[(2,C). So we have
0 0 0 0
T (H)f = —Zl—f+22 / ( + 2o ) f

0z 029 Y0z 072y
0 0

Wm(X)f = _Z28£ = (_228_21> /
0 0

Tm(Y)f = _21852 = (_216_22) I

Observe that

= —kz}28" " + (m — k)21 2y
= (m — 2k)2F 2",
hence, m,,(H) is diagonalizable as an operator on V,,,. Meanwhile, as for the remaining two:
T (X) (A2 ¥) = —haf i

Tn(Y) (2125 %) = —(m — /f) A S
Claim. V,, is an irreducible C-representation of s((2, C).

Proof. Let W # {0} be an invariant subspace. We need to show that W = V,,,. We claim
that there exists w # 0 € W. That is we need to find w = ag2 + a12]" ‘2o + - + a2y
where at least one of ay, is non-zero. Let ky be the smallest integer with ay, # 0. So we can
write w = ag, 2" 020 4 - a2l

Now consider Wm(X)m_’“Ow = ap, (—1)™*0 (m —ko)!25" # 0. Therefore z5* € W. Note that
T (X )™ 50 (w) € W since W is invariant under m,,. Then 7, (Y)*(20") = (%)2F 20" where

(%) is some non-zero stuff. This means z’fz;" FeWforall0 <k <m meaning W =1V,,. U

13.2. Complex representations of sl(2,C)

We can just use the same basis for s[(2,C). Note that [H, X] = 2X. Similarly we have
[H,Y] = —2Y. Finally, note [X,Y] = H.

Let V be a complex vector space. Let A, B € gl(V). If [4, B] = 2B,[A,C] = =2C,[B,C| =
A then the map 7 : sl(2,C) — gl(V) where n(H) = A,n(X) = B,n(Y) = C is a complex
representation of s((2,C).

Remark 13.2. Consider m(H) € gl(V). We know that there exists at least one eigenvector,
i.e., there exists non-zero u € V and a € C such that 7(H)u = au.

Lemma 13.1. Let 7 : gl(2,C) — gl(V) be a complez, not necessarily irreducible representa-
tion of 51(2,C). Then m(H)n(X)u = (a+2)7(X)u and 7(H)7(Y)u = (a —2)7(Y )u. Hence,
either m(X)u = 0 or 4m(X)u is an eigenvector of w(H) with eigen value o + 2. Similarly,
either 1(Y) = u or n(Y) is an eigenvector of w(H) with eigenvalue o — 2.

Proof. m(H)n(X)u — n(X)n(H)u = [7(H),7(X)]u = n([H,X))u = 7(2X)u = 27(X)u.
Therefore 7(H)m(X)u — an(X)u = 27(X)u. One can prove the other claim in a similar

manner. [l
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Theorem 13.2 (Main theorem). The following are true:

(1) For every integer m > 0, there exists an irreducible complex representation of sI(2,C)
with dimension m + 1.

(2) Any two irreducible complex representations of sl(2,C) with same dimension are
equivalent.

(8) If © is an irreducible complezx representation of sl(2,C) of dimension m + 1, then
™=,

Proof. First, we want to diagonalize m(H), since we don’t know yet that m(H) is always
diagonalizable. By Lemma [13.1] there exists a non-zero u so that m(H)u = au for some
a € C, and 7(X)"u = 0 or 7(X)"u an eigenvector of w(H) with eigenvalue a + 2n for all
n € N.

Recall that eigenvectors with distinct eigenvalues are linearly independent; and since V'
is finite-dimensional, there exists a non-negative integer N such that 7(X)¥u # 0 but
(X)) Ny = 0. Let ug = m(X)Nu # 0. Then 7(X)up = 0 and w(H)(up) = (a+2N)ug = Au,
where m = a + 2N.

Define u; = 7(Y)*uo. By Lemma , either u, = 0 or uy is an eigenvector of w(H) with
eigenvalue A\ — 2k. So there exists m > 0 such that uy = 7(Y)*ug # 0 for all £ < m and
U1 = T(Y)™ yg = 0. We need the following claim to proceed further:

Claim. m(X)ug = 0, and 7(X)ur = (kA — k(k — 1))ug_y for k > 0.

Proof of the claim. We prove by induction on k. If k = 1, then m(X)u; = 7(X)7(Y)up =
m(H)ug = Aug since 7(X)ug = 0.
Now assume that the claim holds for & (the induction hypothesis). Observe that
m(X)ukir = m(X)m(V)up = m(Y)m(X)up + 7(H )y
T(Y)[kX — k(k — D)]ug—1 + (X — 2k)uy,
= (kA= K>+ k+ X — 2k)uy
= ((k+ 1A = (k+ 1)k)uy. O

Um+1 = 0 80 T(X)Up41 = 0. By the claim above we have 7(X)uy11 = (m+ )X — (m +
1)m)u,, =0, or (m + 1)(A — m)u,, = 0. Therefore A\ = m, which is a non-negative integer.

So far, we have that there exist a non-negative integer m such that uy, . .., u,, are non-zero
vectors such that m(H)ug = (m —2k)ug, 7(Y)ug = upyr, 7(Y )y = 0, 71(X)up = (km—k(k—
1))ug_1, and m(X)ug = 0. Call the collection of these facts (x).

Let W = spanc{ug,...,uy}. By construction, W is an invariant subspace for 7. If 7 :
s[(2,C) — gl(V) is an irreducible complex representation of sl(2, C) then V' = span{uo, . . ., U}

Claim. (x) is also sufficient. That is, if ug,...,u, is a basis for an (m + 1)-dimensional
complex vector space V' and if we define 7(H), n(X),n(Y) acting on V' by (x), and extend
by linearly to an action of s[(2,C), then this is a Lie algebra representation.

Proof of the claim. Let k > 0. Then [r(H),n(X)]ur = w(H)m(X)ur — 7(X)m(H)u =
(m—2(k —1))m(X)up — (m — 2k)m(X)uy. Hence 2m(X)uy, = 7(2X)u, = n([H, X])ug. Also
m([H, X))up = 7(2X)up = 0. So n([H, X]) = [n(H),n(X)]. Also, 7([H, X])uy = 7(2X )uy

0. Thus #n([H,X]) = [x(H),n(X)]. Similarlz), (7(H),7(Y)] = n(=2Y) = =n([H,Y]). And



finally (for 0 < k < m),
[7(X), 7 (V)]up = 7(X)7(Y)up, — 7(Y)7(X)up = 71(X)upyy — 7(YV)[km — k(k — 1)]up_
= [m(k + 1) — (k + 1)kJux — [km — k(k — 1)Jup_
= (m — 2k)uy, = m(H )uy.

Same holds for £ = 0,m so [7(X), 7(Y)]ur, = m(H)uy. Therefore [7(X),n(Y)] = n([X,Y])
so 7 is an s[(2, C)-Lie algebra representation. O

Now let 7 : s1(2,C) — gl(V),7 : sl(2,C) — gl(V) be two finite-dimensional irreducible
complex representations of s[(2, C) of same dimension m + 1. We have seen that there exist
a basis {ug, ..., un} of V and a basis {uy, ..., un} of V such that (x) holds. Then the linear

map T : V. — V defined by T'(ux) = uy is an equivalence of representations. So T is a
bijective morphism because, for any z € s[(2,C), the following diagram

vy

commutes, i.e., 7(2)7T (ur) = 7(2)uy = T'(7(2)ux). This proves (2) so the proof is complete.
U

Remark 13.3 (Summary of what we have done). Let m be a finite-dimensional complex
representation of s[(2, C) acting on V', where 7 is not necessarily irreducible. Then:

(1) every eigenvalue of 7(H) is an integer.

(2) If v € V is non-zero such that 7(X)v = 0 and 7(H) = Av, then X is a non-negative
integer m and {v, 7(Y)v,...,7(Y)™v} is an irreducible invariant subspace of V' of
dimension m + 1.

Remark 13.4 (What’s coming up). First, given a finite-dimensional representation of a matrix
Lie group or a Lie algebra, we want to use them to construct new representations. Let
V, W be finite-dimensional vector space over I, where F = R or C. There are three basic
constructions: direct sum V & W, dual space V* := L(V,F), and tensor product V & W.

If T, 3 are representations of G with Il : G — GL(V) and ¥ : G — GL(WW), we want to
define

M&Y:G— GLV e W)
T : G — GL(V?)
M®Y:G— GLV o W),

and the same can be defined for Lie algebra representations. Note that II @& X is never
irreducible since V & {0} and {0} & W are non-trivial invariant subspaces. Now suppose
that IT : G — GL(V) is a finite-dimensional complex representation of G. So the question:
is IT equivalent (isomorphic) to a direct sum of irreducible representation? The answer is,
unfortunately, not always. But this holds only for “nice” groups or Lie algebras. This
prompts us to introduce a new definition.
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Definition 13.3. A representation II is completely reducible if it is isomorphic to a direct
sum of irreducible representations.

Remark 13.5. Not all representations are completely reducible. Also, note that any irre-
ducible representation is completely reducible.

Remark 13.6. Another question: if II, ¥ are irreducible representations, then is Il ® X irre-

ducible also? The answer is again unfortunately no in general. If G has the property that
N

all finite-dimensional representations are completely reducible, then II ® ¥ = @ Py where
k=0
each Py is an irreducible representation.

14. FEBRUARY 23: CONSTRUCTING NEW REPRESENTATIONS FROM EXISTING ONES

14.1. First way: direct sum

Definition 14.1. Let G be a matrix Lie group. Let Ily,...,II,, be representations of G
acting on Vi, Vs, ..., V,, respectively, all over some field. Then the direct sum II; & --- ® 11,
of G actingon Vi @ Vo @ --- @V}, is given by (for any g € G)

(L@@ & IL)(9) (0 @ v2 @ -+ D vy) = (Mi(g)vr) B -+ B (L (g)vm),
for each v; € V;. We shall abuse notation by writing
g (W ®v2®: - Dvg) = (gu1) @ & (gum),
and
9((hvr) & (hvy)) = (g(hv1)) @ (g(hvs))
((gh)v1) @ ((gh)ve) (.- 11, 115 are representations)
= (gh) - (v1 D va).

Solly®---®1l,:G—-GLWVi@Vod---dV,) is a representation of G.
Similarly, let 7y, ..., m, be representations of g (of a Lie algebra) acting on Vi,...,V,,
respectively. Then

(Mm@ &m)(X) (1 & B o) = (M(X)01) & -+ B (T (X)vm).
Thus 1 @ - By g — gl(Vi @ --- @ V,,) is a Lie algebra representation.

g(h - (v1 @ v2))

Definition 14.2. Let G be a matrix Lie group. We say G has the complete reducibility
property if every finite-dimensional complex representation of G is isomorphic to a direct
sum of irreducible representations. Similarly, we define CRP for a Lie algebra g.

Remark 14.1. Not every G or g has the CRP. We will see later on soon.

14.2. Second way: tensor product of representations
Definition 14.3. Let G be a matrix Lie group, and IIy, [1; representations of G acting on

Vi, Vs respectively. Then the tensor product 11y ® I, of 1I; and Il; is given by
(I @ IT3)(g) (v1 ® v2) := (1 (g)v1) @ (I2(g)v2)
where v; € V; (extend this definition by linearity). Then again, by abuse of notation, we

write g(v1 ® v2) = (gv1) ® (gv2).

Proposition 14.4. II; ® Iy is a representation.
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Proof. First we need to show that it is well-defined. Let A € F. Then

(/\Ul) (24 Vo = U1 X ()\’UQ) = /\<U1 (24 1)2).

Therefore
9((Aw1) @ va) = (g(Av1)) @ (gvo)
= (AMgv1)) ® (gv2)(°." g is linear)
= AM(gv1) @ (gv2)),

and similarly,

9(v1 ® (M) = Al(gvr) © (gv2)),

50 Ag(v1 ® v2) = g(A(v1 ® vy)). Similarly, since (v; + u1) @ v9 = v1 ® vy + u; ® vo. Apply ¢
on both sides to get (gu; + gu1) ® guy = gvy ® gus + guy @ gve. Hence the representation is
well-defined.

It is easy to check that IIy @ I1y : G — GL(V; ® V3) is a homomorphism, so indeed it is a
representation. [

Let 7 : g — gl(V) for k = 1,2 be representations of g. We want to define m; @ my : g —
GL(V; ® V3). Let X € g. Define (again with abuse of notation)

(1 @ m2)(X)(v1 @ v2) := (M1 (X)v1) @ v2 + V1 @ (m2(X)v2)
X (1 ®@v2) = (Xv1) @ vg + 11 ® (Xvy),

and extend by linearity.

Recall that a representation of Lie algebras is a homomorphisms of Lie algebras. So in
particular it is a linear map. Note that if we define (m ®m)(X)(v; ®@ve) = m (X )v1 @ (X )0y
is no longer linear.

If m, = (Ilg)« i.e., induced from Iy : G — GL(Vj), then

Hk(etx)v.

Since e™X) =TI, (eX), we have, for II; ® I, : G — GL(V; ® V3),

(Il @ I1) (X)) (01 @ v2) = %

d

(Hl X Hz)(etx)(vl X Ug)

t=0

7|, (M€ )) @ (Ma(e)ue)

=m(X)v; ® Tvyg + Tv; ® my(X)ve  (by the product rule).

Thus (IT; ® I1p).(X) = 7(X) ® [vy + [v; ® mo(X). One can also check directly that m ® my
as defined earlier is a Lie algebra homomorphism.

Remark 14.2. 1f V|, V5 are irreducible representations of G or g, then Vi ® V5 need not be
wrreducible in general.
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14.3. Third way: dual representation
Definition 14.5. Let T : V — W be a linear map of vector spaces. Then T% : W* — V* is
the dual linear map if for all « € W* and T'a € V*, then (T'«)(v) = a(T'(v)) for all v € V.

Suppose 7 is a basis of W and (8 is a basis of V. Then A = [T], 4 is a dimW x dimV’
matrix. Then if 5* is a dual basis of V* and ~* is a dual basis of W*, tun B = [T"]+ .+ is a
dimV x dim W matrix, and B = A’.

Definition 14.6. Let IT : G — GL(V') be a representation of G. Define the dual represen-
tation I1* : G — GL(V*) by II*(g) = (U(g~ 1)t : V* — V*.

Remark 14.3. We see that IT* is a homomorphism, since, for any g, h € G,
I (g)T" (h) = (T(g™"))" (T(h™1))" = (TI(AHIL(g ™))"
= [I(h'g™"))" = (I((gh) ™))" = II"(gh).

Proposition 14.7. Let 7 : g — gl(V) be a Lie algebra representation. Then the dual
representation ™ : g — gl(V*) is given by

T (X) = = (m(X))".
Proof. Since the Lie bracket is a bracket in gl(V*), the bracket is the usual commutator.
[m"(X), (V)] = 7" X7Y — Y 7n* X
= (=7 X)"(=7Y)" = (=7Y)' (=7 X)" = (7Y) (7 X))" = (7 X)(7Y))’
= [nY,7X]" = (n([Y, X]))" (. 7 is a representation)
= ((=[X,Y]))" = =*([X, Y]). N

Recall that an intertwining map is a linear map 7" : V. — W, where V and W are
representations of a matrix Lie group G or a Lie algebra g satisfying T'(g - v) = g - T'(v) for
all g e G (or T(X -v) = X - T'(v) for all X € g).

14.4. Schur’s lemma
Theorem 14.8 (Schur’s lemma). The following are true:

(1) Let V and W be irreducible representations of a matriz Lie group or a Lie algebra,
and let T': V. — W be an intertwining map. Then either T'=0 or T is an isomor-
phism. Therefore, any morphism between two irreducible representations is either
the zero map or an isomorphism.

(2) Let V' be an irreducible complex representation of a matriz Lie group or Lie algebra.
Then if T :' V. — V is an intertwining map of V' with itself then T' = I for some
AeC.

(8) Let V,W be irreducible complex representation of a matriz Lie group or Lie algebra.
Let Ty, Ty : V. — W be two non-zero intertwining maps. Then Ty = Xy for some
AeC.

Proof. We will only do the Lie group case, since the Lie algebra case only requires modifying
notation.

(Proof of (1)) Suppose that g-T'(v) =T(g-v) forallv e V,g € G. Let v € ker(T'). Then
T(g-v)=g-T(w)=g¢-0=0. Thus g-v € ker(T). Thus ker(T) is an invariant subspace of
V. Let w € im(7T'). So w = T'(v) for some v € V, whence g-w = ¢-T(v) =T (g-v) € im(T).
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It follows that im(7) is an invariant subspace of W. But then since V and W are both
irreducible, ker(7") is either trivial or the entire V; similarly, im(7") is either trivial or the
entire W. Therefore either T' = 0 (if ker(T") = V,im(7") = 0) or T is an isomorphism (if
ker(T') = 0,im(7T") = W).

(Proof of (2)) Let T(g - v) = g - T(v). There exists at least one eigenvector vy # 0 and
eigenvalue A € C for T, i.e., T'(vy) = Avy.

Let E be the eigenspace with eigenvalue A. If v € E, then T(g-v) = g-T'(v) = g- (M) =
A« (g-v), by the linearity of the group action. Hence E) is a non-zero invariant subspace of
V,so By =V. Thus T(z) = Az for all z € V.

(Proof of (3)) By (1), both T}, T, are isomorphisms, Hence T} o Ty * : W — W is an
intertwining map. By (2), we have Ty o T, ' = A for some A\ € C*. O

Corollary 14.9. Let II be an irreducible complex representation of G. Let Z(G) be the
centre of G, i.e., Z(G) ={g € G: gh=hgVh € G}. Then if g € Z(G), we have I1(g) = A\
for some \ € C. That is, every element in Z(G) acts by scalar multiplication.

Similarly, if ™ is an irreducible complex representation of g, let z(g) ={Y € g: [X,Y] =
0VX € g}, or the centre of g. Then if X € z(g), then w(X) = A for some \ € C.

Proof. Let g € Z(G). Then for any h € G, we have [I(g)II(h) = II(gh) = I1(hg) = II(h)II(g).
So I1(g) is an intertwining map of V' to itself. Thus by (2) of Schur’s lemma, indeed II(g) =
M. The Lie algebra case can be proved similarly. 0

Corollary 14.10. Any complez irreducible representation of an abelian group or an abelian
Lie algebra is one-dimensional.

Proof. Since Z(G) = G, by the preceding corollary, for any g € G we have II(g) = ;I for
some A\g € C. Hence, every subspace of V is invariant. But since V' is irreducible, it cannot
have any non-trivial subspace. Therefore dim(V') = 1. O

14.5. Relation between representations of matrixz Lie groups and Lie algebras

We have seen that if F': G — H is a homomorphism, it induces F, : g — b a Lie algebra
homomorphism such that F(e®) = ef*¥ for all X € g. Also, if G is simply connected, then
we have a converse: that is, given A : g — b a Lie algebra homomorphism, there exists a
unique F : G — H such that F, = \.

Any Lie group representation IT : G — GL(V') always induces a Lie algebra representation
II, =7:g— gl(V). Also, we can go back provided G is simply connected. Therefore, we
can conclude the following:

(1) If G is simply connected, then we have a one-to-one correspondence between repre-
sentations of G' and representations of g.

(2) Moreover, this one-to-one correspondence restricts to the irreducible representations.

(3) However, if G is not simply connected, then we may not have such one-to-one cor-
respondence. We can always go from G-representations to g-representations, but we
can’t always “lift” a g-representation to a G-representation.

Ezample 14.11. G = SU(2) is homeomorphic to 53, so G is indeed simply connected. There-
fore we have the bijective correspondence between irreducible complex representations of
SU(2) and of su(2). We also have the bijective correspondence between the irreducible

complex representations of su(2) and those of su(2)c = sl(2,C) (the complexification of
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su(2)). Recall that we found all of the complex irreducible representations of s((2, C) with
dim(V,,) = m + 1 unique up to isomorphism. Recall that su(2) = so(3) which gives an
isomorphism g = h. Thus there exists a one-to-one correspondence between irreducible com-
plex representations of g and those of h. However, recall that SO(3) is not simply connected.
We shall continue the discussion next class.

15. FEBRUARY 25
Recall the following bijective correspondences, which preserve irreducibility:
complex rep’s of G < complex rep’s of g < complex rep’s of gc.

We considered an example where G = SU(2),g = su(2). Recall that gc = sl(2,C). It is
easy to see that if g = h as a Lie algebra, then there is a one-to-one correspondence between
the irreducible representations of g and the irreducible representations of . Thus we have
a bijective correspondence between the complex irreducible representations of su(2) and
the complex irreducible representations of s0(3), since su(2) = so(3). However SO(3) is not
simply connected. So do there exist representations of s0(3) that do not lift to representations
of SO(3)? Answer: Yes. We hope to prove this in today’s lecture. For this, we need more
details about the relation between SU(2) and SO(3).

Recall that su(2) consists of skew-Hermitian 2 x 2 complex matrices, and that it is three-
dimensional as a real vector space, with basis

L4 0 I{ 0 1 110 4
=gl L)omeal o] Bl o)
Recall also that so(3) consists of skew-symmetric 3 x 3 real matrices, and that it is also a
three-dimensional real vector space, with basis

00 0 0 01 0 -1 0
F=|00 1|, B=|0 00|, Bm=|1 0 0
01 0 ~10 0 0 0 0

Note that [E;, Ej| = Ej and [F;, F}| = F}, where (i, j, k) is a cyclic permutation of (1,2, 3).
Therefore the map 7T : su(2) — so(3) defined by E; — F; (and extend by linearity) is a Lie
algebra isomorphism. Thus there is a one-to0one correspondence between the representations
of su(2) and the representations of so(3) given by

misu(2) = gl(V) = moT ' :50(3) — gl(V)
ool «+o.

We have determined, up to isomorphism, all the irreducible representations of su(2). So let
T : 5U(2) — gl(V,) where dimV,,, = m 4+ 1 and m > 0. So by the correspondence, all the
complex irreducible representations of s0(3) are of the form o, := 7, 0T : 50(3) — gl(V,,).
Also, since SU(2) is simply connected, there is a one-to-one correspondence between I1,,, and
Tm = (II,)«. What of SO(3)? For each m > 0, does there exist a finite-dimensional
irreducible complex representation ¥, : SO(3) — GL(V,,) such that (£,,). = 0,7

Lemma 15.1. There exists a matriz Lie group homomorphism P : SU(2) — SO(3) that is
two-to-one such that P is surjective with ker P = {£I} and such that P, : su(2) — so(3) is
the map T that sends E; to F; fori=1,2,3.
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Proof. Recall that su(2) = s0(3) = R? as vector spaces and as Lie algebras. If {e;, ez, €3} is
the standard basis of R3, then the map E; <+ F; <+ e; is an isomorphism.

Since adg, : su(2) — su(2) and su(2) = R3 we have adg, € gl(R*). We also have that
Fie; = e, and Fiep, = —e; where (4,7, k) is the cyclic permutation of (1,2,3). Under this
identification, we have

ad : su(2) — s0(3) < gl(R?),
and adg, = F;. hence T := ad : su(2) — s0(3) is a Lie algebra isomorphism.
Now consider Ad : SU(2) — GL(su(2)) = GL(3,R). by construction, Ad is a matrix Lie
group homomorphism. We only need to show that:
(1) im(Ad) = SO(3) C GL(3,R);
(2) Ad is surjective onto its image; and that
(3) ker(Ad) = {+I}.
Recall that if (_, _) is the standard Hermitian inner product on 2 X 2 complex matrices, then

(A,B) = tr(A*B) = ¥ A;B;;.
1,J

When restricted to su(2), then this inner product is, up to a factor of 2, the Euclidean inner
product of R3. Therefore,

3
<Z CLiEZ', Z bjEj> =2 Z azbz
i i=1
Let g € SU(2). Then ¢g* = g~ '. Let v € R®* = su(2) with Ad, v = gvg~*. Thus it follows
(Adgv, Adgw) = tr((gug™")"gwg™") = tr((g™")"v" g"g wg™)
I
= tr(gv*wg ') = tr(viwg 'g) = tr(viw) = (v, w).
Therefore Ad, € O(3) and Ad; = I € SO(3). Recall that Ad is continuous and SU(2) is
connected, and that det(Ad,) = %1 for all g € SU(2). So det(Ad,) =1 for all g € SU(2).

So indeed im(Ad) C SO(3), which proves (1).
Recall that, for any 6,

00 O 1 0 0
exp| 0 0 =0 | =10 cosf —sind |,
06 0 0 sinf cosf

i.e., the counterclockwise rotation by 6 about e; axis. Since eI = e?28de1 = eadorr = Ad(ef51)
and e/Fr € SU(2), it follows that Ad(e?F1) is the counterclockwise rotation by 6 about the
e; axis. Similarly, we can show that Ad(e?F7) for j = 2,3 are counterclockwise rotations by
 about the e; axis.

Let R € SO(3). Then by the Cartan-Dieudonné theorem, R can be written as a product
of rotations about ey, s, €3 axes. So we have

R=]JAd(") = Ad (H eeEi) :

with the last equality following from the fact that Ad is a homomorphism. So Ad : SU(2) —
SO(3) is surjective, which proves (2).
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For the last part, let g € ker(Ad). Then Ad, = I € SO(3) C GL(R?) = GL(su(2)). Thus
Ad, E; = E; for all i = 1,2,3 SO gEig7! = E;. Hence gE; = E;g fofr all i. So g is of the

form ~
a —=b
b a |’

with |a|?> + |b]?> = 1. Since g € SU(2), it follows that |a|?> = 1 so a = €. Now solve for g:

o« 51, . [a B
] eeals T

which gives

Thus b = —b, or b = 0. Also,

SO
0 €1 [0 e
e—iﬂ 0 - eiG 0 )
hence ¢ = ¢, So e = +1, so g = +1, as required.

Now that we showed all (1), (2), and (3), we can say that P = Ad and P, = Ad, = ad =T,
as we claimed initially. O

Theorem 15.2. Let 0,, = m,, o T~ be the irreducible complex representations of 50(3) on
Vin. Then:

(1) If m is even, then there exists a representation of ¥, of SO(3) on V,, such that

(Xm)s = Om.
(2) If m is odd, then there does not exist such representation.

Proof. We will start by proving (2) first. Suppose that there exists a representation ¥, such
that (X,,)« = 0. Thus we must have

Si(e¥) = e,
for all X € s0(3). Let X = 27F;. Then
1 0 0

e?™1 =1 0 cos(2m) —sin(27) | = 1.
0 sin(27m) cos(2m)
So I = %,,(e*™") = e2mom(F1) S0 we have

T(F3) = (1 0 TN (FY) = o (Br) = S (D),

where



from the representation theory of su(2) and s[(2,C). So there exists a basis ug, u1, ..., Un
of V,,, such that m,(H)ur = (m — 2k)ug. So we have o,,(F1)ur = 2(m — 2k)ug. So in this

2
basis, we have
i

am
(m — 2
O'm(Fl) = 2(
5(=m)
Since m is odd, m — 2k is also odd for all k. Hence
em'm
e27rUm(F1) — : . =1, (T)

—mmi

(&

which is a contradiction. Therefore such ¥,, cannot exist.
Now suppose that m is even. Consider the representation I, of SU(2). Then we have

onE; v 0 o €7ri 0 _
€ —exp{o —m}_[o e‘”]— L.

Hm(_[) — Hm(e27rE1) — e(27r)7'rm(E'1) — e271'0'7,1(F1) -7

Therefore, we have

Y

by . Hence,
o (~0) = T ((~1)U) = T (D (U) = M(U) = T (0),

with the second equality following from the fact that II is a homomorphism. So II,,(U) =
I1,,(=U) for all U € SU(2). By the previous theorem. given R € SO(3), there exists a unique
pair {U, —U|} in SU(2) such that Ady = Ad_y = R. Now define 3, : SO(3) — GL(V},) by
Ym(R) =11,,(U). Note that this is well-defined since m is even. One can verify that %, is a
representation of SO(3) on V,,, and that II,,, = ¥,, o Ad by construction. So it follows that

(L) = T = (B o Ad), = () 0 Adw = 00 T,
from which it follows that o, = 7, o ! as required. L]

Remark 15.1. Hence, if G is not simply connected, then there can be complex representations
of g that do not a rise from representations of G.

Remark 15.2 (On complete reducibility). Recall the following definitions, which we covered
last class. A finite-dimensional representation V' of a group or an algebra is called completely
reducible if it is isomorphic to a direct sum of irreducible representations. A group or
algebra is said to have the compete reducibility property (CRP) if its every finite-dimensional
representation is completely reducible.

Notice that if g is the Lie algebra of a simply connected group G, then g has CRP if
and only if G has CRP. Also, we remark that the direct sum of irreducible representations
is preserved by this one-to-one correspondence. However, it is possible for a group to have
CRP even when it’s not connected. Here is a fact: if G is compact (not necessarily simply

connected), then it has CRP. The idea behind proving this is introducing an invariant inner
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product on V' by “averaging” over GG, but this needs “Haar measure”, which is more or less
a left-invariant volume form.

We will use the fact about compact groups in the following way. Recall that (3,C) =
su(3)c. Note that SU(3) is compact and simply connected. Thus, by the fact we just men-
tioned, SU(3) has CRP. Also, since SU(3) is connected, it follows that su(3) and su(3)c =
s[(3,C) also have CRP. Generalizing this, we see that SU(n) is compact and simply con-
nected, whence it follows that sl(n, C) has CRP.

15.1. Representation theory of SU(3)

From now on, all representations are finite-dimensional and complex. We will re-visit the
bijective correspondences between

irreducible rep’s of SU(3) < irreducible rep’s of su(3) < irreducible rep’s of sl(3, C).

Recall for sl(2,C), we showed that there exists ezactly one (up to isomorphism) irreducible
representation in any positive dimension m > 0, with dim(V,,) = m + 1.

For sl(3,C), we will “parametrize” the irreducible representations. We will see that if
my, my > 0 then we will get an irreducible representation of sl(3,C) Vi, my) = Vimyms ©
m; = my; (¢ = 1,2). This time, we will not get (in general) only one for each positive
dimension.

We first consider sl(2, C). Recall that sl(2, C) consists of traceless 2 x 2 complex matrices.

Recall also that
1 0 0 1 00
i=ly A ]ox=[00] reli0)

serves as a basis, and that [H,X] = 2X,[H,Y] = —2Y,[X,Y]| = H. And we derived
restriction on finite-dimensional representations of s[(2,C) and in particular on irreducible
representations.

As for sl(3, C), note that sl(3,C) is a complex vector space of dimension 8, with the basis

01 0] 000 00 1
Xi=l000}|, Xo=|001/|, Xs=]000
| 00 0 00 0 00 0
[0 0 0] 000 000
Vi=|100]|, Yo=[000], Ys5=]000
| 00 0 010 1 00
1 0 0 00 O
H=|0 -10]|, H=[01 0
[0 0 0 00 —1

(Recall that H; and H, are basis for diagonal traceless matrices.)

16. MARCH 2: REPRESENTATIONS OF sl(3,C)

Idea: given an irreducible representation (V,7) of s[(3,C), we will try to simultaneously
diagonalize w(H;), 7(Hy) (as of now, it is not obvious that this is possible). Recall that
for sl(2,C), we found a basis of V for which 7(H) was diagonal. Note that w(H;),7(H>)
commute, since [7(Hy), w(Hs)|] = w([Hy, H3]) = 0, since H; and Hy commute and 7 preserves

the bracket.
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Definition 16.1. Let 7 : s[(3,C) — gl(V) be a representation. Then an ordered pair
p = (mq,my) € C? is called a weight of 7 if there exists some non-zero vector v € V such
that

m(Hy)v = mqv

(*)

m(Hy)v = mov.

That is, a weight is a pair of simultaneous eigenvalues for 7(H;), 7(Hz). We call v in this
case a weight vector for weight p. If p is a weight for 7, then the space W, C V consisting

of all weight vectors for weight p plus zero vector is a subspace. The multiplicity of u is
dim(W,,).

Proposition 16.2. Fvery representation of sl(3,C) has at least one weight.

Proof. w(H) is an operator on V, so it has at least one eigenvalue m;. So there exists non-
zero v € V., with u(Hy)v = myv. Let E,,, be the eigenspace of 7(H;) with eigenvalue m;.
So B, # {0}. Let v € E,,,. Since [r(H,),7(Hz2)] = 0, we have

w(Hy)m(H)v = w(H)mw(Hy)v = mym(Hay)v.

So m(Hy) maps E, to E,,. Hence 7(H;)|g,, is an operator on E,,, , so 7(H)|g,, has an
eigenvalue my € C and (mq,ms) is a weight for . O

Proposition 16.3. If 7 is a representation of sl(3,C) and pu = (m1,ms) is a weight for =
then mq, M — 2 are both integers.

Proof. Let g;, = span{ Xy, Yy, Hy} with & = 1,2. Note that each g, = sl(2,C). Restrict 7 to
gr we get a representation of sl(2,C). Suppose that 7(Hy) has eigenvalue my. We already
proved that for every finite-dimensional representation of sl(2, C) the eigenvalues of 7(H)
are integers. So my, mo € Z. O

Remark 16.1. The weights of m depend on the choice {H;, Ho} of basis vectors for the
subspace of s[(3,C) consisting of diagonal traceless matrices.

Definition 16.4. An ordered pair a = (ay,a3) € C? is called a root of sl(3,C) if
(1) a7 (0,0)

(2) there exists non-zero z € sl(3,C) such that ady, 2 = [H1,2] = a1z and adpy, z =
[Ha, 2] = agz.

Therefore, a root of sl(3,C) is a non-zero weight for the adjoint representation of sl(3,C).
We call z a root vector for the root a.

Ezample 16.5. For sl((3,C) we have the following six roots:

root root vector z root root vector z
2,—1) X, (—2,1) Y
(_172) XQ (17 _2) }/2

(17 1) X3 <_17 _1) YE’)

Claim. There are no other roots.
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Here’s the strategy: suppose that o = (ay, az) is aroot. Then there exists z # 0 in s((3, C)
such that ady, 2 = arz. We can write

2=t Hy +toHy + M X1 + X Xo + A3 X3 + 11 Y1 + Yo + psYs,
and so
adg, 2 = a1z = 0H; + 0Hy + 20 X5 — A Xo + A3 X3 — 211 Y7 + poYs — pu3Ys
ady, 2 = asz = 0H; + 0Hy — M X7 4+ 20X + A3 X5 + MY — 2u0Y5 — psYs.
So we have
art;1 =0, aot; =0,
arta =0, aqty =0,
aiA1 = 21,  agA = —Aq,
aide = =Xz, agAy = 2y,
aiA3 = A3, GaA3 = A3,
aiAy = =241, agA = Ay,
Aify = 2, Agfy = —2/2,
ajpz = —p3, a3z = U3.
Since both a; and as cannot be zero, we have t1,t5 = 0. Suppose that \; # 0. Then a; = 2,
and Ay, A3, 11, fio, 3 all zero and so forth.
More generally, we have the fact that weight vectors corresponding to distinct weight are
linearly independent. So we can use this to argue that X, X5, X3, Y], Y5, Y3 are the only root

vectors for s[(2,C). So the roots are non-zero eigenvalues of ady. Since ady X = 2X and
ady Y = —2Y, we have

roots (2) | (=2)
root vector | X Y

Lemma 16.6. Let a = (a1, as) be a root of sI(3,C) be a root of sl(3,C), let z, # 0 be the
corresponding root vector. Let m be a representations of sl(3,C). Let m = (my,ms) be a
weight for m. Let v # 0 be the corresponding weight vector. Then

T(H1)7m(20)v = (M1 + a1)7(24)V
()
T(Hy)w(z0)v = (Mo + )7 (24)0.
Hence, m(zq)v is either zero or is a weight vector for m with weight p+a = (my+ay, mo+as).

Two-line proof. [Hy, zo] = arza, S0 T(Hy)m(z20)v = m(20)7(Hi)v + [1(H), 7(24)]v
= my7(20)V + a7 (20 )V. O

Recall that for s[(2,C), m(X) increases the eigenvalue of w(H) by 2 (or gives zero). By
finite-dimensionality, there exist only finitely many eigenvalues of m(H), so there exists a
non-zero v # 0 with 7(X)v = 0. This v had the “highest eigenvalue” for 7(H). We want
the sl(3,C) analogue of the “highest” eigenvalue. But it’s not the obvious thing.

Now let’s go back to the case of s((3,C). If (2,—1) = a; and (—1,2) = ag, then (1,1) =
a; + s, (=2,1) = —aq,(1,-2) = —as, (—1,—-1) = —a; — ay. Then (2,-1),(-1,2),(1,1)
are called the positive simple roots. Note that all roots are linear combinations of a; and as

with integer coefficients that are all > 0 or < 0.
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Definition 16.7. Let uq, 2 to be two weights of 7, a representation of sl(3,C). We say
that pq is higher than pe (1 > p2), or equivalently ps is lower than py (py =< pq) if
1 — fo = saq + tap with s, ¢ > 0.

Remark 16.2. Notice that < is a partial order. If py = po and po > ps then py > ps, since
pr — ps = (1 + p2) + (pe — ps). If = po and po > pq then pg — po = say + tay and
po — p1 = Say + t'ag with s, ¢, > 0. So sa; + tag = —s'a; — t'as, whence we have
s, t=0.

However, given two weights 1 and po, neither one need to be higher than the other. For
instance, if 4 = a3 —ay = (3, —3) then p is neither higher nor lower than, say, (0,0). Also note
that the coefficients s, t need not be integers, even though p; and ps may have integer entries.
For example, clearly (1,0) = (0,0) because (1,0) = (1,0) — (0,0) = 2(2, —1) 4+ 3(—1,2).

Definition 16.8. Let 7 be a representation of s[(3,C). Then a weight pq for 7 is called the
highest weight if, for any weight p of m we have pg = p. Clearly, if a highest weight exists,
then it is unique.

Theorem 16.9 (The highest weight for s((3,C)). The following are true for si(3,C):

(1) every irreducible complex representation 7 of sI(3,C) is the direct sum of its weight
spaces (i.e., m(Hy) and w(Hs) are simultaneously diagonalizable in every irreducible
representation).

(2) Every irreducible representation of sl(3,C) has a unique highest weight py and two
1somorphic irreducible representations have the same highest weight.

(3) Two irreducible representations of sl(3,C) with the same highest weight are isomor-
phic.

(4) If 7 is an irreducible representation of sl(3,C) then the highest weight is po =
(my, ma) where my, my € Zsy.

(5) If po = (mq,mo) is an ordered pair of non-negative integers, then there exists an
irreducible representation of sI(3,C) with the highest weight pg.

Remark 16.3 (Quick summary of what’s going on in the above theorem). Any finite-dimensional
irreducible representation of s[(3, C) are parametrized up to isomorphism by pairs (m;, ms)
of non-negative integers. We do not say that there exists one in any given dimension. There
may exist non or more than one in a given dimension.

We first need the following definitions:

Definition 16.10. An ordered pair (m;,mz) of non-negative integers is called a dominant
integral element.

Definition 16.11. A representation (V,7) of sl(3,C) is called a highest weight cyclic repre-
sentation with height py = (mq, my) if there exists a non-zero v € V' such that:

(1) v is a weight vector with weight .
(2) m(X1)v =0 and 7(Xs2)v = 0 (which imply 7(X3)v = 0 also)
(3) the smallest invariant subspace of V' contains v is all of V.

This vector v is called a cyclic vector for 7.

So the theorem of the highest weight says that every irreducible representation of s[(3, C)

has a unique highest weight which is a dominant integral element; and that conversely, every
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dominant integral element arises as the highest weight of some irreducible representation of
s((3,C).

Note that (1,0) = 2a; + 3az and (0,1) = 5o + 2a; where a; = (2, —1) and ap = (—1,2).
So every dominant integral element is higher than (0,0). However, not every (a,b) € Z X Z
that is higher than (0,0) is dominant integral. For example, oy is higher than (0, 0).

2=

[.-'['

"‘i":ﬁ_r W

1) !
(Red dots = dominant integral elements)

Proof. (Proof of (1)) In every irreducible representation (V, ) of sl(3, C) we have that 7(H;)
and 7(Hy) can be simultaneously diagonalizable (i.e., V' is the direct sum of its weight
spaces). Let W be the direct sum of weight spaces of 7 (equivalently, linear combination
of simultaneous eigenvalues of m(H;), m(Hs)). By the main lemma if z, is a root vector of
s[(3,C) then 7(z,)(W) € W and 7(za)(W,) € Wyia. Also, m(Hy) : W C W. So W is
invariant under 7 and W # {0}. SInce V is irreducible we have W = V| as desired.

(Idea of the proof of (2) and (3)) We will show that being a finite-dimensional complex
irreducible representation of s[(3, C) with the highest weight is equivalent to being a highest
weight cyclic representation. We will show that if (V,7) is a HWC with weight o then
1o is a highest weight. And then we shall show that HWC with weight o is equivalent to
“irreducible with highest weight py. After this, we shall get to (2) and (3) in the process on
Wednesday. 0

17. MARcH 4
Before proving (2) and (3) of Theorem [16.9, we need to prove the following lemma:

Lemma 17.1. Let g be any Lie algebra and let 7 : g — gl(V) be a finite-dimensional
representation of g. Let z1,..., 2z, be an ordered basis of g. Then any expression of the form

m(zi,) -7 (2,)
can be expressed as a linear combination of terms of the form
() - () 2 (1)
with k; >0 and ky + -+ k,, <N.

Proof. We prove by induction on N. For N = 1, the claim is immediate. Now assume that
for N,

m

m(2i)m(z) = w(z)m(z) + Y clym(ar)
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m
— koo o
where [z;, 2;] = ) ¢z, if we have
k=1

m(2i,) - m(2iy ) = 7(2; )[linear combination of terms 7(2,)" - - 7(z)"],

with k; > 0 and k; + --- + k,, < N. Now jump over to put ¢; in the right spot, and each
time introduce new terms where each of them is a product of < N factors. Apply induction
hypothesis on each of those terms. 0

Definition 17.2. Recall that a representation (V, ) of s[(3, C) is called highest weight cyclic
(HWC) with weight p if there exists a non-zero v € V such that

(1) v is a weight vector with weight p
(2) m(X1)v =0 and 7(X3)v = 0 implies that 7(X3)v = 0 where X3 = [ X3, X3]
(3) the smallest invariant subspace of V' that contains V is all of V.

And the vector v is called a cyclic vector for .

Proposition 17.3. Let (V,7) be HWC with height py. Then

(1) m has highest weight pig
2) the height space W, corresponds to jg is one-dimensional.
( g 1o H

Proof. Let W be the subspace of V' spanned by the elements of the form
m(Yi )w(Yi,) - - -7 (Yi, ),

where each 7, is 1, 2, or 3 and N > 0. We will show that WW is an invariant subspace.

Suppose that Xy, Xo, X3, Hi, Hy, Y1, Y5, Y3 is our ordered basis of sl(3,C). Apply the
lemma that we just proved to see that for any z n the basis, 7(2)7(Y;,)---7(Y;,) is a linear
combination of the terms 7(Y3) 7w (Ya)*7m (Y1) om(Hy) o m(Hy)Fm( X3) (X )2 (X1)*. But
since m(Xg)v = 0 for k = 1,2,3, we can assume that k; = ko = k3 = 0. Powers of m(H;)
and 7(Hsy) only introduce constants because v is a simultaneous eigenvector of 7(H;) and
7(Hy). We are left with an element of W. Since 7 is linear, we get 7(Z)(W) C W for all
Z € sl(3,C). So W is an invariant subspace containing v.

Hence by (3) of the definition of HWC, we have W = V. We know that Y1, Y, Y3 are root
vectors of sl(3,C) with roots —ay, —ag, —a; — ag respectively. Hence, every element of V' is
a linear combination of weight vectors with weight 1o — nyaq — noaw for ny, ny non-negative
integers.

m(Y3)" w(Ya)™ m(Y1) kv
——

weight
po—kio

TV
po—kion—koao

~
po—kion —kaas—ks(on+az)

Note that pg is higher than g — njaq — noa since pg — (pg — N1y — nay) = nyay + Naap
and nq,ny > 0. Thus if (V,7) is a HWC representation with weight p then pg is a highest
weight for 7.

Let w € V be a weight vector with weight po. If v,vq,...,v,. are weight vectors of
corresponding distinct heights, then there exists a constant ¢ such that w =cv +v; +--- +
vp. Since cv — w has weight g, all the vectors have distinct weights, so they are linearly

independent. Thus cv —w = 0 so w = cv. Thus W, is one-dimensional as we wanted. L]
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The following proposition will prove (2) of Theorem [16.9}

Proposition 17.4. Every irreducible representation of sl(3,C) is a HWC representation
with a unique highest weight 1.

Proof. We already know by (1) of Theorem that every irreducible representation is a
direct sum of its weight spaces. Since our representations are finite-dimensional, there can
be at most finitely many distinct weights. Hence there exists a weight py such that there is
no weight p # po that is higher than pg. Note that this is not equivalent to saying that pg
is a highest weight.

Since there is no weight higher than pg, if v # 0 is a weight vector with weight jy then
m(X1)v =0 and 7(Xs)v = 0. (Otherwise, there would be weight vectors with weights po+ oy
and po + ao respectively, both of which are distinct from pg and higher than p.) Since 7 is
irreducible, the smallest invariant subspace of V' containing v is all of V. Thus the all the
definitions of HWC are satisfied. 0

Corollary 17.5. Every irreducible representation of sl(3,C) has a unique highest weight.
Remark 17.1. This is (2) of Theorem [16.9]
Proposition 17.6. Every HWC representation of sI(3,C) is irreducible.

Proof. Let (V,7) be a HWC representation of sl(3, C) with weight . Here is where we use
the fact that sl(3, C) has CRP. So (V,7) is isomorphic to

N
V=V,
i=1

where each (V;, m;) is irreducible, and 7 = 7 @ - -+ @ mn. We have already shown in (1) of
Theorem that each V; is a direct sum of its weight spaces. Since the weight o occurs
in V, it must occur in some V;. If not, then we can get a vector v € V; @ V5 such that v is a
weight vector with weight pg and v = vy + - - - 4+ v, such that weight vectors of either V; or
Vy with weight distinct from pg. This implies that v = 0, a contradiction.

So at least one V; has weight py. But we proved that fro every HWC representation with
weight py the height space W, is one-dimensional. So V; must contain v. Also, V; is an
invariant subspace of V' containing v. By (3) of the definition of HWC, we have V}; = V.
Therefore V = Vj is indeed irreducible. O

So we just proved that the irreducible representations of sl(3, C) is the same as the HWC
representation of sl(3,C).

Proposition 17.7. Two irreducible representations of sl(3, C) with the same highest weight
are 1somorphic.

Remark 17.2. This is (3) of the main theorem.

Proof. We have shown that irreducibility and HWC are equivalent. Let (V,7) and (W, o) be
two such representations with the same highest weight pg = (mq, ms). Let v # 0 in V' and
w # 0in W be the corresponding cyclic vectors. Consider the representation (V& W, 7@ o),
and let U be the smallest invariant subspace of V @& W containing (v, w). Then

(1 © 0)(Xi)(v,w) = (7r6(5Xk)v>0(Xk)w) = (0,0),



since v, w are cyclic vectors for 7 and o respectively. Similarly,
<7T S O') (Hk)(?), w) = (W(Hk)vv U(H’f)w) = (mkv7 mkw) = mk(v7 w)7

with k =1,2. So (v,w) # (0,0) in U CV @ W, and (7 & 0)(Xy)(v,w) = (0,0) for k = 1,2
and (v, w) is a weight vector for m @ o with weight po. And U is the smallest invariant
subspace containing (v, w). Hence (U, (m @ o)|y) is a HWC representation of s[(3,C) with
height py. Hence (U, (7 @ 0)|y) is irreducible.

Now consider the canonical projection maps P, : VW — Vand P, : Ve W — W.
It’s easy to verify that Py, P, are intertwining maps, so P|y and P,|y are intertwining maps
also. So it follows that Pi|y : U — V and BP|y : U — W are intertwining maps between the
irreducible representations. By Schur’s lemma, each is either zero or an isomorphism. But
then neither of them are zero because Pi|y(v,w) = v # 0 and P|y(v,w) = w # 0. Thus
they are both isomorphisms. Hence V = U as representations of s[(3,C). Thus V = W as
desired. U

Proof of Theorem[16.9(4). Let m be an irreducible representation of s[(3, C). THen the high-
est weight o of 7 is of the form py = (mq, msg) for my, my € Z. We need to show that m; and
mgy are non-negative integers. Let v # 0 be a cyclic vector for m with 7(X;)v = 7(Xs)v = 0.
Hence if we restrict 7 to a representation of the subalgebra

gr = span{ Hy, Xi, Y.} = sl(2,C)

for k = 1,2, then we get that 7(Hy)v = myv and 7(Xy)v = 0 by our results for sl(2, C) with
my, > 0. This completes the proof. U

Now all that remains is (5) of Theorem [16.9} given o = (mq, ms) with my, M — 2 non-
negative integers, we need to show that there exists an irreducible representation of s((3, C)
with highest weight p.

Proof of Theorem[16.9(5). First, construct in the cases 1o = (0,0), (1,0), (0,1). If o = (0,0)
then V = C and define 7o) : s1(3,C) — gl(1,C) by 7,0 (2)v = 0 for all z € s((3,C) and
v € C. This is the trivial representation, which is irreducible (evidently). Since w(Hy)v =0
for all v, this representation has only one weight (0,0).

Now suppose o = (1,0). Let V = C3. Consider the standard representation 7. Then
m(z)v = zv (the regular matrix multiplication). Recall that you showed in Assignment #4
that this is irreducible. Let ey, €5, e3 be the standard basis of C3. Then e; has weight (1,0);
ey has weight (—1,1); and e3 has weight (0, —1). We claim that (1,0) is the highest weight
since (1,0)—(—1,1) = (2,—1) = o and (1,0)— (0, —1) = (1,1) = a3 +ay. So the irreducible
representation with highest weight (1,0) is the standard representation.

In the case of (0,1), take the same vector space V = C3. Let 7* : sl(3,C) — gl(3,C)
be the dual of the standard representation. Recall that 7*(2) = —(m(2))". Then we have
7*(2)v = —z'v (the usual matrix multiplication). By Assignment #4, we see that since 7 is
irreducible, so is 7*. Since 7*(Hy)v = —Hlv = —Hyv, we see that e; is a weight vector of 7*
with height (—1,0); ey has weight (for 7*) (1, —1); and e3 has weight (0,1). One can easily
check that (0,1) is the highest of the three. Hence the irreducible representation of sl(3, C)
with the highest weight (0, 1) is the dual of the standard representation.

We ran out of time, so we will continue this proof next Monday. We will start on con-
structing an irreducible representation of sl(3, C) of highest weight (m, ms) using the “fun-

damental representation” (i.e., the irreducible representations of sl(3,C) of highest weight
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(1,0) and (0,1)). We will do (1,1) in class and (2,0) in Assignment #5. We will also start
on Weyl group. 0

Remark 17.3. The three cases for (0,0), (1,0), (0,1) prove that the standard representation
of s1(3, C) is not isomorphic to its dual. On the other hand, for sl(2, C) is indeed isomorphic
to its dual: note that they have the same dimension, and for sl(2, C) there exists exactly one
in each dimension.

Remark 17.4. For sl(3,C), it is not the case that there exists at least one irreducible rep-
resentation in every dimension (unlike s[(2,C)). In particular, there cannot exist an irre-
ducible representation of dimension 2 (there exists a formula for the dimension in terms of

po = (ma, ma)).

18. MARCH 9

Proposition 18.1. Let u = (my,m2) be a dominant integral element (i.e., m; are non-
negative integers). Then there exists an irreducible representation of sl(3,C) with highest
weight (my, ms).

Remark 18.1. Recall that:

highest weight ‘ representation
(0,0) trivial representation
(1,0) standard representation (7(Z)v = Zv)
(0,1) dual of the standard representation (7*(Z)v = Zv, Z = —Z*)
(1,1) adjoint representation (we will do this in class today)

Proof. Let (Vi,m) be the (1,0) representation with cyclic vector v. Then m(Xy)v =
0,m(Hy)v = v, m (H2)v = 0 where k = 1,2. Let (V,ms) be the (0,1) representation with
cyclic vector w. Then mo(Xy)2 = 0, ma(Hy)w = 0, ma(Hy)w = w where again k = 1, 2.

Define V = V™M @V, =2 C3m+m2) and let 7, my, = 75 @75 ™ be the tensor product
representation of s[(3,C) on V. This is a finite-dimensional representation of sl(3,C). The
action of 7, m, is therefore (where Z € sl(3,C)):

ﬂ—ml,ma(z) :71-<Z)®I®"'®]+"'+I®]®---®7T2(Z).
Consider vy, m, = v¥"™ @ w®™. This is non-zero, and we have

Tmy,mo (Hl)vmhmz = M1VUmq,my
T'my,ma (HQ)vml,Tfm = M2VUmy,m,

Tma,mo (Xk)vmlmm =0.

SO Uy, m, 18 & weight vector for 7, n, With height (mq,ms). Thus by Theorem [16.9] if we let

U be the smallest invariant subspace of V' containing vy, m,, then m,, m,|v : s(3,C) — gl(U)

is an irreducible representation of sl(3, C) with the highest weight (mq, ms) (since it is a HWC

rep’n with weight (mq,ms). O
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Ezample 18.2 (“Good for your soul”, according to Spiro). Recall that the basis of s[(3,C)
consists of

010 0 0 0 0 01
Xi=]00O0|, Xo=]001], Xg=1[000
i 0 0 0 | 0 00 0 0 0
[0 0 0] 000 000
Yi=1100|, Yo=[00O0], Ys5=10200
i 0 0 0 | 010 1 00
(1 0 0 00 O
i 0O 0 O 00 -1
Then the (1,0) representation of sl(3, C) satisfies
Yl(el) =0, Yz(el) =0
Yi(e2) =0, Ya(ez) = e3
Yl(es) =0, Y2(€3) =0,

0 -1 0 00 0
Yi=|10 0 0], Ya=[00 -1
0 0 0 00 0

[ —1 0 0] 0 0 0

H=|0 10|, H=|0 -10

0 00 0 0 1

In this case, e3 is a highest weight vector. Switch the notation for the dual representation
by letting f; := es, fo := —es, f3 := e;. Then we have

Yi(f1) =0, Ya(fi) = fo
Yi(fa) = fs, Ya(f2) =0
?1(f3) =0, E(fs) =0.
Thus the (1,1) irreducible representation of sl(3,C) is obtained by taking the smallest in-

variant subspace of C? ® C* = V; ® V5 containing e; ® f;. The subspace is determined by
applying powers of m(Y7), 7(Y3) to ey ® fi where 7 = 710y ® 7(0,1), i.€.,

) =Y10Il+IaY,
T(Y2) =Y2a @I +1® Y.

Also, recall the following fact: if v is a weight vector with weight 1 and z, is a root vector
with root «, then either 7(z,)v = 0 or 7(z,)v is a weight vector with weight p + «; recall
also that Y7,Y5 are the root vectors with roots (—2,1) and (1, —2) respectively.

Now let’s apply (Y1) and m(Y3) repeatedly, starting from e; ® f; till we get the zero

vector. We get the following diagram:
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e1f1
v pN
ez f1 e1f2
Ve ) 1 N

0 esfi + ez fa eafo +eifs 0
/ 4 4 Ny
ez f3 2e3 fo 2e3 f3 eafe
v A d N N 4 N\
0 e3fs 2e3 f3 0 2e3f3 esfs 0

In the above diagram, the tensor signs were omitted so as to save spaces. Left arrows denote
applying 7(Y7) and the right arrows 7(Y2). Then we get

weights weight vectors
(171) €1 ®fl
<_172) €2 ®f1
(27_1) e1 ® fo
(0,0) e3® fi+ea® frand ea ® fo+e1 @ f3
<_271) €2®f3
(17_2) e3 @ fo
(_17_1) 63®f3'

So the dimension of the (1, 1) representation is 8, with 7 distinct weights and 6 of them have
one-dimensional weight spaces, while one of them has a two-dimensional height space. But
then Vi@V, 2 C3@C? = C?, so V; ® V; is not irreducible. Also, since sl(3,C) has the CRP,
it follows that V; ® Vo = U & V' where V' is some complementary invariant subspace. Since
dim(U) = 8, it follows that dim(V’) = 1. So (1,0) ® (0,1) = (1,1) & (0,0).

Remark 18.2. In Assignment #5, you will figure out M such that (1,0)® (1,0) = (2,0) & M.

Remark 18.3. The (1, 1) representation is isomorphic to the adjoint representation. Recall
that the adjoint representation is defined as follows. If ad : g — gl(g) with V = g = s[(3,C)
defined as adx(Y) = [X,Y] is is a representation of degree eight (i.e., dim(sl(3,C)) = 8).
One can check from the commutation relations of sl(3, C) that this is true. One can find an
isomorphism of representations between (1, 1) representation we constructed and the adjoint
representation.

18.1. Weyl group of sl(3,C) (Weyl group of SU(3))

Let m : sl(3,C) — gl(V) be a finite-dimensional finite-dimensional representation of
s[(3,C). We know that, since SU(3) is simply connected, that 7 = II, for some finite-
dimensional complex representation II : SU(3) — GL(V') of SU(3). Let A € SU(3). WE can
then construct a new representation 74 : sl(3,C) — gl(V) acting on the same space V as
follows:

TA(X) = T(AXA™Y) = mo Ada(X).
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Recall that Ad4 : g — g is a Lie algebra automorphism since Ad4[X,Y] = [Ads X, Ad, Y].
So 74 is indeed a representation of s[(3,C). Note also that
Ta(X) = T(AXA™Y) = m(Ady X)
= IL.(Ad X) = Adpay(7(X)) = T(A)w(X)I(A) .

Let GL(V) 2 T =1II(A) : V =2 V. Then I[I(A)7(X) = ma(X)II(A) for all X € sl(3,C).
Hence T is an isomorphism of representations, so w4 is isomorphic to 7 for all A € SU(3).
Given any A € SU(3), we get an action on each isomorphism class of finite-dimensional
complex representations of sl(3,C).

Define h := span{Hy, Hy} C sl(3,C). This is a two-dimensional Lie subalgebra of sl(3, C)
on which the Lie bracket vanishes identically. In fact, b is a maximal commutative subalge-
bra.

Definition 18.3. Such b as defined above is called a Cartan subalgebra for sl(3, C).

For any A € SU(3), the map Ad,4 : sl(3,C) — sl(3,C) is a Lie algebra automorphism. But
there is no reason for Ad4 to preserve hh. Now we are ready to define what a Weyl group is:

Definition 18.4. Let Z C SU(3) be the subgroup of SU(3) whose elements satisfy Ada(H) =
H for all H € b (i.e., elements that fix h pointwise).

Now let N C SU(3) be the subgroup of elements such that Ad4(H) € b for all H € b (i.e.,
the elements that preserve ).

Remark 18.4. Note that Z is a subgroup of SU(3) since Adsp = Ady o Adp implies that
A B€Z = AB€Z, and Ad -1 = (Ady)~ "

Remark 18.5. Note that Z < N. We need to verify if A € Z and B € N then BAB™! € Z.
Let H € h. Then
Adpap1 H = Adp Ady(Adg) H(H)
= Adp(Adp) ' (H) (Ady fixes b)
=H.
So BAB™' € Z.
Therefore we can take the quotient N/Z.

Definition 18.5. The Weyl group of sl(3,C) (or equivalently the Weyl group of SU(3)) is
W :=N/Z.

We have an action of W on . Namely, if [A] € W, define [A]H = Ady H where A is
any representation of the equivalence class [A], where the equivalence is defined as follows:
if [A] = [B] ,then there exists C' € Z such that A = BC.

Theorem 18.6. Let N and Z be the subgroups as defined in Definition [18.4)
(1) Z consists of diagonal matrices in SU(3). That is,
e 0 0
Z = 0 e 0
0 0 e H0+9)
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(2) N consists of the matrices A € SU(3) such that for each k = 1,2,3 there exists
| € {1,2,3} such that Aej, = e%ey for some e (those that permute the standard
basis vectors {ey, e, e3} of C* up to a complex phase)

(3) W =N/Z S,

Proof of Theorem[18.6(1). Let A € Z. Then AHA™ = H for all H € h, hence AH = HA.
Thus [A, H] = 0 for all H € . Note that H; has three distinct eigenvalues with eigenvectors
e1, €2, e3, so A preserves the eigenspaces of Hy. If Hv = Av, then NAv = H Av so A preserves
the eigenspaces of Hy. So Ae; = tieq, Aey = tgeq, Aeg = tzes. Since A € SU(3), we have
t; = ety = €%, t3 = e7"¢T9 . Conversely, every diagonal matrix in SU(3) commutes with
every H € b since the H'’s are diagonal. Thus Z consists of diagonal matrices in SU(3). O

19. MARcH 11
Proof of Theorem[18.6(2). Let A € N. Then AH;A™ € b, so it must be diagonal. Also,

100 L. . o
H, = [8 ! 8] has three distinct eigenvalues 1, —1,0 with eigenvectors ey, e, e3. So AH; A™1

is also diagonal, hence has ey, 5, e3 as eigenvectors. So we have (AH; A™')(Aey) = AHep =
AiAey,. Therefore eigenvectors of AH; A~! are Ae;, Aes, Aes with distinct eigenvalues. Since
A € SU(3), we have |Aeg| = |ex| = 1. Hence, for all k = 1,2, 3 there exists [ € {1,2,3},#; €
(C, |tk| = 1 such that Aek = tkel.

Conversely, suppose that A € SU(3) so that for all £ we have Ae, = t;e; for some [
with [t,] = 1, with eigenvectros of AH; A~ still ey, eq, €3 (but in possibly a different order).
We have tr(H;) = 0, so tr(AH; A7) = 0. Thus AH,A™! € h. Similarly, AH,A™" € b so
AeN. [

Proof of Theorem[18.6(3). Let A € N. consider Ady : h = h. Let 0 € S; such that
Aey, = treqr). Let H € b such that Hep = Agey. So it follows

t
AHAileg(k) = AHt,;lek = A)\kt,glek = )\kt—keg(k) = )\keg(k)
k

if e, is an eigenvector of H with eigenvector A;. Then e, ) is an eigenvector of Ady H with
eigenvector \,. Hence the diagonal entries of H are permuted by the permutation o, i.e.,

A0 0 Ao—1(1) 0 0
H = 0 X O = AdAH = 0 )\0—1(2) 0
0 0 X 0 0 Ao—1(3)
Ak is now in o(k)-th column of Ady H. Hence W = S;. If [A] = [B] € W then A = BC
with C' € Z. Thus Ady, = Adg Ad¢, and Adg acts as I on b. O

Why should we care about W7 Note that W permutes the weights of any finite-dimensional
representation of s[(3,C) (not necessarily irreducible). To make this precise, we need to
reformulate the notion of a weight in a basis-independent manner. Recall that (mq,ms) €
C? is a weight of a representation (V,7) of sl(3,C) if there is non-zero v € V such that
7(Hy)v = myv and 7(Hy)v = mov. We also showed that my, € Z. Since 7(ayHy + asHs)v =
a1m(Hy)v + agm(H2)v = (a3my + agms)v, it follows that v is an eigenvector for 7(H) for all
H € b and the eigenvalue 7(H) € C of n(H) with eigenvector v is a linear functional on b.
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Definition 19.1. Define b := span{Hy, Ho} C sl(3,C). Let (V,m) be a finite-dimensional
representation of s[(3,C). A linear functional o € h* is called a weight for 7 if there exists
a non-zero v € V sic that m(H)v = u(H)v for all H € b, and v is called a weight vector of
7 with weight p € h*. Also, p is uniquely determined by u(H;) = my and p(Hsz) = mgy so
these notions are equivalent.

The Weyl group W acts on h. Denote it by w € W H € h = w-H € h. So if
w = [A] € N/Z with A € N then w- H = Ada(H). Thus W defines on induced action on
b*, by w e W and p € h*:

e
With this definition, we can say (wyws) - i = wy - (wq - ) so this is an action.

Theorem 19.2. Let w be a finite-dimensional representation of sI(3,C) and let u € h* be a
weight of w. Then for allw € W, w- u is a weight for m and the multiplicity of w - p is equal
to the multiplicity of w, which is the dimension of this weight space.

Proof. Let I1 be the associated representation of SU(3). Note that we know such thing exists
since SU(3) is simply connected. Let p be a weight for m, with weight vector v # 0. If
A € N, then

m(H)(A)w = I(A)I(A ) 7(H)I(A)w = I(A)7(A T HA)v
=T A)p(A T HA)w = (A HA)I(A)w.
Also, A ~'HA = Ady-+ H — w™! - H where w = [A] € W. Hence,
T(H)I(A)v = m(ATTHA(A)v = p(w™" - H)II(A)w = (w - p)(H)I(A)w.

Therefore I1(A) is a weight vector for 7 with weight w - . Note that II(A)W, C W,,.,, and
(A "YW, C W,, and II(A) is invertible hence it is an isomorphism from W, to W,,.,.
Therefore 1 and w - 4 have the same multiplicity. 0

Remark 19.1. Recall that the rtoos of sl(3,C) are the non-zero weights of the adjoint rep-
resentation. If w € W then w takes non-zero weights to non-zero weights. If ;1 = 0 then
(w-p)(H) =p(w™t-H)=0for all H€ h. Then w-pu = 0. Thus W permutes the roots of
s((3,C).

We want a geometric picture of the symmetry of W on the set of roots of sl(3,C). We
need one more change of point of view for this though. SInce b C sl(3,C) C gl(3,C) = C?,
we have a standard Hermitian inner product on gl(3, C), defined by

3
(A,B) =tr(A*B) = > A;Bj;.
ij=1
Recall that W permutes the diagonal entries of an element H € . Hence if H,J € h,w € W,
then (w- H,w - J) = (H, J). Thus the inner product (_, ) restricted to b is invariant under
action of W. In other words, each w € W is a unitary operator on (b, (_,)|s). So (., )
induces an identification (bijective correspondence) between h and h* via H — (H,_) € b*,
which is a conjugate-linear isomorphism (for any o € h*, there exists a unique H € b such
that a(J) = (H, J) for all J € ).
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We now can say that a weight for a representation (V) is an element a € h such that
m(H)v = (o, Hyv = p(H)v for all H € b for some non-zero v € V.

Claim. Under this identification of h with h*, the action of W on h* coincides with the usual
action of W on b.

Proof. u(H) = (o, H), s0o (w - p)(H) = p(w™ - H) = (a,w™' - H) = (w - a, H). O

We will now try to describe the roots of sl(3,C) (the non-zero weights of the adjoin
representation) as elements of b.

Claim. aq and ay coincide with H; and Hs respectively. That is,

1 0 0 00 O

=10 10|, aa=]01 0

0 0 O 00 -1
P?"OOf. Verlfy that <061,H1> = 2, <041,H2> = —1, <042,H1> = —1, <042,H2> = 2. [
Note |lai|* = [Jaz||* = 2 and (a1, ag) = —1 = ||aq||||az|| cos§ = 2 cos . Hence 6 = 27/3.

(We shall visualize the two-dimensional real subspace of h spanned by ay,ay € §.)

Definition 19.3. Let p = (mq, ms) where my, ms are non-negative integers (that is, p is a
dominant integral element). These are exactly the highest weights of irreducible representa-
tions of s1(3,C). Let py <> (1,0) and pe <> (0, 1). These two are said to be the fundamental
weights.

Then py, e € b, and we have (uq, Hy) = (u2, Hy) = 1 and (uy, Hy) = (ue, H1) = 0, where
W = %al + %&2 and o = %al + %az. As elements of b,

2.0 0 Lo 0
M1 = 0 _% 0 ) Mo = 0 % 0
0 0 -1 00 —2

So ||pall = |2l = \/Tg' But (py, pe) = 3 = Scosf so § = m/3. The set of dominant integral

elements is the set of non-negative integer linear combinations of p, pa. So ay, s are length
V2 with angle 27/3 and iy, pio are length v/6/3 with angle /3. This gives us the following

weight diagram for the adjoint representation (=‘“root diagram”):
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£

with each vector on the diagram having length v/2 and the sides of each small triangle having
length v/6/3 and each dot representing a dominant integral element.

Now consider the action of the Weyl group W = S3. Let, for instance, o = (123). Then
since

1 0 0 00 O 1 0 0
o] = 0 -1 0 s Qg = 01 0 s o]+ ag = 00 0 s
0 0 O 0 0 -1 0 0 -1
it follows that
[0 0 0 ]
c-ap=1]0 1 0 = Qg
(00 —1 |
[ -1 0 0]
0 -0y = 0 0 0 = —Q1 — Q9.
[0 01
So o = (123) is a counterclockwise rotation by 27/3. As for 7 = (12), we see that
[ -1 0 0]
T = 0 1 0| =-o
| 0 00
(1 0 0 ]
T -0y = 0 0 0 = o1 + Qo.
00 —1 |
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Hence 7 = (12) represents a reflection across the line orthogonal to span{a;}. Hence,
S3 = W = symmetry group of an equilateral triangle.

20. MARCH 16: STRUCTURE THEORY FOR COMPLEX SEMISIMPLE LIE ALGEBRAS

Recall that a compact (matrix) Lie group has the complete reducibility property (CRP),
which we stated without proof. So the Lie algebra g of a compact, simply connected ma-
trix group G has the CRP (because there exists a bijective correspondence between the
representations preserving irreducibility); in this case, gc also has the CRP. For instance,
sl(n,C) = su(n)c and SU(n) is compact and simply connected, so SU(n) also has the CRP.

Definition 20.1. Let g be a complex Lie algebra. An ideal b of g is a complex (Lie)
subalgebra such that if X € g and Y € b then [X, Y] € b.

Definition 20.2. A complex Lie algebra g is called simple if dimg > 2 and contains no
non-trivial ideals. A complex Lie algebra g is called semisimple if it is (isomorphic to) a
direct sum of simple Lie algebras (as a Lie algebra). That is, if g is semisimple, then there
exist g; Lie algebras such that g = g1 ® g2 @ - - - @ g, where the Lie bracket is defined to be

X1 0Xo® - 0X,Y10h2® - 0Y,] =X, ,N]& - &[X, Y],

i.e., [g:,9;] = 0 whenever i # j.
A complex Lie algebra is called reductive if it is (isomorphic to) g = g, @ gs where g, is
abelian and g, is semisimple.

Lemma 20.3. A subalgebra b C g is an ideal if and only if b is an invariant subspace for
the adjoint representation of g.

Proof. adx(h) Ch< [X,H]ehforal Heh, X €g. d

Proposition 20.4. A complex Lie algebra g is reductive if and only if the adjoint represen-
tation s completely reducible.

Proof. (<) Suppose that ad : g — gl(g) is completely reducible. Hence, as a vector space,
g=01D D g, where each g; is an irreducible invariant subspace of ad. Hence each g;
is an ideal of g by Lemma [20.3] But since g; is irreducible, g; contains no ideals of g, other
than g; and {0}. Let X € g;,Y € g, with k£ # [. Then [X,Y] € gr N g, = {0}, where the
membership follows from the fact that g, and g; are ideals and the equality follows from the
fact that g is a direct sum. Hence g = g; @ - - - g,, as Lie algebra. We claim that each g; has
no non-trivial ideals of g. If h C g, is an ideal of g; then [X,Y] € h for all X € g,V € b.
hence [X,Y]=0€bhforall X € g;,Y € hand j#i So[X,Y]ebhforal X € g,V €b.
Hence b is an ideal in g contained in g; so h = {0} or g;. So g; contains no non-trivial ideals
of g;.

Let

Then g, is the abelian portion, and g, is the semisimple portion, as desired.
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(=) Conversely, suppose that g is reductive. Thus,

i=0:90=| P wl|le| B o

k=1,....m k=1,....m
dim(gg)>2 dim(gg)=1
This is a direct sum of irreducible invariant subspaces for the adjoint representation. O

Corollary 20.5. The complexification of the Lie algebra of a connected complex matrix Lie
group 18 reductive.

Proof. Every compact group has CRP, so in particular the adjoint (Ad) representation of G
is completely reducible. Since G is connected, ad is completely reducible if and only if Ad is
completely reducible. Hence ad : gc — gl(gc) is completely reducible also. 0

Theorem 20.6. A complex Lie algebra g is semisimple if and only if it is (isomorphic to)
the complexification of the Lie algebra of a simply connected compact matrix Lie group.

Proof. (=) this direction is beyond the scope of this course — we need some deep structure
theory of complex Lie algebras.

(<) This one is easier, but we need some results from algebraic topology, which we are
not assuming. So we will discuss underlying ideas. Start with K, a compact and simply
connected matrix Lie group. Let £ be the Lie algebra of K. Let g = €¢ be its complexification.
We already know that g = g, & g, is reductive, by the above corollary. One can show that
t = ¢t, d ¢t as Lie algebras. Then K = K, x K, where K, and K, are compact, simply
connected matrix groups such that Lie(K,) = ¢, and Lie(K;) = ¢,. Thus K, is a commutative
Lie group. But a result from algebraic topology says that the only simply connected abelian
matrix group is isomorphic to R™, which is non-compact if n > 1. Therefore n = 0, so
t, = {0} so g = g, as required. O

Definition 20.7. Let g be a complex Lie algebra. Then a compact real form of g is a real
subalgebra £ such that:
(1) tc=g
(2) there exists a compact simply connected matrix Lie group Kj such that the ¢ =
Lie(K;) = ¢ (isomorphic, not necessarily equal).

Remark 20.1. The previous theorem says that a complex semisimple Lie algebra has a com-
pact real form. The compact real from of a complex semisimple Lie algebra is unique up to
conjugation.

Ezxample 20.8. sl(n,C) has a compact real form su(n) since SU(n) is compact, simply con-
nected, and su(n)c = sl(n, C).

Proposition 20.9. Let g C gl(n,C) be a complex semisimple Lie algebra with compact real
form €. Let K be the analytic subgroup of GL(n,C) whose Lie algebra is €. Then K 1is
compact (but not necessarily simply connected).

Proof. By the definition of a compact real form, there exists a compact simply connected

matrix group K7 whose Lie algebra £, is isomorphic to £. Let ¢ : & — ¢ C gl(n, C) be the Lie

algebra isomorphism. Because K is simply connected, there exists a lift & : K1 — GL(n, C)
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which is a Lie group homomorphism and ®, = ¢. Let K = ®(K;). This is compact. We
claim that K is the analytic subgroup of GL(n,C) with Lie algebra €. Let K be the analytic
subgroup of GL(n, C) with Lie algebra €. Since K is connected, every A € K is of the form

A=eN1eX2. . gXm

bl

for each X; € ¢,. It follows that
B(A) = D(eX1e™2 o ¥m) = HXdX2) L 0Xn) € K

since K = {e¥1e¥2...¢¥n 1 YV; € £}. Hence K = ®(K,) C K.

Conversely, let B € K. Then B = e"e"...e" with Y; € £. Let X; € ¢ be such that
#(X;) = Yi. Then B = e?X1) ... e¢(Xm) = p(eX1eX2... eXm) C ®(K)). Hence K C ®(K;) =
K. OJ

Remark 20.2. K need not be simply connected. For instance, take g = s0(3,C) C gl(3,C)
is the complexification of € = s0(3,R) which is isomorphic to the Lie algebra of a complex,
simply connected group, because s0(3,R) = su(2) = ¢, hence SU(2) = K. Hence s0(3,R) is
the compact real form of s0(3,C) but the analytic subgroup of GL(3,C) whose Lie algebra
is 50(3,R) is K = SO(3) which we know is not simply connected.

Corollary 20.10. Every complex semisimple Lie algebra has the complete reducibility prop-
erty.

Proof. There is a bijective correspondence between the representations of g and those of &;
and there is also a bijective correspondence between the representations of £ and those of &,
since £ = €. These are erectly the representations of K; which is compact, hence has the

CRP. -

Remark 20.3. Let’s summarize what we have done so far. Namely, we showed that the
following characterizations are equivalent:

(1) g is a complex semisimple Lie algebra

(2) g is a direct sum of of simple Lie algebras (as a Lie algebra)

(3) g is the complexification of a real Lle algebra ¢ which is isomorphic to the Lie algebra
of a compact simply connected matrix group

(4) g has the complete reducibility property.

20.1. Ezamples of complex Lie algebras

g=*%c compact real form ¢ K,
sl(n,C),n > 2 (semisimple) su(n) SU(n)
s0(n,C),n > 3 (semisimple) so(n) Spin(n)

50(2,C) (reductive but not semisimple) N/A N/A
gl(n,C) (reductive but not semisimple) N/A N/A
sp(n,C) (semisimple) sp(n) Sp(n)

A few things about the table above:

(1) Spin(n) denotes the simply connected complex matrix group with Lie algebra iso-
morphic to so(n).
(2) s0(2,C) is not semisimple since so(2) = so0(2, R) 2 Lie algebra of a simply connected,
compact group.
(3) gl(n,C) is not semisimple since gl(n,C) = u(n)c and U(n) is not simply connected.
7



Remark 20.4. The semisimple ones sl(n, C)(n > 2),s0(n,C)(n > 3),sp(n,C)(n > 1) are in
fact all simple, except for so(4,C) = s((2,C) @ sl(2,C).

Theorem 20.11 (Classification theorem for complex simple Lie algebras). If g is a complex
simple Lie algebra, then g is either one of

Sl(n, C) An,1 n > 2
s0(2n,C) D, |n>3
so(2n+1,C) | B n>1
sp(n,C) Cn |n>1

or one of the five exceptional Lie algebras: ga, {4, ¢6, 7, €s.

21. MARCH 18

21.1. Cartan subalgebras
Definition 21.1. Let g be a complex Lie algebra. A Cartan subalgebra b is a vector subspace
of g such that:

e [Hy, Hy] =0 for all Hy, Hy € b;

e if X € gand [X,H] =0 for all H € h then X € b;

e for all H € b, the map ady : g — g is diagonalizable.

Remark 21.1. If Hy,H, € b then [ady,,ady,] = adiy, m,) = adg = 0 so all ady’s com-
mute for H € h. Hence, if § is a Cartan subalgebra, then all the ady’s are simultaneously
diagonalizable for all H € .

Proposition 21.2. If g C gl(n,C) is a complex semisimple Lie algebra, then a Cartan
subalgebra always exists.

Proof. Let € be a compact real fem of g. Let t be a maximal abelian Lie subalgebra of £
(start with any one-dimensional subalgebra and keep “increasing” until maximal). Define
h = tc = t+t. Then § is an abelian subalgebra of g.

Let X € g. Suppose that [X, H] =0 for all H € h. Then [X, H] =0 for all H € t. Write
X = X +iX, where X1, X5 € &. Then [X; +iX,y, H| = [ X1, H| +i[Xy, H =0 for all H € t.
By maximality of tin £, we get X, Xy € tso X € . Therefore b is maximal. It still remains
to show that every ady is diagonalizable for all H € . Let K be the analytic subgroup of
GL(n, C) whose Lie algebra is £. We showed last time that K is compact.

Claim. There exists a real-valued positive-definite inner product on € that is invariant under
the adjoint action of K. That is, there exists a positive-definite inner product - : ¢ x £ — R
such that fro all A € K, the following identity is satisfied:

(Ada X) - (AdaY) =X 'Y,
where Ady X = AXA™! as usual.
How do we prove this claim? The idea is to choose any inner product -, on K, and define
X Y = / (Ada X))+, (AdaY) volk .
K
(We can integrate over compact groups with a left-invariant volume form.) We can extend

this inner product on £ to a Hermitian positive-definite inner product on ¢z = g in the usual
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way. Let (_,_) : g x g = C such that (X +1X5,Y; +iYs) = (X; —iXy) - (Y1 +14Y2). Then
by extending - to £¢ by complex bilinearity, we have

(X;+iXo, Y1 +iYs) = (X5 —iXy) - (Y1 +iYs) = (X1 - Y1+ Xo - Y3) +4(Xy - Yo — Xo - V7).

It is a straightforward verification to check if (_,_) is a positive-definite Hermitian inner
product. So (Ada X,Ad,Y) = (Ada X) - (AdaY) = XY = (X,Y) for all A € K and
X,Y € g. Moreover, (_, _) takes real values on ¢. Let A € K with (Ads X,Ad,Y) = (X,Y)
for all X,Y € g. Let z € €. Then €' € K and Ad,z = e'22. Therefore (¢!?12 X e!2dzY’) =
(X,Y) for all t € R. Take the derivative on both sides at t = 0 to get

<ade,Y> + <X,ad2Y> =0

if X)Y €egand Z € £. So ady : g — g is skew-Hermitian for all Z € €. In particular, ady is
diagonalizable for all H € t, since t € £. Let H = Hy+iHy+bh where H; € t. Then ady,,adpy,
commute and are both diagonalizable; hence adp,,ady, are simultaneously diagonalizable.
So ady = ady, +iady, is also diagonalizable. O

Remark 21.2. If g is not semisimple, then there may not exist a Cartan subalgebra (see
Assignment #6 for more).

Remark 21.3. If g is complex semisimple, then every Cartan subalgebra of g arises in this
way, and they are all conjugate to each other (hence all isomorphic). This involves some
deep structure theory which is beyond the scope of this course, so we will not prove this fact.

Definition 21.3. Let g be a complex semisimple Lie algebra. Then the rank of g is the
dimension of any Cartan subalgebra.

Ezample 21.4. sl(n,C) = A,,_; has rank n — 1. Therefore sl(2,C) has rank 1, since h =
span{H }; sl(3,C) has rank 2 as h = span{H;, Hy}. s0(2n,C) = D,,s0(2n + 1,C) =
By, sp(n,C) = C, all have rank n. Similarly, g, fs, ¢, ¢7, ¢s have rank 2,4,6,7,8 respec-
tively.

For the rest of the course until stated otherwise, we will assume that:

(1) gis a complex semisimple Lie algebra

(2) tis a compact real form of g with maximal abelian subalgebra t

(3) h =t+ it =t is a Cartan subalgebra of g

(4) We have chosen a positive-definite Hermitian inner product (_,_) on g that is Ada-
invariant for all A € K, and takes real values on &.

21.2. Roots and root spaces

Definition 21.5. A root of g (relative to the Cartan subalgebra b) is a non-zero linear
functional a € h* such that there exists X # 0 such that [H, X| = adg X = a(H)X for all
H € b. In other words, a root is a collection of simultaneous eigenvalues of ady : g — g for
all H € h.

Remark 21.4. Note that « has to be linear:
Oé(alHl + a2H2>X = ada1H1+a2H2 (X> = [alHl + CLQHQ,X]
=arady, X + asady, X = (aa(H;) + aga(Hs)) X.

Let R be the set of roots of g.
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Proposition 21.6. If o € R, then a(H) € iR for all H € t.

Proof. We showed that ady is skew-adjoint for all H € Z, and the eigenvalues of a skew-
adjoint operator are all purely imaginary. U

Definition 21.7. Let a be a root of g. Then the root space g, is defined to be
go={X€g:[H X]=0aH)X foral H € b},

i.e., g is the set of all simultaneous eigenvalues of all ady’s with eigenvalue o(H) plus the
zero vector.

In fact, g, is a subspace of g. In general, for any a € h*, then
0o ={X €g:[H X|=a(H)X forall H € h}.
Thus if @ # 0, then g, = {0} unless « is a root. Meanwhlie, if « = 0, then
go={X€g:[H X]=0forall Heh} =5

by maximality of a Cartan subalgebra. Since all the ady’s are simultaneously diagonalizable,
there exists a basis of g consisting of simultaneous eigenvectors of all ady’s (i.e., root vectors
or elements of ). Hence, as a vector space, there exists a decomposition

g=bho (@ga> )
a€R

so every element of g is expressible uniquely as an element of h plus one root vector from
each root space.

Proposition 21.8. Let o, 8 € b*. Then [ga, 85) C Gatp i-€., if X € go and Y € gg, then
[X> Y] € ga+3-
Proof. Suppose X € g, and Y € gg. Then [H,X]| = o(H)X and [H,Y] = B(H)Y for all
H € bh. Recall the Jacobi identity: [H,[X,Y]] = [[H,X],Y]| + [X,[H, Y]], or equivalently,
ady|[X,Y] =[ady X, Y]+ [X,ady Y], i.e.,, ady is a Lie algebra derivation.

IN this case, for all H € b, we have [H,[X,Y]] = o(H)[X,Y] + B(H)[X,Y] = (o +
B)(H)[X,Y]. Hence [X,Y] € goys- O
Corollary 21.9. [g,,8-o] € h = go.

Corollary 21.10. If X € g, and Y € gg and o + 8 # 0 and o + [ is not a root, then
(X, Y]=0.

Next, we shall investigate restrictions on the set R of roots of g.
Proposition 21.11. If a is a root, then so is —«. Also, the roots span bh*.

Proof. Since « is a root, then there exists X # 0in g such that [H, X| = o(H )X for all H € b.
Hence H € t. Write X = X; + X, and X; € ¢. Let H € t. Then [H, Xi] +i[H, X,] =
a(H)(X;, + iXs5). We have seen that a(H) = 6 for some § € R since H € t. So we

have [H, Xi] + i[H, Xo] = i0(X; +iXy) = —0Xy +i0X,. Therefore [H, X;] = —0X, and
[H, X5] = 0X;. Define X := X; —iX3 # 0. Then, for all H € t,
[H,X| = [H,X,] —i[H, Xs] = —0X5 —i0X, = —if(X; — iXy) = —i0X = —a(H)X.
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Thus —a is a root of g, and X is a root vector in g_,. This completes the proof of the first
part.

As for the second part, start by assuming that roots do not span h*. Choose a maximal
linearly independent subset aq, ..., ax of R and complete it to a basis aq, ..., ag, Qgi1, - - -, Q
of b* where r = rank(g). Let Zi,...,Zk, Zks1,. .., Z, be the dual basis of h. Note that
Zrv1 # 0 since it is a basis element. Note also that «(Z;y1) = 0 for all & € R because
every root is a linear combination of «ay, ..., ax. Therefore [H, Z;,1] = 0 for all H € b since
Ziv1 € hand [Zyy1, Xo] = a(Zki1) X =0 for all @ € R and X, € g,. Hence, since

g=h®<@ga),

a€R
we get [Zg41, X] =0 for all X € g. So Zy41 is in the centre of g. But since g is semisimple,
the centre of g is trivial. Therefore Z;,; = 0 which is a contradiction. OJ
Lemma 21.12. Let X € go,Y € g-o,H € bh. Then [X,Y] € b, and ([X,Y], H) =
a(H)Y,—X), where X = X +iXy and —X = —X; +iX,, where X; € £.
Proof. If X € £ we showed that adx is skew-Hermitian, i.e., (adx Y, Z) = —(Y,adx Z) for
allz € tand Y, Z € g. Write X = X, + X, with X, € £, and compute (adx Y, Z):
(adx Y, Z) = (ady,1ix, YV, Z) = (adx, Y +iady, Y, Z) = (adyx, YV, Z) —i(ady, Y, Z)
=—(Y,adx, Z) + (Y,iadx, Z) = (Y,ad_x,1ix, Z) = (Y,ad_% Z).
Therefore (adx Y, Z) = (Y,ad_+ Z) for all X,Y,Z € g. Hence
(X Y], H) = (adx Y, H) = (Y,ad_x H) = (Y, [-X, H])
— (v, [, X)) = —a(H)(Y, X) = a(H)(Y, - X). =
22. MARCH 23
Our main goal today is to prove the following theorem:

Theorem 22.1 (Main theorem on root spaces). The following statements are true for root

spaces:

(1) If a is a root, then the only multiples of o that are roots are o and —«.

(2) If a is a root, then g, is one-dimensional.

(8) For every root o € R, there exists 0 # X, € 9,0 #Y, € g_4,0 # H, € b such that
[Hy, Xo| = 2X4, [Hy, Ya| = —2Y,, [Xa, Ys] = Ha; and H, is unique, independent of
X, and Y,.

Proof. Let a € R be a fized root.

Claim (Claim 1). If x € g, and Y € g_, then [X,Y] € h and [X,Y] is orthogonal to all
elements H € b such that o(H) = 0.

Proof of Claim 1. Let ker(o) = {H € b : a(H) = 0}. We can write h = ker(a) + ker(a)*
(as vector spaces; ker(a)t is the orthogonal complement in h with respect to (, )|). Let
o = rank(g) = dim(h). Since o # 0 by definition, ker(a) has dimension r» — 1. Hence
dim(ker(a)*) = 1. By Claim 1, we have

(80, -a] = ker(a)™. (1)
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Let X, be non-zero in g,. Then —X € g_,, and X # 0 (by Lemma [21.12)). O

Claim (Claim 2). [X, —X] # 0 and «([X, —X]) is real and strictly positive.

Proof of Claim 2. Take Y = —X in Lemma [21.12] Then ([X,—X], H) = a(H)| — X||?, and
| — X|? is positive. Choose H € b such that a(H) # 0. So [X, —X] # 0.

Let H = [X,—X]| € h. Note that ||[X, —X]||> = a([X, = X])|| — X|?, so a([X, —X]) is real
and positive. 0

Let Y = —X. Then H = [X,Y] = [X, - X].

Since X € g, and Y € g_,, we have
[H, X]=a(H)X
[H,Y] =a(H)Y.

Therefore a(H) = a([X, —X]) > 0 by Claim 2. Define

2
X, = a(H)X
2
Y, = a(H)Y
2
H, = mﬂ
Thus we have
9 3/2 9 3/2
[Hy, Xo| = (m) [H, X] = (m) a(H)X =2X,
[H,,Ys] = —2Y,

[(Xa, Ya] = Ha.
Notice that [H,, X,] = 2X, = a(H,)X,. Since X, # 0, it follows a(H,) = 2.

Claim (Claim 3). If 3 = ko is a root of g for some k € C, then k = % for some integer
m € Z.

Proof of Claim 3. Let S, := span{X,,Y,, H,} = sl(2,C). Let V, be the subspace of g
spanned by ker(a)* and the root spaces gg where 8 = ka for some k € C. We shall show
that V,, is invariant under S,, with respect to the adjoint action. Hence it is isomorphic to
a finite-dimensional complex representation of sl(2,C). In other words, ad|s, has V,, as an
invariant subspace.

We need to show that [S,,V,] C V, if Z € ker(a)t. Then Z = \H, for some A € C
(because [ga,g-o] C ker(a)t by Claim 1). Therefore ker(a)t = span{H,}. Note that
ady, Z = [Ho,A\H,) = 0. If Z € gp, we have ady, Z = [(H.)Z = 2kZ. Therefore
adp, (V,) C V,. Also,

[XowHoc] =—-2X,€9.CV,
[YaaHa] - 2Ya € 0-a g Va-
82



Let Z € gg.Then [X,, Z] € gavp = Gtht1)a € Vo and [Yo, Z] = gayp = (h—1)a € Va.
Therefore ady,, ady, ,ady, leave V,, invariant, so V,, is a finite-dimensional representation of
Sa. From what we know about finite-dimensional representations of sl(2, C), the eigenvalues
of H, must be integers. If 0 # Z € gg with 8 = ka, then

ady, (Z) = [Ha, Z) = B(Ha)Z = 2kZ.
Hence 2k must be integer, so k € %Z as desired. 0
Claim (Claim 4). If « is a root, then 2« is not a root.

Proof of Claim 4. Recall S,, C V,, so by the complete reducibility property (CRP) of s1(2, C),
V,, decomposes into
Vao=S5S.0U, ®---U,

as representations of S, = sl(2,C), with each U; irreducible representations of sl((2,C).
Suppose that 2a is a root of g. Then there exists a non-zero Z € gy, such that [H,, 7] =
(2a)(Ho)Z = 4Z. Because weight vectors correspond to distinct weights are independent
and A = 4 occurs as an eigenvalue of ady,_ in V,, it must occur in one of the factors. Since S,
cannot have eigenvalue 4 (S, has —2, 0,2 as eigenvalues), there exists some U; # 0 such that
A = 4 occurs as an eigenvalue. By our knowledge of irreducible representations of sl(2, C),
if m occurs as an eigenvalue of w(H,), then so does m —2,m —4,--- ,—m. If A\ =4 occurs
in U;, so does A = 0. So suppose that W € U, is a non-zero vector such that [H,, W] = 0.

Hence W € ker(a)t = span{H,}. Why? note that V, = ker(a)* @ [ €@ gs |. Recall that
B=ka

ker(a)t is a weight space of ady, with height 0, with the remaining portion being weight
spaces of ad g, with weight 8 = ka # 0. But U;Nker(a)t C U;NS, = {0}, so this contradicts
the fact that W is non-zero. Therefore 2« is not a root. O

Claim (Claim 5). The only multiples of a that are roots are +a.

Proof of Claim 5. Let o be a root, and = ka a root of £ € C*. By Claim 3, we have
k =m/2 with m € Z. Without loss of generality, let £ > 0 because otherwise we can replace

a with —a. So by Claim 4,
1 356
—1,=.=,=,--- p = N.
k€{2’ 72 2727 }

And o = %ﬂ are both roots, meaning that k=' € N, so k = 1. O
Part (a) of the theorem follows from the five claims.
Claim (Claim 6). The root spaces g, are one-dimensional.

Proof of Claim 6. Suppose otherwise. Then there exists X’ independent from X, such that
ady, (X') = [Ha, X' = a(Ha) X' = 2X’. So there exists eigenvalue 2 in V,, not coming from
S,. Hence there exists eigenvalue 0 of ady, in V,, not coming from S,. But this contradicts
Claim 4, so g, is one-dimensional. 0

So part (b) follows.

Finally, since g, and g_,, are both one-dimensional, H, = [X,, Y, | is unique up to a scale.
The scaling is fixed by the requirement that [H,, X,] = 2X, (i.e., a(H,) = 2). This proves
uniqueness. O
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Remark 22.1. So what is this good for? If g is a complex semisimple Lie algebra, then the
possible roots o € h* of g are severely restricted, namely of the form

gzh@(@%)-

aER

This gives hope that one can classify complex simple Lie algebras (reduce to classifying
possible “root systems”).

Now we will try to give a more “geometric picture” of the roots.

Proposition 22.2. Let o, be roots of g. Let H, be the co-root associated to . Then

B(H,) € Z.
Proof. Let S, = span{X,,Y,, H,} as before. If 0 # X3 € gg then [H,, Xg| = 5(Ha) X5 so
B(H,) is an eigenvalue of ady,, on V,. Therefore (H,) € Z. O

Recall that we use the positive-definite inner product (_, ) on g that is ad4-invariant for
all A € K restricted to b to identify b with h*. So # : h — b* defined by H — H# where
H#(J) = (H,J). So for any a € h*, there exists a unique o’ such that (a’)* = a, i.e.,
(o’,H) = o(H) for all H € . Using this identification, we can drop b and # notation.
That is, a root of g is a non-zero element a € h such that there exists a no-zero X € g with
[H,X] = (o, H)X for all H € h. Note that (o, H) = a(H) = (a’, H).

Let R be the set of roots of g (as a finite subset of h this time). We have so far shown
that:

(1) each root o € R is contained in it C h = t+ it (because if H € t then a(H) is purely
imaginary).

(2) The roots span h (the map # taking spanning sets to other spanning sets).

(3) if v is a root, so is —a but no other multiples.

Proposition 22.3. Let o be a root and let H, be its co-root. Then
200 2H,

, A=
ler]? [ Hall?
In particular, o and H,, are positive real multiples of each other, and ||a|?||Ha||* = 4.
Proof. span{H,} = ker(a)t € b, and ker(a) = {H € b : (o, H) = 0} = span(a)t. So
span{H,} = ker(a)* = (span{a})*t = span{a}. Therefore span{a} = span{H,}. a =
AH,, for some \ € C, so

H, =

lall” = AMar, Ho) = Aa(Ha) = 22,
so A = [la]|?/2. O

Corollary 22.4. (8, H,) = 8(H,) € Z.

Proof. Since H, = Hioﬁz. Hence 2H<§ ”a2> € 7Z whenever «, 8 € R. Similarly we have 2&;@ € 7.
Also,

2H,
b= ;
| Hsll?
s0 B(Ha) = (B, Ha) = 2zt € 2. O
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Remark 22.2 (Summary). If o, f € R then

2 2(H,, H
(@.0) _ 2o i) _
[alP ~ "TH

and both equal 3(H,), the eigenvalue of ady, on gz. Geometrically speaking, if o, 5 € R
then the orthogonal projection of o onto 8 is an integer or half integer multiple of § and

vice versa.

P

e,

oy

23. MARCH 25: THE WEYL GROUP

Recall that K is the compact (but not necessarily simply connected) analytic subgroup
of GL(n,C) with Lie algebra ¢, which is a compact real form of g C gl(n,C). Let t be the
maximal abelian subalgebra of £. Then h = tc = t + it is a Cartan subalgebra of g.

Definition 23.1. Define

Z(t)={Ae€ K:Ady(H)=H for all H € t}
N(t) = {Aec K : Ady(H) € t for all H € t}.

It is easy to check that both Z(t), N(t) are subgroups of K and Z(t) is a normal subgroup
of N(t).

Definition 23.2. The Weyl group of g is W := N(t)/Z(t).

Define an action of W on t by [A] = w € W, A € N(t) as follows: w- H = Ada(H) for all
H € t. Since h = {¢, this action extends (complex-linearly) to an action on h. (That is, W
consists of invertible complex-linear operators on b).

Proposition 23.3. The following hold regarding the Weyl group W :

(1) The inner product (_,_) on b is invariant under the action of W.
(2) The set R C b of roots is invariant under W.
(3) The set of co-roots is invariant under W, and w - Hy = Hy.q-
(4) W is a finite group.
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Proof. The first statement is immediate from the fact that (_,_) is Adg-invariant fro all
A € K. As for the second statement, let w € W and w = [A]. Let a € R. Then there
exists X # 0 in g such that [H,X| = (o, H)X for all H € b, and Ads(X) # 0 in g.
Note that [H,Ads X] = Ada([Ad}" H, X]), since Ady is a Lie algebra automorphism; and
Ady-1 H € b because A~ € N(t). Hence

[H,Ady X] = Ada({o, Adp-1 H)X) = (Ada o, H) Ady X = (w-a, H) Ady X
for all H € h. Hence, w - « is a root, with root vector Ady X.

As for the third part, write H, = 2a/|«|*>. Then w - H, = 2(w - a)/||a|* = 2(w -
a)/|lw - al|> = Hy.o, with the second-to-last inequality following from the first part of the
proposition.

For the last part, we begin by noting that the action of w € W is completely determined

by what it does to the roots, but we know from the second part that w ail permute the roots.
So W is a subgroup of the permutation group of the finite set R of roots. O

Ezample 23.4. Let g = sl(2,C). Then € = su(2), the 2 x 2 traceless Skew-Hermitian matrices.
Then K = SU(2) C GL(2,C). Then

t:{[ig _2@} ca € R}

is a maximal abelian subalgebra. We claim that

Z(t):{{ 6: eom] :aER}
Nayzzmu{[_gm %ﬁ:aeR}
Proof. Take

1 0
ey 0]
If Ae Z(t) then Ady Hy = Hy iff AHy = HyoA. Note that if Hyv = \v then AHyv = HyAv =

AAv. Thus A preserves eigenspaces of Hy. Suppose that eigenspaces are spanned by {e;}
and {es} respectively. Hence for some ¢,d € C we have Ae; = ce; and Aey = dey. Therefore

A:[g 2} € SU(2),

SO

eO ega ] is in Z(t).

If A€ N(t), then AHyA™! € ¢, so it is diagonal, and AHyA™! has eigenvectors Ae;, Ae,
with eigenvalues +i respectively, i.e., AHyA™ (Ae;) = AHpe; = \;Ae; where A\ = i and
Ao = —i. But every element on t has eigenvectors e; and es since it is diagonal. So there

exist ¢ and d such that Ae; = ceq, Aes = dey or Aey = dey, Aes = cey. The former is
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the Z(t) case, while the latter is the O_ia

i 0 } case. Conversely, anything of the form

0 el .
_p-ia (| 18In N(t).

Then W = N(t)/Z(t). Let w = [A], A € N(t). Note that w-H = Ada H. If A € Z(t), then
w is the identity on h so Ady H = H for all H € . On the other hand, if A € N(t) \ Z(%),

then
w0 0 e w0 0 —e —ib 0
Adf‘{o —ib]:[—ei“ OHO —z‘bHem 0 ]:{0 ib]’

So w = [A] acts as —id on h. So the Weyl group of s((2,C) = Z/2Z = {£id}. O

Recall that the root diagram of sl(2,C) is

< = =

so the Weyl group is the permutation group of R. But in the case of sl(3,C), then Weyl
group is isomorphic to S3 (symmetries of equilateral triangles) hence Weyl group is a proper
subset of the permutation group of R.

£

Going back to the general complex semisimple algebra, the following theorem holds:

Theorem 23.5. For every root o € R, there exists an element w, € W such that

Wy = —Q

we - H=H

for all H € b such that (H,a) = 0. That is, for every root «, there exists an element w, € W
that is reflection across the codimension one hyperplane (span{a})*.
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1
gft;ﬁﬁ ‘?{\I

Remark 23.1. If § € b, then

EE Tol? )
Eslp%:nr{a}l
So
L {aBa (_<a,ﬁ>a>
o == TP T a2
. 2aBa
=0 T
B_wa'ﬂ:2<a7ﬂ>2a-
o

Hence if a, 8 € R then g — w, - § is an integer multiple of «.

Proof. Let X,,Y,, H, be as before, where Y, = —X,. We have X, = X; +iX, with X; € &.
So Yy =—Xi +iXs, 50 X, — Y, =2X; €t Let Ay :=exp (2(Xo—VY,)) € K. f HeE D
with (o, H) = 0 then [H, X,] = (o, H) X, =0 and [H,Y,] = —(a, H)Y, = 0. So Y, € g_,.
So X,, Y, commute with any H € (span{a})*.

Claim. Ada, (H) = H for all H € (span{a})* and Ady, (o) = —a.
Proof of Claim. Note that
Ady, = Adexp(g(xa—ya)) = exp (ad (g<X°‘ — Ya))>
= exp (g (adx, — adya))
if (a, H) = 0, then adx, H = ady, H = 0. So
Ada, H = exp (g(adxa - adya)> H=H,

since the only constant term in power series contributes.
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If H=« H, is a positive multiple of «, then
Ady, Hy = exp <g(adxa - adya)> Ha,

and the RHS only involves brackets of X, Y,, H, so only depends on commutative relations
= 5l(2,C) with basis X,Y, H. In sl(2,C), where

0 1 00
LRI

we have

T [0 —

—(X-Y)= 2

so-n=| % 3|
SO

exp (S(X -V)) = 0 Ll c v\ 2.
2 -1 0
Therefore Adexp(%(Xfy)) H,=-H,= Ad[_o1 1 H,, as desired. O
This completes the proof of our original theorem. O

Remark 23.2. In fact, one can prove that the Weyl group W is the subgroup generated by
such reflections {w, : @ € R}. So this fact imposes more constraints on what sets R can be
roots of a complex semisimple Lie algebra. Hence it is useful for classification.

We have almost all the language to state the theorem of the highest weight for a complex
semisimple Lie algebra g.

Theorem 23.6. Let g be a complex semusimple Lie algebra, and assume that every repre-
sentation is complex and finite-dimensional. Then:

(1) Every irreducible representation of g has a (unique) highest weight.

(2) Two irreducible representations of g are isomorphic if and only if they have the same
highest weight.

(8) The highest weight of an irreducible representation is a dominant integral element.

(4) Every dominant integral element is the highest weight of an irreducible representation.

We first need to define weight, highest weight, integral element, and dominant integral
element.

Definition 23.7. A base for R is a subset {ay,...,a,} of R such that:
(1) it is a basis of b (r = dim(h) = rank(g))
(2) every o € R can be written as o = ¢y + - - - + ¢, where each ¢; € Z, and all ¢;’s
are either non-negative or non-positive.
Also, if all the ¢;’s above are all non-negative, then these roots are called positive with respect
to the given basis; if ¢;’s are all non-positive, then these roots are called negative with respect
to the same basis. Furthermore, {ay, ..., .} are called positive simple roots.

Remark 23.3. A base always exists.

Definition 23.8. An element u € b is an integral element if (u, H,) € Z for all « € R and

H, a co-root (equivalent to saying that 2”<5 ”a2> € Z for all a« € R. A dominant integral element

is an integral element p € b such that (u, H,) > 0 for every positive simple root «.
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Definition 23.9. Let (V, ) be a finite-dimensional complex representation of g. An element
w € b is a weight of 7 if there exists v # 0 in V' such that 7(H)v = (u, H)v for all H € b.

Definition 23.10. If py, us € b, then we say that py is higher than ps if py — po = croq +
-+ + ¢, with all ¢; > 0 (real numbers). If this is the case, then we write p; = po.

As for the proof of the theorem of the highest weight, the proofs for the first three state-
ments are identical to the sl((3,C) case. The fourth one is much harder. There are three
possible approaches: Verma modules (Lie algebra approach), Peter-Weyl theorem (compact
group approach), and Borel-Weil construction (complex group approach). Theorem means
that irreducible representations (up to isomorphism) are “parametrized” (bijective corre-
spondence) with dominant integral elements.

24. MARCH 30: CONSTRUCTION OF Spin(n)

Today, we will explicitly construct a matrix Lie group Spin(n) for all n > 3, and a two-to-
one homomorphism 7 : Spin(n) — SO(n) such that Spin(n) is compact, simply connected,
and Lie(Spin(n)) = so(n) = Lie(SO(n)). This is a generalization of Ad : SU(2) — SO(3).
Particularly, we will see that SU(2) = Spin(3). This is all more general than what we are
going to do today.

Consider V' = (R", (_, _)) with the standard Euclidean positive-definite inner product. Let
{e1,...,e,} be the standard basis of V. This is orthonormal.

Definition 24.1. We define CI(V') to be the Clifford algebra of V- = (R",(_,_)), the asso-

ciative algebra over R with identity generated by {ey,...,e,} subject to the relations
[} €€ = —€5-€ le#j
eci=¢i-e;=—1foralli=12 ... n

Formally speaking, the Clifford algebra is

ClV) = <€B<V®’“>> /1,

k=0
where [ is the two-sided ideal generated by {v ® v + (v,v)1 : v € V'},

Remark 24.1. From the two relations defined above, it follows that v - w +w - v = —(v, w)1
for all v,w e V.

Basis for C1(V) is all the elements that have one of the following forms 1, e;, e;-¢; (i < j),
eirejep (1<J<k),...,ej----€ (1 <lg<---<4ip),...,e1-€g----" é,. Thus,

dim(CL(V)) = En: (’Z) — (14 1)" =2m.

=0

Remark 24.2. As R-vector spaces, we have

CLV) = A%(V) = P A¥(V),
k=0
but not as algebras.
Remark 24.3. V. C CI(V) as a subspace, and similarly R C CI(V') as a subspace, where
R = span{1}.
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Definition 24.2. A Clifford automorphism P € Aut(Cl(V)) is an automorphism of the
underlying real algebra that also maps V' into V satisfying

e P(a+b)=P(a)+ P(b)

e P(ta) =tP(a) for all t € R

e Pla-b) = P(a)- P(b)

e Plv) e VCCIV) forallveV.
Remark 24.4. Note that the first three indicate that P is an algebra homomorphism. So if

P is an algebra homomorphism satisfying the fourth condition, then P becomes a Clifford
automorphism.

Theorem 24.3. Aut(Cl(V)) = O(n) = O(n,R).
Proof. Let P € Aut(Cl(V)) a Clifford automorphism. Let v € V. Then we have P(v) € V.

By the fundamental defining relation (v -v = —|v|?*1) we have
(P(v),P(v))l = —P(v)- P(v) = —P(v,v) = P(—v - v)
= P({v,v)1) = (v,v)P(1) = (v, v)1.
Thus (P(v), P(v)) = (v,v) for all v € V so Py € O(n).
Now suppose P € O(n). Extend P to Cl(V) in the obvious way to make it an alge-

bra homomorphism. Then one can easily verify that this is well-defined and is an algebra
automorphism. O

Definition 24.4. A Clifford anti-automorphism is an algebra anti-automorphism, i.e., P(ab) =
P(b) - P(a) for all a,b € CI(V) such that P(v) € V for all v € V.

Remark 24.5. C1(V') has a canonical Clifford automorphism and two Clifford anti-automorphisms.

Definition 24.5. The isometry v — —v of V extend to an automorphism of CI(V), i.e.,
P = —I € O(n). Denote this automorphism by ~: CI(V) — CI(V).

Remark 24.6. a = o for all a € CI(V) since (—I)? = I. Therefore ~ is an involution.
Definition 24.6. We are now ready to define even Clifford algebras and odd Clifford algebras:
ClV)*¥" ={a e Cl(V):a=a}
CUV) M ={a e Cl(V):a=—a}.

Remark 24.7. Both are subspaces of CI(V'), and in particular C1(V)*¥*" is a subalgebra. Also,
since

_a+ta L2 a
“T T 2
and (a+a)/2 € CI(V)*™™ and (o —a&)/2 € CI(V)°4 we have C1(V) = CL(V)ver g Cl(V)odd

as real vector spaces.

Define an anti-automorphism Vv : C1(V)) — CI(V) by defining it on a basis (let i; < is <
cee /Lk})

\Y%
(eil . eig e e eik) = eik . eik—l ..... €i1

()DL

ey = (—1)FED2e

k
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(i.e., reverse order of factors). Note that (a- ()Y = Y- aY, and (a¥)” = «a so V is an
involution. Furthermore, notice that, if k = 4m + [ with [ = 0,1, 2,3 then

kk—1)  1(1—1)
5 == (mod 4),

soif k = 0,1 (mod 4) then (—1)k*=/2is 1 while (—1)*¥*~1/2 is negative if k = 2,3 (mod 4).

Remark 24.8. Vo ~ oV is an automorphism of Cl(V') that maps V' < V', since (V ~ V)(e;) =
V(~ (&) = V(—e;) = —e; =~ ¢;. Therefore V ~ V =~ on V. Hence V ~ V =~ on Cl(V).
Hence ~ V =V ~ (i.e., they commute).

Definition 24.7. A : CI(V) — CI(V) is said to be the Clifford anti-automorphism A := ~
V=V ~.

For the record, we will record the signs of each map:
kmod4|[0|1]2]3

A e e

A+ ==+

24.1. Main symmetry of Clifford algebras
Proposition 24.8. CI(R") = (CI(R™+1))™".

Proof. Let ey, ..., e, be the standard basis of R® and Ey, ..., E, the standard basis of R+
Define a map ¢ : CI(R") — CI(R"1) such that ¢(e;) = Ey - E; € (CI(R"™1))™" extend to
make ¢ to make an algebra homomorphism:

gf)(e,»)qb(ej) = E()EZ‘E()E]' = —E()EoEiEj
for all ¢ # j. If i = j, then ¢(e;)¢(e;) = E? = —1 = ¢(e?). Therefore ¢ : CI(R") —

(CHR™1))*™" " and note that both have dimension 27, hence is an isomorphism of real

algebras (check the details) that preserves the Clifford relation. O
Example 24.9. CI(R%) = R° = R, and has dimension 2° = 1, and ~, V, A all identity.

Example 24.10. If r = 1, then CI(R') = spanyg{1} @ spang{e;} = R? as real vector spaces.
And every a € CI(R') can be written in the form o = al + be; with a,b € R, where 1
is the multiplicative identity and e? = —1 by defining relations. Therefore CI(R') = C
as R- algebras. And ~= V is the map al + be; — al — bey, which is complex conjugate.
Hence CI(RY)®*® = span{l} = R and CI(R')°¥ = span{e;} = iR. It thus follows that
CI(R%) = CI(RY)*¥*" and R = Re(C) = Cev°",

Example 24.11. What if r = 27 Note that
CI(R?) = span{1} @ span{e;, es} ® span{e; - e5}.

Then span{e;,es} =2 V and span{1} = R. Recall that €? = €2 = —1 and ¢ - €3 = —e3 - €;.

Notice that (e1 - e3) - €1 = —ey - €1 - €1 = €9, and similarly, ey - (e; - €2) = —eg, €9 - (€1 - €2) =

—ey - ey ey = ey, and (€1 - e9) - eg = —e;. Letting i = ey - e3,j = €1,k = ey we see that
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i?=j2=k>=-1,ij =k = —ji,jk =1 = —kj, ki = j = —ik. Therefore Cl(R?) = R?* =~ R*
as real vector spaces, and (as R-algebras) C1(R?) = H, the real algebra of quaternions. Then
(CI(R?))®*" = span{1,e; - ea} = span{1,i} = C

(CL(R?))**" = span{er, e2} = span{j, k},
so CI(R?)°d is a real subspace but not a subalgebra; and H has a real subalgebra isomor-
phic to C. Hence H = C & Cj. The anti-automorphism is defined as A(1) = 1,A(%i) =

Fi, \N(x£j) = FJ,AN(£k) = Fk. Therefore A corresponds to the quaternionic conjugation
(recall that H = R & Jm(H)).

Note that H is a division ring (i.e., every element has a multiplicative inverse — but without
commutativity). If ¢ € H is non-zero, then ¢~ = ¢/|q|*> because qq¢ = qq = |q|* (analogous
to zz = |2)* in C).

Example 24.12. If r = 3, then CI(R?) = R8 as real vector spaces, but is not the octonions
0, since Q is not associative. As real algebras, CI(R?) = H ¢ H, where even: (p,p) and odd:
(p, —p), where (p1,q1)(p2, @2) = (P1p2, q1¢2) with the multiplicative identity 1 = (1, 1).

Ezrample 24.13. We can keep going, and we will see that:
° CI(R4) Mayo(H), which is 16-dimensional over reals.

e CI(R®) = Myx4(C) (32-dimensional over reals)

e CI(R 6) Msys(R) (64-dimensional over R)

o CI(R7) = Mgys(R) & Mgyxs(R) (128-dimensional)

e CI(R®) = Mygx16(R) (256-dimensional)

But we can stop here actually, because the pattern will repeat. In other words,
n mod 8 CI(R™) dimension = 2"

0 M xy (R) N2
1 My n(C) 2N?
2 My v (H) 4N?
3 My n (H) & My« n (H) SN2
4 My« (H) 4N?
b My« n(C) 2N?
6 Mpyxn(R) N?
7 Mpyxn(R) @ Myyxn(R) 2N?

24.2. The Clifford centre and the twisted centre

Definition 24.14. We define the Clifford centre cent(C1(V')) and the twisted centre tweent(Cl(V))
as follows:

cent(Cl(V)) ={a e Cl(V):a-f=0F aforall geCl(V)}
={aeCl(V):a-v=v-aforallveV}
tweent(CL(V)) ={a e Cl(V) :a- f = —F -« for allg € CI(V)}
(V):a-v=—v-aforallveV}.
Lemma 24.15. Let V = R".

(1) If n is even, then cent(Cl(V)) = R = span{1} and twcent(Cl(V)) = R = span{u}.
(2) If n is odd, then cent(C1(V)) = span, {1, u} = R? and twcent(C1(V)) = {0}.
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Therefore, 1 € cent(Cl(V)) always. Also, only other basis vector that can be in cent or
tweent is p, where p € cent for n odd and p € tweent for n even.

Proof. Let e; € V be a basis vector. Let a € CI(V'). Write o = 8+ ¢; - 7y, where 3,7 do not
involve e;. Then ae; = (5 + e;7)e;, and e;a0 = e;(f + e;7) = ;8 — 7. If a is even, then [ is
even and 7 is odd. Hence - e; = ¢;8 —¢e; - ¢; - v = ¢;8 + 7y so:
e a-¢=¢-asv7=0<% a does not involve e;.
e a-¢;=—¢- -a< [ =0<%< a does involve e;.
If a is odd, then 8 is odd and ~ is even. Since « - e; = —e; 5 — 7y, so we have:
ea-¢=¢- -a< =0% a does involve e;.
e a-¢;=—¢;-a<sv=0<% a does not involve e;.
Hence, we see that a € cent(Cl(V)) if and only if a®® a°d € cent; similarly, a €
tweent(CL(V)) if and only if a®°® a4 € tweent(C1(V)). O

25. APRIL 1: LAST LECTURE!

Recall that CI(R") = CI(R™)®"*" @ CI(R")°%, and that CI(R")®*" is a subalgebra and
Cl(R™)°d is a subspace (but not a subalgebra). Last time, we defined the Clifford centre
cent(Cl(V)) and the twisted centre tweent(CL(V)):

cent(Cl(V)) ={a € Cl(V):a-B=pF -aforall gecCl(V)}
={aeCl(V):a-v=v-aforallveV}
tweent(Cl(V)) ={a € CI(V) : - B = —f -« for allg € CI(V)}
={aecCl(V):a-v=—v-aforallveV}.
We also proved that if n is even, then cent = span{l} and twcent = span{u}, where

=€ ey en. If nis odd, then cent(Cl(V)) = span{1, u} and twcent(Cl(V)) = {0}.

25.1. Self-duality and anti-self-duality
We have (1 = e1-e9-- - -ep-e1--- - e = (— 1)1 2¢ oo oy even_1oe ey = (—1)D/2,
where n = 4k + [. This gives us that
kmod4|0| 1|2 (3
2 (11 -1]1
Definition 25.1. Suppose that n = 0 or 3 mod 4. Then a € Cl(V) is called self-dual if
- a =« and anti-self-dual if - o= —a.

Remark 25.1. For any a € CI(V'), we can write
L atpra o= o
o= 5 + 5 .

Then C“JFT‘”“ is self-dual and “=~* is anti-self-dual. This gives us another splitting (distinct
from the even/odd splitting):

CLV) = CIH (V) @ C1-(V),

where CIT(V) denotes the self-dual elements and C1~ (V') denotes anti-self-dual elements.
Both are just subspaces, not subalgebras.

Remark 25.2. p-1 = pso 1is not self-dual. But £ € CI* (V) and 52 € C1™ (V).
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Ezample 25.2. CI(R®*) = H® H = C1"(R?) @ Cl™ (R?). Recall that CI(R?)**" = {(p,p) : p €
H} and CI(R?)°d = {(p, —p) : p € H}. So we have

1+M €i+€j‘ek}

2 2
1—p e —ej-e
2 2 '

0dd CL™ oo
Cl I ﬁa}e

CI"(R?) = span {

Cl™ (R%) = span {

H=C"

25.2. Pin groups and spin groups
Let v € R" te non-zero. Then we have v - v = v? = —|v|?1 = 0. So v is invertible, and
vl = —v/jv[% If |v| = 1, then v™! = —v. Now we are ready to define pin groups.

Definition 25.3. The Pin group of (R",(_,_)) denoted Pin(n), is the subgroup of CI(V)*
generated by unit vectors in R”, i.e.,

Pin(n) = {uy -ug -+ -+ up: |u| =1,u; € V3

Remark 25.3. This is clearly a group, and notice that +1 € Pin(n). Note that every a €
Pin(n) is either even or odd.

Definition 25.4. The Spin group of (R", (., _)) denoted Spin(n) is
Spin(n) := Pin(n) N CL(V )" = {uy - - - - - Uyt u; €V, |y =1}
Remark 25.4. Clearly we have +1 € Spin(n) and Spin(n) is a subgroup of Pin(n).

Lemma 25.5 (Relation been reflections and the Clifford multiplication). Let u € V' be non-

zero. Let R, : V toCl(V) defined by R,(v) = —u-v-u~t. We know that u=' = —u. Therefore
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R,(v) =u-v-uis linear in V. We also have R,(v) € V for allv eV, and R, :V — V is

reflection across the hyperplane orthogonal to span{u}.

Proof. R, is linear, so there are two possible cases. First, suppose that v = Au where A € R.
Then R,(v) = wvu = Mu® = Mu(u?) = —du = —v (recall that u? = —|u]*1 = —1). Ifv L u
(the second case), then in this case we have u - v = —v - u, so R,(v) = wvu = —vu? =
—v(—1) = . O

This lemma motivates the following definition:

Definition 25.6. The adjoint representation Ad of C1(V)* on CI(V) is the group homomor-
phism Ad : CI(V)* — GL(CI(V)) given by the isomorphism Ad, : CI(V) = CI(V) defined
by B+ a-fB-a~! (obviously, a € CI(V)*).

Remark 25.5. This is a representation since Ad,-1 = (Ad,) ™! and Ad, - Adg = Ad.gs.

Definition 25.7. The twisted adjoint representation Ad is a representation of C1(V)* on
CI(V') given by

Ad : CI(V)* = GL(CL(V))
where Ad,3 =a - 8-a~! for all a € CL(V)*.
Remark 25.6. Ad is a representation because
Adg, - Ady,f = @i(@zfa; ay
= a1asf(aag)™
= (a1a3)B(enan) ™

- Amalagﬁ-
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Remark 25.7. If « € V and a € CI(V)*, then « is a non-zero vector in R". We have @ = —«
and o~ = —a/||al]?.
Let @« = u € V. Then we have

Eiu(ﬂ) =ufut = —u- put.
Therefore ;‘;auh/ = R,.
Theorem 25.8. The following sequences are short exact sequences:
(1) 1= Z/2Z % Pin(n) 24 O(n) — 1
(2) 1= 7,27, % Spin(n) 23 SO(n) — 1.

Proof. If u % 0 in V then Ad, = R, € O(n). If @ € Pin(n), then a = uy - ug - - - - - u,, where
u; € V and u; # 0 with |u;|| = 1. Notice that we have

Ad, = Ady,o, = Ady, - Ady, - - Ad, =Ry, - R, € O(n).

By Cartan-Dieudonné theorem, every P € O(n) is a product of a finite number of repli-
cations. So P = R, - --- - R, for some uy,...,u, € V, all of which are non-zero. Hence
Ad: Pin(n) — O(n) is surjective.

Note that i is injective with image £1; and Ad_18 = —1- B(=1)"1 = (=1)- 3 - (1) = .
Hence Ad_; = 1. Therefore im(i) C ker(Avd). We need to show that im(i) = ker(Avd).

Suppose that a € Pin(n) is in ker(Avd). That is, Ad, = 1. Hence @ - va~! = v for all
v € V, or equivalently av = va for all v € V.

If « is odd, then @ = —a. So we have —av = va for all v € V. Hence a € tweent(Cl(V)).
But then recall that

n even | n odd
cent 1 {1, u}
tweent w {0}

Hence there are no non-zero elements in the twisted centre, so this is a contradiction. There-
fore o must be even, i.e., @ = . So av = va for all v € V. Hence a € cent(Cl(V)), so
a € span{l}. Thus a = ¢ where t € R. One can easily verify that if « € Pin(n) then ¢t = £1,
thereby proving (a).

For (b), it’s the similar argument as (a), but here we use the fact that det(R,) = —1 for
all u € V'\ {0}. Hence, the elements of SO(n) are the products of even number of reflections.
Follow the reasoning outlined in the proof of (a). O

Note that we still haven’t explored why Pin(n) and Spin(n) are matrix groups. Why?
Definition 25.9. We define P to be the space of pinors and S to be the space of spinors.

The spaces P resp. S of pinors resp. spinors are finite-dimensional real vector spaces on
which CI(R") resp. CI(R™)*V*" acts on.

Proposition 25.10. My, y(F) where F = R, C, or H has exactly one irreducible represen-
tation (as a real algebra), which is FN.
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TABLE 1. Table for pinors

n mod 8 CI(R™) dimension = 2" P
0 My n (R) N? RY
1 Mpyxn(C) 2N? cN
2 My v (H) AN? HY
3 | My (H) & My v (H) SN? HY @ HY
4 My v (H) AN? HY
5 Muy«n(C) 2N? cN
6 My (R) N? RN
7| Myxn(R) & Myxn(R) 2N? RN @ RV

TABLE 2. Table for spinors

n mod 8 | CI(R™)*ver = C(R™!) S
0 [ Myxn(R) @ Myxn(R) | RY &RV
1 Muxn(R) RN
2 Mnxn(C) cy
3 My v (H) HY
4 MNXN(H) @MNXN(H) HN @HN
5 My v (H) HY
6 My xn(C) o
7 My (R) RN

Proposition 25.11. Both Pin(n) and Spin(n) are canonically matriz groups. Namely,
Spin(n) is the square matrices of size depending on n (in a rather complicated way), so
Spin(n) is a matriz group such that Lie(Spin(n)) = Lie(SO(n)) = so(n), by using the two-
to-one homomorphism.

Proposition 25.12. Spin(n) is connected. Spin(n) is simply connected for all n > 3.
Proof. Let uy,us € R™ with |uq| = |ug| =1 and (uy,us) = 0. Note that for any ¢ € R,
(— cos(t)u; — sin(t)uy) - (cos(t)uy — sin(t)ug) = (cos® t — sin#)1 + 2sin(t) cos(t)u; - ug
= cos(2t)1 + sin(2t) (uy - ug).

This is a path from 1 to u; - us. Therefore Spin(n) is connected. Hmm but this isn’t enough
to show that it is simply connected! 0

Ezample 25.13. Both Spin(3) and Spin(4) can be explicitly realized using quaternions: S3 =
Spin(3) as manifolds, and Spin(3) = SU(2) = Sp(1) as matrix Lie groups. Also, note that
S3 C H ==~ R*, so S? can be thought of as unit quaternions.

Consider the map Spin(3) — SO(3) defined by p — Ad,. Then Ad,(v) = pvp~' = pvp
is a two-to-one Lie group homomorphism. And |Ad,(v)| = |pvp| = |v| so Ad, € O(3) by
continuity. Hence Ad, € SO(3) for all p € Spin(3), with ker(Ad) = £1. One can show
that this map is surjective and S® is simply connected. So Spin(3) = S, which can be
viewed as the set of unit quaternions. Similarly, Spin(4) = 5% x S = Spin(3) x Spin(3). Let
p:S*x 5% — SO(4) such that (p,q) — ppq Where p,4(v) := py/g. We see that ker(p) = +1.
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The consequence is that Lie(Spin(4)) = so(4) = s0(3) @ s0(3). For the second equality, note
that

s0(4) = AHRY) = AZ(RY) @ AZ (RY),
and AZ(R*) =2 R?* 2 A?(R?) 2 s0(3) and similarly A2 (R?*) = R3 =2 A?(R?) 2 s0(3).
Remark 25.8. Note that Spin(3) = S?, and by the two-to-one map from Spin(3) to SO(3) and
the corresponding map S® to RP? (identify antipodal points), we have m(SO(3)) = Z/2Z
and 71 (Spin(3)) = {1}. So there is a non-contractible loop in RP?, but when doubled it does
become contractible.

As an example, we will consider the case S? and RP2. Notice that you can deform S? into
RP? from

\SZ

to

[RP™

Note that the above loop is not contractible. But if we add two more segments (purple-

coloured lines), then we do have contractible loops:
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Let’s deform a bit more for clearer pictures. Indeed,

This marks the completion of the lectures and this lecture note.
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