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2. MATHEMATICAL BACKGROUND

We will write C? = {(\1,...,Ay) : A € C} (so p-tuples), with the
canonical basis e; = i) for 1 < i < p, or ¢; = §;, where e; denotes the
vector with 1 in the i-th position and 0 in every other position. We
write M, , for n X p matrices. We usually write an element of M,
as A = (a;;) for 1 <i <nand 1 < j < p. The canonical basis for
M, is given by the matrix units E; ; = [j)(i| = eje; (which is 1 in the
(i, j)-entry and 0 everywhere else).

We will always identify M, , ~ L£L(CP,C") via
A D i1 Q15
Al | = f
Ap D1 QmjAj

Given A € M, ,, we define A" € M,, by A" = (b;;) where b;; = aj;.
We denote A* = (ay;).

Definition 2.1. If V. W are vector spaces, then we define V& W =
{(v,w) :v €V, we W}, which is a vector space with coordinate-wise
addition and scalar multiplication on each coordinate.

One can check that if {v; : i € I'} is a basis for V and {w; : j € J} is
a basis for W, then the set {(v;,0) : ¢ € I} U{(0,w;) : j € J} is a basis
for V& W. In particular, we have dim(V & W) = dim(V') + dim(W).
Using this we obtain the isomorphism CP ¢ C? ~ CP*9 via

(()\1, ...,)\p), (Mlv ,,uq)) — (/\1, ey )\p,/,Ll, ...7,LLq).
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We use the following identification:
E((CPl fa (sz’ C™ @ an) ~ E((Cpl-i-pQ’ Cn1+n2) ~ Mn1+n2,p1+p2a
and we express this identification with block matrices. In particu-
. : A Ap
lar, if A € My, 4nyp14p,, then we can write A = (A21 Aoy where
Aij - Mni,p]--

Recall that if V,W, Z are vector spaces, then B : V x W — Z is
bilinear if B is linear in each coordinate. The tensor product of V and
W is defined by

VW =span {v@w:veV,weW},

such that whenever v,v,vy € V, w,wy,we € W and A € C, we have
(V1 + V) QW= QW+ VvV, W, (A) @w = Av®w) =v&® (Aw), and
VR (wy + we) = v @ w + v wa.

Whenever B : V x W — Z is bilinear, there is a unique linear
map 7' : V@ W — Z such that B(v,w) = T(v ® w). Moreover,
if {v; i € I} and {w; : j € J} are bases for V and W respec-
tively, then {v; ® w; : i € I, j € J} is a basis for V ® W. Therefore,
dim(V @ W) = dim(V) dim(W). In fact, if uw € V ® W, then there are
unique vectors x; € V with u = ) ;T ® wy, and similarly there are
unique vectors y; € W with u =), v; ® y;.

Example 2.2. We have C" ® C? >~ C" with basis {e; ® e; : 1 <i <
n, 1 < j < p}. There are two natural orderings to this basis:

(1) e1®eq,...,e1Q€p, 3R, ...,e2R€p, ..., €, D e,. Essentially, this
ordering is like the mapping e; ® e; — epi—1)4; (so a doubly
indexed set becomes singly indexed). Looking at tuples, this is
the mapping

()\1, ceny )\n) X (,ul, ...,up) — (Alul, ...,)\1/.Lp7 ceny )\n,ul, ,)\nup)

In this way we have C* @ CP ~ C"P.
(2) e1 ®e1,e0 R €1, R €1,...,€1 @ €p, ..., €, @ €,. This is the
mapping e; @ €; — €;n(j—1), and looking at tuples we have the

mapping
(/\1, . >\n> & (/Ll, ceey :U’p) — (/\1,ul, ey )\n,ul, ceey /\1/Lp, ey )\n,up),
which gives the identification C" @ CP ~ C™.
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The maps above give an interesting permutation via

np ~ n P ~r np
C? ~ C"eCr ~ C",
(1) (2)
and we call this the canonical shuffle. Another way to see this is
the following. Suppose that dim(V) = n and dim(W) = p, while
ue VW with v = ) x; ® wj, where the sets {v; : i € I} and
{w; : i € I} are bases for V and W respectively. Then we can write
u=(z1,..,z,) €EVD--- @V, sothat VW ~Va&---dV. We can
—— ——

p times p times
also write u =) v, Qy;sothat VW =W o ---aW.
N———
n times

Definition 2.3. Let V' be a vector space. An inner product is a map
(-,-) : V. xV — C that satisfies, for all v,vy,v3 € V| w,wy,wy € W
and A € C,

(1) (v1+vg, w) = (v1, W)+ (v, w) and (v, w1 4wz) = (v, w1)+{v, ws).

(2) (\w,w) = Mo,w), and (v, dw) = Av,w). ((1) and (2) is
sesquilinearity.) (Note: conjugate linearity is in the left variable
for this course)

(3) (Positive definite): (v,v) > 0 with equality if and only if v = 0.

By Cauchy-Schwarz, we have |(v,w)| < (v,v)2 (w,w)? so defining
|v]| = (v,v)2 gives a norm on V. We say that V is a Hilbert space
if it is eqiupped with an inner product whose corresponding norm is
complete. That is, whenever (v,)2?; is a Cauchy sequence in V', then
(v,)22, converges in V.

Example 2.4. C" is a Hilbert space with inner product given by
<()‘17 ) An)a (Mh aS) :un)> = ZXZP% = U*wa
i=1

Al H1
wherev = | ¢ | andw= | : |. (Note we also write |w) for w as a
An s
column vector, and we can write (v| = v*, so that (vjw) = v*w.) We
also have |w)(v| as the rank one matrix wv*.

Example 2.5. If V, W are Hilbert spaces, then so is V & W with inner
product

((v1,w1), (va, wa)) = (1, va)y + (w1, wWa)w-
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Similarly, V' @ W is a Hilbert space with inner product
<U1 XK wi,v2 & w2> = <U1>U2>V : <w1,w2>w-

(Note in infinite dimensions you have to take the completion to make
V @ W into a Hilbert space, but in finite dimensions it doesn’t matter.)

3. BAsics oF QUANTUM VIEWPOINT
3.1. Postulates of Quantum Mechanics.

Postulate 1. To each isolated physical system, there corresponds a
Hilbert space H, called the state space, and each unit vector in H
represents a possible state, called the state vector or pure state.

Quantum Measurements. When we want to observe a system,
i.e., connect to the “outside world”, the system is no longer closed
because we interact with it. By closed, we mean “not interacting with
anything outside the system”. By open, we mean it is a piece of a larger
system.

Postulate 2. Quantum measurements are always described by a class
of operators {Mi}izone of the outcomes-

The probability that we observe the outcome ¢, given that the system
is in state 1)) before we measure, is given by p; = [|[M;9|* and if we
observe the outcome i, then the system changes to the state %
Moreover, as the sum of the probabilities of all possible outcomes must
equal 1, we have ) . p, = 1.

Observation I Keeping in mind that quantum mechanics is inher-
ently probabilistic, we consider a quantum experiment with at most
k possible outcomes. Let H, and H, be Hilbert spaces representing
the state space and the outcome space, respectively, and let {M; €
B(Hs,H,) : 1 < i < k} be a collection of bounded operators. If the
system is in state ) € Hs, ||¢|| = 1 before we measure, then we have

k k

k k
1= pi=) IMa|* =) (M), M) = (), M{ M)
=1 =1

i=1 i=1
Since the above equality holds for every ¢ € H with [|¢] = 1, the
following lemma forces Y% | MyM; = 1.

Lemma 3.1. If T € B(H), then T =1 < (¥, T¢) =1 for every
ol = 1.

Proof. Homework problem 1; due 14th January, Thursday. U
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Observation II Given any class of operators {M; € B(Hs, H,) : 1 <
i < k} such that Zle M;M; = I, there exists a k-outcome quantum
experiment with these measurement operators.

3.2. Measurement Systems and Distinguishable States.

Definition 3.2. (Measurement System) Suppose that H and K are
finite-dimensional Hilbert spaces. A finite family {M; : 1 < i < k} of
operators M; : H — K is called a measurement system if y . M M; = 1.
If H =K, we say that {M;} is a measurement system on H.

Definition 3.3. (Perfectly Distinguishable States) A collection of states
{th1,..., N} C H is called perfectly distinguishable if there exists
a measurement system {M; : 1 < i < k},k > N on H such that
||Mz (77/1]) ||2 = (51',]‘ for Z,] c {]_, ceny N}

Theorem 3.4. A collection of states {i1,...,¥n} C H is perfectly
distinguishable if and only if v, L 1, for all i # j.

Proof. ( = ) For the forward direction, let us assume that there is
a measurement system {A; : 1 < ¢ < N} such that [|[M; (¢;) ]| = 6;;
for 4,5 € {1,..., N}. Consider ¢ and 1. 15 can then be expressed as
Wy = ary + By where 1) L o)y, [[n]] = 1. Since 1 = [|9)[|* = |af* +|B[?, we
have 1 = [[My() |2 = | My (e + ) = |81 M) < |8l =
|B]|*> < 1. This forces the above inequalities to be equalities so that
|82 = 1 which in turn implies that o = 0 which means that 1, and 7
are collinear and hence 1, L 1.

( <) Let M, be the (orthogonal) projection onto the one-dimensional
subspace spanned by ;. Then M; = M = MM, for i =1,..., N and
Zf\il M M; is the orthogonal projection onto span{x, ..., ¥ }. Let My
be the orthogonal projection onto {¢1, ..., ¥y }". Then Z;‘V:o M;M; =
Z;VZO M; = I. Furthermore, M; (v;) = 0; j3; for all i,j € {1,..., N}, so
that | M; (¢;) ||* = 6, for all 4,5 € {1,..., N}. This proves that {M;}Y,
is a measurement system. U

Corollary 3.5. If dim(H,) = N, then the system can have at most N
perfectly distinguishable states.

Theorem 3.6. Suppose that {11, ..., ¥n} is a collection of linearly in-
dependent states. Then there exists a measurement system {M; : 0 < i < N}

such that for i # 0, || M;(¢;)|| # 0 if and only if i = j.

Proof. For i = 1,...,N, let V; = span{t; : j # i}, and let E; be the
projection onto V. Then for j # i, ¢; € Vi = E;(¢;) =0 =
IE; (¥;)|>=0. Now 0< E; <1 = 0< Ey+---+Ey < N-I. Let
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M; = S5 B for i = 1,..,N. Then My M; = {Ej, so Y00, M; M; =
LSV E; < I, and hence T — S0 MyM; > 0. Now let M, =

(1= S )b Then S0, = (- 5, avt)
Zﬁil M:M; = I, so {M;}Y, is a measurement system. For i # 0,
if j # ¢, then ||M; (¢;) | = \/LNHEZ (¢;) || = 0. Therefore by contra-
positive, | M; (¢;) || # 0 implies that ¢ = j. Conversely, ||M;(y;)| =
\/LNHEz(z/JZ)H # 0 since ¢; ¢ V; and so it has non-zero projection onto
Vit O

So far we have talked about pure states, now we will talk about en-
sembles (or mixed states).

3.3. Ensembles or Mixed States. As motivation for this topic, let
{M;:1<i<k} be a measurement system with M; : H, — H,.
Suppose we have the state 1) € H, as input. Recall that p; = || M; (¢) ||?
should be interpreted as the probability of observing the outcorne 1, and
that if we do observe 7, the system is now in the state, ”]\AZZE That
is,

input:y) € Hy; output: 37 Ed))l\ with probability p; = ||M; () ||2.

So after observation, we will have what now looks like a mixed bag of

M; (1) Mi(y) : : s ,
states {”M( )H} with T, (o)) OccuTing with probability p;.
Definition 3.7. An ensemble of states, or a mized state, is a finite
collection {1;,p; : 1 <i < N} of states ¢; with probabilities p; where

¢l = 1, p; > 0 and 3N pi = 1.

Suppose we have a measurement system {M; : 1 < ¢ < N} and an
ensemble of states {¢;,p; : 1 < j <k} with 2521 p; = 1, then what is
the probability of observing the outcome 7
If ), is our input, then the probability getting outcome i is || M;(v);)
So, the probability that we have input ¢; and outcome 7 is,

1.

k
> ol M)
j=1

In the next subsection we discuss a better way to compute the proba-
bilities of outcomes.
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3.4. Von Neumann’s Notation: Density Matrices. For a given
state 1p € Hs, ||| = 1, a typical unit vector in the one-dimensional
subspace spanned by v is given by €. In general ¢y # 1) but for
any measurement M;, we can see that || M;(v)||* = | M;(e?+)||?. This
shows that measurements don’t distinguish between different unit vec-
tors from the one-dimensional subspace spanned by the given state
vector ¢ and hence states should really refer to one-dimensional sub-
space and not just a unit vector. This means that the probabilities of
outcomes really depend on the one-dimensional subspace generated by
a vector.

Replacing states by rank one projections and lengths by trace: Recall
that given a matrix A = (a;;) € M, the trace of that matrix is the sum
of the diagonal entries: Tr(Y) = ). a;;. It is a popular fact that given
any two square matrices A and B of the same size, Tr(AB) = Tr(BA).
The next proposition establishes this fact for compatible non-square
matrices as well.

Proposition 3.8. If A € M,,,, and B € M,,,, so that AB € M, and
BA € M, then Tr(AB) = Tr(BA).

Proof. Homework problem 2; due 14th January, Thursday. U

Next, if ¢p € C", ||¢|| = 1, and P, denotes the orthogonal projection
onto the subspace spanned by ¢, then Py = ¢p* = [¢)(¢]. (Pyh =
ip*h = (|h)1p where (1|h) is the component of h in the direction of
¥.) Furthermore,

Tr(Py) =Try") =Tr@") = (V™) = (¢[¢) = 1.

Back to Ensemble: Let’s get back to the situation where we had a
measurement system {M; : 1 < i < N} and an ensemble of states
{j,pj : 1 <j <k} with Z?Zl p; = 1. We know that the probability
of observing the outcome 17 is,

k
> ol M)
j=1
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Simplifying this expression, we get

ZpJHM (W) = Zp,M% (M)
—ZPJTT Mit;)*(Miby))
_me Miapy) (Mith;)*)
= Z;ijMiij;M:)
-

k
Jj=1

k
= 5" T (M7 Milpjoey))

j=1

k
=Tr (M;‘Mi (Z pjzpjzp;)) .
j=1

Note that ;95 = Py,. If weset P = Z?Zl pj;;, then we have shown
that:

Theorem 3.9. Given an ensemble of states {1;,p; : 1 < j <k} and
a measurement system {M; : 1 < i < N}, the probability of observing
the i-th outcome is Tr (M} M;P) where P = Zle pjvv;.

The square matrix P = Zle pjv; ¢} associated to an ensemble of
states is of great importance and it deserves a name of its own! Von
Neumann called it the density matrix of the given ensemble.

Definition 3.10. (Density Matrix Of an Ensemble) Given an ensemble
of states {¢;,p; : 1 < j <k}, the matrix

k
P = ijPde
j=1

is called the density matriz of the ensemble.

We observe that:
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(1) If two ensembles have the same density matrix, then we get the
same probability for outcomes for any measurement system.
In other words, a measurement system cannot differentiate be-
tween two ensembles with same density matrix.

(2) If {M; : 1 < i< k}and {M; : 1 < i < k} are two mea-
surement systems such that for every i, M*M; = M}*M;, then
also we get the same probability for outcomes for any ensemble.
This means that an ensemble cannot practically distinguish one
measurement system from the other in such situation.

The following example illustrates the first observation.

Example 3.11. If {uy,...,ux} is an orthonormal basis for CV, then
the density matrix P for the ensemble {u;, + : 1 < j < N} is given by
P = Zjvzl ~ujul = +In. If {ﬂ1~, ..., Uy} is another orthonormal basis
for C", then the density matrix P for the ensemble {1, % :1<j <N}
also turns out to be P = Z L.k = %] ~- This example guarantees

j=1 N Uity
the existence of two different ensembles with same density matrix.

. cos(zﬂ
Problem 3.12. Fiz N >3 and let u; = . ;5N

sin (2%

))) € C?. Prove that

T
the density matriz for the ensemble {u;, % : 1 <35 < N} is given by
1,
Proof. Homework problem 3; due 19th January, Tuesday. U

The above problem the density matrix of does not distinguish be-
tween standard orthonormal basis or any other orthonormal basis as
input. So, for all intents and purposes, it is the density matrix which
is important and not the ensembles.

At this point, let us pause for a while and try to visualise quantum
experiments in terms of density matrices. Recall that, if a system is
initially in the state v, that is, ¢ € Hs, ||¢|| = 1, and if there is given
a measurement system {M; : 1 < z’ < k} then after measurement, the

o, ¢)H Ml 21 <d < k‘} . By asso-

ciating density matrices with the states of the system before and after
the measurement we note that the input is the state ¢) and the density
matrix corresponding to it is given by P = zﬁw* After the measure-

DL | M2 1 < i < k:}
and hence the output is this ensemble which is identified by the density

system becomes the ensemble {

ment, the system becomes the ensemble {
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Z"M¢"2( H) ()

k

(Mi) = (M) (M)

=1

k
M; =" M;PM;.

1 i=1

matrix

Il

s
I
_

I
E
=

1

Thus, in terms of density matrices, we observed that if input is iden-
tified by the density matrix P, then after measurement, the output is
identified by the density matrix Zle M;PM;. This observation is the
key to our next theorem.

Theorem 3.13. Given an ensemble of states {¢;,p; : 1 < j < J}
and a measurement system {M; : 1 < i < k} on H, with density

matrix P = Z] | Db}, then after measurement, the system becomes
the ensemble {H%EZJ ||,pj||]\41¢3||2 1<i<k1<j< J} with density

matrizc Zle M;PM;.

Proof. The density matrix for the output ensemble is given by

I & M), M, * J k
. PRI (A iWs _
> nilbe] () () >0 s
k J
:ZZ i(Vipj;) M,
=1 j=1
N
=Y " MPM;. 0

3
Il
_

So, a measurement system takes density matrix and yields another
density matrix. A natural question to ask at this stage is “what kind of
matrices are density matrices?” To answer this question, let us recall
the definition of positive semidefinite matrix.

Definition 3.14. (Positive Semidefinite Matrix) P € M, is said to be
a positive semidefinite (> 0) matrix if (h, Ph) > 0 for every h € C.

Fact: P € M, > 0 <= P has an orthonormal basis consisting
entirely of non-negative eigenvalues.
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Lemma 3.15. If{ui,...,u,} is an orthonormal basis consisting entirely
of mon-negative eigenvalues of a positive semidefinite matriz P such
that Puj = \ju; for every j, then P = 2?21 Ajujuy

Proof. For each h € H, write h = Y " (uj, hyu; = > uthu; =

" J=1 =11
>y ujuih. Then we have,

7j=1
Ph = ZP uj, u] Z)\ u], U; = (Z )\]U]U;) h,
J=1 j=1
which implies that P =37 | )\jujuj. O

The following proposition answers the question addressed earlier:
“what kind of matrices are density matrices?”

Proposition 3.16. Let P € M,. Then P is a density matriz of some
ensemble if and only if P > 0 and Tr(P) = 1.

Proof. Suppose P is a density matrix of some ensemble {wj,pj}}]:l
Then by definition, P = ijl pjwY;. Then we have,

(h, Ph) Zpg V*h) = ij (h, (¢, h)) = ij (¥, h) (h, )

J J
= ij (¥, h) (1, h) = ij\ (¢, h)|* > 0 for every h € C".
J=1 j=1

This proves that P > 0. (One can easily prove the positivity of P by
observing that P is a sum of positive rank-one operators.)
Moreover,

J
Z T (05 ZpJTr Vi)

7=1

J J
2 pitwinti) =) by =1
j=1 j=1

Note that the second line follows from the fact that 17¢; is just the
inner product (¢;,v;). Conversely, let P > 0 with Tr(P) = 1. Then
there exists eigenvectors {u; }3.]:1 that is an orthonormal basis for C’

with corresponding eigenvalues A\; > 0 so that P = ijl Ajujui;.
Then Tr(P) = Z}]:1 A; = 1 suggests that \;’s are probabilities. Con-

sequently, {u;, A;}7_; forms an emsemble with density matrix P. O
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So, in the terminology of operator theory, density matrices are pre-
cisely positive operators of trace one. This observation allows us to an-
alyze ensembles and quantum events from a completely mathematical
approach. It is, hence, easy to see that a measurement system {M,};,
M; : Hy, — H, can be identified by a linear map @ : L(H,) — L(H,),
given by ®(P) = >, M;PM; which sends density matrices to density
matrices. This leads to the next postulate of Quantum Mechanics.

Postulate 3. If a quantum event occurs transforming pure states in
lab H; to lab H,, then there exists a linear map @ : L(H;) — L(H2)
such that ® maps density matrices to density matrices.

The following proposition is an immediate consequence of the above
postulate.

Proposition 3.17. If &: L(H1) — L(Ha) is a linear map that sends
densities to densities (that is, describes a quantum event), then

(1) For every P € L(H1), P > 0, we have ®(P) > 0. (So, ¢ is a
positive linear map.)
(2) For every X € L(H1), we have Tr(P(X)) = Tr(X). (So, ¢ is

a trace-preserving map.)

Such a map is called positive, trace-preserving map.

Proof. (1) If @ describes a quantum event, then it maps density ma-
trices to density matrices. We first prove positivity. If P > 0
and Tr(P) = 0, then P = 0 and ®(P) = 0 > 0. Thus without
loss of generality, assume P > 0 and Tr(P) > 0. Consider the
matrix #P)P. It is positive and of trace one, hence a density
matrix. By hypothesis, ®(#+5 P) := Q is a density matrix so

Tr(P)
&(P) = Tr(P)-Q > 0.

(2) For the trace-preserving property, we first suppose that P > 0.
Note that ® (=1 P) := Q is a density matrix, so we have,

Tr(P)
1=Tr(Q)=Tr (@(TTEP) P)) _ Tléig))’

which implies that Tr(®(P)) = Tr(P) and hence trace is pre-
served for positive semidefinite matrices. (Note that if Tr(P) =
0 then P =0 so Tr(®(P)) = Tr(0) =0.)

It is well known fact that if H = H*, then H = P, — P, where
P17P2 Z 0. Then

Tr(@(H)) = Te(@(P1) — ©(F2)) = Te(Pr) — Te(P) = Tr(H),
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so trace is preserved on self-adjoints.

Finally, if X € L(H;), consider the Cartesian decomposition
X = H +iK, where H = XX K = 22X 5o that H = H*
and K = K*. Since each of H and K can be written a difference
of two positive operators, by linearity of trace we deduce that
for any X € L£(H), we have Tr(®(X)) = Tr(®(H) +iP(K)) =
Tr(H) +iTr(K) = Tr(H + iK) = Tr(X).

4

3.5. Tensor Products of Matrices (Kronecker Product). Sup-
pose that T : Vi — W; and R : Vo — W, are linear maps between
vector spaces, then there is a linear map T® R : V; @ Vo — W1 @ W,
defined by (T'® R)(v; ® vy) = T'(v1) ® R(vg) for all v; € V; and vy € V5.
If H and K are finite-dimensional Hilbert spaces with X : H — H and
Y : K — K, linear. Then there is a well-defined linear map denoted
XY : HRK — H®K satisfying (X @Y)(h® k) = X(h) @ Y(k).

Comfortingly, the image of the tensor product is the tensor prod-
uct of the images; the proof is a straight-forward application of the
definitions involved and its tedium is left to the unbeliever.

In particular, if T': H — H and R : C* — C" are linear, then we
can define T ® R : H® C* — H ® C™, in a similar way. Our goal in
this subsection is to find a matrix representation for the map T'® R in
this setting. To do this, let us first address the following question:

I. What is a natural identification of a typical element of H @ C™?
Recall that if we take the canonical orthonormal basis {ey,...,e,} for
C™, then every vector u € ‘H ® C" has a unique representation given
by u= > h; ®e; where h; € H, and

n

lull* = <Z hi®ei, Y by ® €j> = > (hishy) enes) = Y Mhall® = ([, ey ).
i=1 j=1 i=1

ij=1

In other words, we have the Hilbert space isomorphism

HOC' ~Ho - @ H(=EPH),

n times 1

hy
via the natural identification Y | (h; ® ;) >~ | :

ho,
The next question which we want to address is:
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II. What is a natural identification of a linear map in L(H @ C™)?
Given A;; € L(H) for 1 < i,j < n, we can consider A = (4;;) €
M, (L(H)) as an operator defined by

hy > e Aujhy
Al ¢ | = : EHD---DH.
hn Z?:l Anj hj n times

Therefore, we have M, (L(H)) — L(H®C") in a natural way. In fact,
every linear map on H®C" has such a matrix representation. The proof
is “grubby” but here is the idea: f A: H®--- & H > HD---BH

hy k1 hy
is linear, then A | : = :]. The map | : — ky is linear.
h,, ky, hy,
Similarly, mapping the column vector to ks is linear, and so on and so
hy

forth. The map 0 > kq is linear, so there is A1y : H — H enacting
0

this transformation. If we continue to do this for every h; and k;, then

we get linear maps A;; : H — H and one can check that A = (4,;).

Hence, we have a natural identification £L(H ® C") ~ M, (L(H)) via

A ~ (A;;), thereby allowing us to identify any linear operator A €

L(H @ C™) by an n x n block matrix (A;;) € M,,(L(H)) whose entries

are given by linear maps.

III. Matrix Representation of T'® R(Back to the beginning): As in
the beginning of this subsection, suppose that T : H — H and
R : C* — C" are linear, R € M,(C),R = (r;), then T ® R :
H ® C" — H ® C™ has a natural representation as an n x n block
matrix T ® R € M,,(L(H)) whose entries are given by linear maps.
We know that (T'® R)(h® y) = T'(h) ® R(y), therefore,

(T® R)(h®e;) = T(h) ® Rle;) = T(h) ® (Z )

n leTh

= ZTZ]T(]I) X e; ~ = (T’ijT) h ,
=1 ’l"anh
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where h is in the j-th position and there are 0’s everywhere else in
the column vector. The Kronecker product of T and R, then, is
the block matrix in M, (L(H)) given by (r;;T) (so, there are n blocks,
each block is of size equal to the dimension of H, and the (i, j)-block
is 7;;T"). In other words, the Kronecker product is equal to the tensor
product of the linear maps (with respect to the canonical basis for C").

Alternatively, if T € My and R € M,. Then T'® R has matrix
rul - orT

representation given by T'® R = : : , a block matrix
rop oo T
with n blocks, each of size k.

Remark 3.18. We observed that if we let X;; € L(H) and X :=
(Xi;) € M,(L(H)), we can view X as alinearmap, X : H P --- & H —

n times

H P --- & H and hence we can make the following identification,
n times

My(LH) = LHS - ©H) = L(HoC).

Conversely, notice that any X € M, (L(H)) has a unique representation
as X =) 1) B ;®@X;; with X ; € L(H), which means we can identify
ZZ]’:I E’i,j X X’i,j = (XZ,]) and therefore, Mn(ﬁ(H)) ~ E(H) ® Mn =

L(H) ® L(C™). Therefore, we have the identification
LH@C") ~ My (L(H)) ~ L(H) @ LIC").

3.6. Axiomatization of Quantum Channels. We are now in a po-
sition to axiomatize what are known as quantum channels.

e Axiom I
Each measurement system {M; : H, — H,,1 < i < K}
(where S8 MM, = I) defines a quantum channel given by
O : L(H,) — L(H,) where (W) = S8 MW M.

e Axiom II
If & : L(Hs) — L(H,) defines a quantum channel, then we
assume that ® is a positive and trace-preserving map.

Suppose we have two laboratories A and B (for Alice and Bob re-
spectively). We will denote by Hs 4, Hs 5, Ho 4, Hop, respectively, the
state space of lab A, the state space of lab B, the outcome space of
lab A, and the outcome space of lab B. Let {M; : H, 4 — H,a}E,
be the measurement system of A and {N; : H, p — HO,B}}]:1 be the
measurement system of B.

Now, we wish to combinedly view these two labs as one single lab, say
lab AB. The state space of this lab would be then H; ap = Hs aQH 5,
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the output space would be H, ap = Ho 4 @ H, p With measurement op-
erators {M; ® N; : Hs a4 —> H, a}, so that there are KJ outcomes.
Needless to say that », .(M; ® N;)(M; ® N;) = I. This measurement
system of lab AB, then, defines a quantum channel ® 45 : L(H; a5) —
L(Ho,48) given by

up(W) = (M; ® Nj)W(M; @ Ny)*.
,J
Since, L(Hsap) =~ L(Hsa) ® L(Hsp) and L(Hoap) =~ L(Hoa) @
L(Ho.p), it is easy to see that if W € H, ap, then W can be expressed
as W =W, @ Wy, for some Wy € Hy 4, Wo € H, p, so that

Oup(Wr @ Wa) =Y (MWiM;) @ (N;WoN7) = D 4(W)) @ Bp(W2).
2%
Therefore,
Oup =04 R Pp.
The above discussion serves the purpose of axiomatizing the measure-

ment systems of two labs when they are combinedly viewed. The ob-
servation is, hence, summarized as the third axiom.

e Axiom III
If & : L(H1) — L(Hs) and Py : L(K;) — L(Ks) are both
quantum channels (that is, positive and trace-preserving map),
then &1 ® &y : L(H; ® K1) — L(Hs ® Ky) should also be a

quantum channel.

Remark 3.19. The third axiom of quantum channels anticipates ®; ®
®, to be a quantum channel, (that is, a positive and trace-preserving
map) whenever ®;, ®, are quantum channels. As we will see later,
this condition is same as requiring ®; and ®, to be something called
completely positive maps. In the next section we study extensively the
theory of completely positive maps. We then would be able to see that
e Quantum channels arising from measurement systems are com-
pletely positive and trace preserving;
o If &, &, are completely positive, then so is &1 ® Do;
o If ® is completely positive and trace-preserving, then there is a
measurement system whose quantum channel is ®.

4. THEORY OF CP MAPS
We begin this section by an example.

Example 4.1 (The trivial measurement system of dimension n).
Let Hsp = Ho,p = C" be the state space and outcome space for lab
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B and M; = I, be its measurement system. Then the corresponding
quantum channel is given by the map &5 : £L(C") — L(C™), defined
by ®p(W) = I[}WI, = W. Now if there is another lab (say, lab A)
with quantum channel ®, : L(H;4) — L(Ho ) that is positive and
trace-preserving, then ®4 @ 5 : L(Hs 4 @ C*) — L(H, 4 ® C*) must
also be positive and trace-preserving by axiom II. Note that for every
T € L(Hs ) and every R € L(C™), we have

(P4 @ Pp)(T®R) =dA(T) ® Pp(R) = 04(T) ® R.

So, if W € L(Hsa®C") ~ L(Hs 1) ® M, and write W = Z” Wi, Eij,
then

(P4 @ Pp) (Z Wi; @ Eij) = Z P4 (W;5) ® Ejj.
i3 i,J

In terms of matrices, we can think of the quantum channel &4 ® ®p
as the map W = (W;;) — (®4(W;;)). We need this map to be positive
and trace-preserving; as the third axiom suggests.

Definition 4.2 (™).
For any linear map ® : £(H1) — L(Hs), we define map ®™ : M, (L(H,)) —
My (L(H2)) by @M (Wiy)) = (2(Wiy)).

Definition 4.3 (n-positive; Completely Positive). A linear map & :
L(H1) — L(Hy) is called n-positive provided that ®™ : M, (L(H1)) —
M, (L(H)) is positive., i.e. for any (W; ;) € M, (L(H,)) with (W; ;) >
0 then (®(W;;)) > 0. We say that ® is completely positive (abbreviated
as CP) if ® is n-positive Vn € N.

Remark 4.4. Recall that in Example ?? where we discussed about
the trivial measurement system of dimension n, we concluded that the
map P, must be positive. It should, actually be, n-positive. But since
n € N is arbitrary, we really require the map to be n-positive for all
n € N, that is, completely positive.

k1 hy
Recall that in HQ@C* ~ H&®---®H. Then for [ = |, | : €
i k h
n times n n

H ® C", we have

N .
< ) >=Z<ki7hi>.

ko) \hn =1
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So, if (X;;) € M,,(L(H)), then

ki hy ki > i1 Xajhy n
< S (X | >=< e : >:Z<ki,Xijhj>.

l{n hn kn Z?:l anhj i,j=1

Therefore, (X;;) > 0if and only if sz:1<hi, Xijhj) > 0forall hy, ..., h, €
H.

Lemma 4.5. (1) LetY,B € L(H). ThenY >0 = B*YB > 0.
(2) LetY = (Yi;) € M,,(L(H)). Then (Y;;) >0 = (B*Y;;B) >0
for all B € L(H).

Proof. To see (1), note that for every h € ‘H, we have (h, B*Y Bh) =
(Bh,Y (Bh)) > 0. For (2), we have

hl hl Bhl Bh1
hy, I, Bh, Bh,

so that (B*Y;;B) > 0. O

Proposition 4.6. A map ® : L(H) — L(H) of the form &(X) =
Zle B; X By is completely positive. In particular, quantum channels
arising from measurement systems are completely positive.

Proof. We need ® to be n-positive for all n. Let (Y;;) € M,(L(H)) be
positive. Then

L

(@(Yy)) = (i 35553'312) =Y (BY;;B) >0,

(=1

where the last inequality follows from the fact that sum of positive
semidefinite matrices is positive semidefinite. O

Proposition 4.7. Let ® : M, — M, defined by ®(X) = X*. Then ®

15 positive but not 2-positive.

Proof. To see @ is positive must show that for X = (x;;) € M,, X >0
A1

then X* = (x;;) > 0. Let| : | € CP, so that,
>\p
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>\1 /\1 D
< X >—Z)\_ﬂ§j)‘j

—~
Ap Ap i,J

= i )\_ﬂjz)\j

3,j=1

= zp: AjTihi

4,j=1

A M
= < () | > >0,
Ap A

which implies that X* > 0 and hence ® is positive.

To see that it is not 2-positive, we let {E;; : 1 < 4,5 < p} be the
usual matrix units for M,. We claim that

Ell E12
1) F =
(1) En E»

Ey E El, E! En E
2) P (E) = 2 12 _ 1 i) _ 11 21
2 (2) ((E21 Loy By Ej, Fia Eg
is not positive.
First, let hy, ho € CP, and we obtain

() (2 22 (1)) = e + thas st ) + e )

= ((h1, €1) + (ha, €2))((hy, €1) + (2, €2))
= [(h1,e1) + (o, e9) > > 0.
Therefore, £ > 0 and this proves (1). To see (2), we observe that

s (“2) = (B B2) (%)= () = (1)

Therefore, —1 is an eigenvalue for ®®(E), so that @@ (E) # 0 (if it
were positive then all of its eigenvalues would be non-negative). 0

€ My(L(CP)) is positive; but

4.1. Choi-Krauss Representation.

Theorem 4.8 (Choi, 1975). Let ® : M,, — My be a linear map. Then
the following are equivalent:

(1) @ is completely positive.
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(2) @ is n-positive.

(3) Pp = (P(Ei; )i =1 € Mn(Mg) is positive.

(4) There exist By, ..., Bx € Mgy, such that ®(X) = Zle By X B;
for all X € M,

Proof. (1 = 2):
True by definition.

(2 = 3):
Notice that it suffices to show that Q = (E;;);—, € M,(M,) is pos-
itive, for then, due to the fact that ® is n-positive, it is easy to see
that

M ((Eiy)) = (2(Eyy)) = Po >0,
To this end, consider the matrix Q := (E;;)7,=; € M,(M,) (e.g. the
matrix of matrix units) and notice that,
Q" = (Ei )" = (Ej,) = (Eij) = Q
Also,

Note that any eigenvector x of H, and its corresponding eigenvalue A\,
then by spectral mapping theorem, we have

Nr = Q% = nQr = n\x

so that A — n\ = 0 which implies that A € {0,n}. Since all the eigen-
values of () are non-negative, we conclude that () > 0. This proves the
implication.

4 = 1)
Let (X;;) € My(M,) be positive. Then
K K
(X)) = (B(Xy))) = <Z BkXijBZ> =Y (BeXi;B}) > 0,
k=1 k=1

where the last inequality follows from the fact that sum of positive
semidefinite matrices is positive semidefinite. This implies that ®(™ is
positive. Since m is arbitrary, ® is completely positive.

(3 = 4):
Since Py > 0 and is an nd X nd matrix, there exist vectors vy,...,vx €
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C™ such that

K K
Py = viv] + -+ - + vg v = kav,’; = Z | v ) (V.
k=1 k=1

Since each v, € C™, we can express these as an n x 1 block matrix with
hy
. . . hy

each block being a d x 1 matrix, that is, v, = | ” | where h¥ € C? for
B

n
all 2. We want to convert this nd x 1 matrix into d x n matrix. So, we

define By, := (h% h% --- hF). Notice that By, is a d X n matrix. Next,
we claim that

K
O(X)=> BiXB;.
k=1

In order to prove this claim, notice that

hy
hs
vpop = | [ (BF RET - ngT)

¥

MR BES - D

k1, kx k1, kx :

= W“ il . C | = (hfRE) € ML (My).

hphf* hEhS* - hihe

Since (®(Ey;)) = Po = 3y vV = gy (RERE), it follows that

i

K
O(Ey) =Y hihk* forall 1 <i,j <n.
k=1

Now let us observe what these By do to a matrix unit;
By.Eij By = (BiEu) Eij(Ej; By)
0
— (O e BE e 0) By | B | = ()
0

because BiF;; is the matrix with 0’s in every column, except that
column ¢ is preserved from By, and E;; B} is the matrix with 0’s in
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every row, except that the i-th row becomes (kY™ -+ hE"). Thus we
have

K K

> ByE;Bp =Y (hfht*) = ®(E;) for all i, j

k=1 k=1

which in turn implies that
K
> BiXBj = 9(X).
k=1

O

Remark 4.9 (The Matrix of Matrix Units). Observe that the nxn ma-
trix of matrix units (£j;)7;_; can be expressed as (E;) = > 1| Fi; ®
E;j. Since Eij = e;e} = |i)(j], it follows then that

(By) =Y Ey®@E;=Y [0l = () e){ile ().

i,j=1 i,j=1 1,j=1

This matrix corresponds to “bell states” or “maximal entangled states”
in quantum physics.

Definition 4.10 (Choi Rank). Let ® : M, — M, be a completely
positive map. The Choi rank of ® is defined by

cr(®) =min{K € N: ®(X) = > B.XB;}.

Proposition 4.11. If & : M,, — M, be a completely positive map,
then cr(®) = rank (Pp)

Proof. Let @ = (E;;). Then it is easy to see that rank (Q)) = 1.
Notice that if » = rank (Pg), then as in the proof (3) = (4)

of Choi-Kraus representation, we may write Py = >, _, vxv;. Then
cr(®) < rank (Pp). Now, let r = cr(®), and suppose that ®(X) =
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> r_y AgX Aj for some matrices Ag. Then

Py = (2(Ey)) = (Z AkEz‘jAZ)

v [ A Ey - By Aj
k=1 A, E, - E,, A
r Ak A]:
- . Q .
k=1 Ak AZ
It then follows that
- Ay A
rank (Pgp) < Zrank Q <.
k=1 Ak AZ
Thus, rank (Pg) < cr(®). O

Lemma 4.12. If Y € M, and tr(XY) = Tr(X) for all X € M, then
Y =1,.

Proof. Since the equality in the hypothesis is true for every X, it holds
when X = E;;, so that if i = j, we have
If « # j, then
0= TI'(EU) = TI'(EUY) = yﬂ

Thus, Y = 1,.

O
Corollary 4.13. ¢ : M, — My is a completely positive trace preserv-
ing (CPTP) map iff ®(X) = Y., BoX B} with Y1 BBy, = I,,.

Proof. (<=): We know ® is completely positive by Choi’s theorem. To
see that the map is trace preserving, we have,

Tr(®(X)) =Tr(> BiXB;) =Y Tr(B.XB;)
k=1 k=1

= Tr(XB;By) =Tr(X Y BiBy) = Tr(X).

k=1 k=1
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(=):
By Choi, we know that there exist matrices By such that ®(X) =
S, BrX Bi. Next, observe that for every X,

Tr(X) = Tr(®(X)) = Tr (Z BkXB,;“)

K
=Tr (Z XB;Bk>
k=1

(o)

which implies, from the preceding lemma, Zle By By, = I,. U

Remark 4.14. We see that & : M,, — M, is completely positive and
trace preserving if and only if there exists K € N and a K-outcome
measurement system such that ® is the map (or quantum channel) that
comes from the measurement system.

The following theorem is due to R.G. Douglas. The proof would
developing a bit more operator theory than we want to at this point.
As we shall see, it has many applications. For a proof see [?].

Theorem 4.15 (Douglas’ Majorization/Factorization Theorem). Let
H,Has and Hp be Hilbert spaces with bounded, linear operators A :
H — Ha, and B : H — Hp. Then the following are equivalent:

(1) range (A*) C range (B*),

(2) there exists X > 0 such that A*A < \>B*B,

(3) there exists C : Hg — Ha such that A = CB.
Moreover, inf{\ : A*A < \?B*B} = inf{||C|| : A = CB} and both are
attained.

Corollary 4.16. Let A € My q and B € M, q withr < K. If A*A =
B*B, then there exists U = (u1 ur) € My, with u;’s orthonormal
such that A =UB.

4.2. Non-Uniqueness of Choi-Kraus Representation. Let us mo-
tivate the next proposition. Recall that many ensembles {¢;,p;},
{"k, g} can have the same density matrix and when they do, measure-
ment systems will not be able to distinguish between these ensembles.
Example 7?7 and Problem 7?7 explain this situation

We can also have two measurement systems that transform every state
or ensemble of states in the same way. Thus, we can not distinguish



26 S. J. HARRIS AND S. K. PANDEY

between these two systems by seing how states are transformed after
they pass through the systems. In particular, if we have two measure-
ment systems {Mj, ..., M.} and {Ny, ..., Nk}, which generate the same
quantum channel ®, that is, & has two representations,

T K
O(X) =Y MXM; =) N;XN;j,
=1 j=1

then, if a state v passes through either of these measurement systems,
we get the output ®(vv*). In this situation, not only are we not able
to differentiate between two measurement systems, we are not even
able to keep track of » and K, the number of measurement operators
in each measurement systems. The next theorem describes when two
measurement systems yield the same quantum channel.

Theorem 4.17. Let ® : M,, — M, be a CP map (not necessarily TP),
r = cr(®), and suppose

r K
O(X) =) VXV =) WiXW;
j=1

k=1

are two Choi-Kraus representations of ®. Then

(1) ?here exists u = (uij) € My, such that Wy = 37" uiVj for all
i

(2) span{‘/h XD V;’} = span{le 7WK} g Md,n

(3) U*U = 1I,.
Proof. Given a matrix V = (h1 hn) € Mgyyxn, let us identify it
hy
byv= | ! | € Mg,x1. In this way, we turn V4, ..., V., Wy, ..., W}, into
ho,

vectors vy, ..., Uy, Wy, ..., w, € C". By reversiing the proof (3) = (4)
of Choi’s theorem, we can show that

r K
Py = (®(Ey)) = Y v0; = Y wpwj.
j=1 k=1
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Uy
Hence by Douglas’ Factorization theorem, with B = | : | and A =
vy
wy wy vy
there exists U = (u;;) such that | : | = U [ : |. which
wy, wy, vy

implies W; = > %, u;;Vj, and this proves (1).

Since V;’s and W;’s are interchangeable in (1), the above tells us that
span{Vi, ..., V.} = span{W, ..., W,,,}.

To prove (3), if r = cr(®) then this implies r = rank(Ps). Thus
Py = Z;Zl v;v; is written in the minimal way in the Douglas’ Factor-
ization and this implies U*U = I,. U

Conversely, we have the following theorem:

Proposition 4.18. If ®(X) = Y7, V;XV and U = (uij) e, with
U*U = I, and if we set W; = Z;zl u;;Vi. Then

K
O(X) =Y WXW;.
i=1
Proof. We have

K r

K T
DOWXWS = Y (Y ugVp)X(Y ua)
= =1 j=1

=1
K

i=1 j =1

T K

jl=1 \i=1

= ) VXV =®(X)
j=1

where we used the fact that Zfil wiUike equals 0 if j # £ and equals 1

if j =14 d

Problem 4.19. Show directly that if ® : M,, — My is given by ®(X) =

S WeXW/, then > j_, ww; = Py = (®(E;;)). Here given W =
w1

(w1 e wn) € My, we associate W with w = | : | € C™.

W,
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Proof. Homework problem 4; due 28th January, Thursday. U

Problem 4.20. A linear functional ¢ : M, — C is called an (abstract)
state if

(1) whenever P >0 in M,,, we have o(P) >0, and

(2) ¢(In) = 1.
Prove that ¢ is a state if and only if P, = (¢(Ey;)) >0 and Tr(Pg) =
1. Also, show that o(X) = Tr(XPF}).

Proof. Homework problem 5; due 28th January, Thursday. U

Problem 4.21. Let ® : M,, — M, be given by ®(X) = 5 (Tr(X)1, —
X*"). Prove that ® is completely positive and trace-preserving map (P
is commonly known as the Werner-Holevo Channel).

Proof. Homework problem 6; due 28th January, Thursday. U

The next subsection requires some basic results about partial isome-
tries.
We say that W : H; — Hs is a partial isometry if there are sub-
spaces Vi C H; and V, C H, such that when we write h € H; as
h=wv + vf where v; € V; and vf € Vf, then Wh = Wuv, € V5 and
|\Wh|| = ||[Wur| = [Joi]|| and W (V) = Va. We call V; the initial space
of W and Vs the final space of W.

Proposition 4.22. Let W : Hy — Hs be a bounded linear map. The
following are equivalent.

(1) W is a partial isometry.

(2) W* is a partial isometry.

(3) W*W is a projection.

(4) WW* is a projection.
Moreover, when this holds, W*W is the projection onto the initial space
of W (which is (ker(W))t) and WW* is the projection onto the final
space of W (which is ran (W) ).

5. APPLICATIONS TO QUANTUM ERROR CORRECTION

We apply these results about Choi-Kraus representations to quantum
error correction. When we pass quantum states through a channel, er-
rors happen, and the output states may not be the same as the input
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states. The errors, however, must be quantum events and so repre-
sented by a quantum channel. So we have some error operator £ with

E(X) = Z EXE;
=1

where "' EXE; = 1. (In particular, if the input is of the form vo*, v €
C" and the output is E(vv*) for some map &, then since this is a
quantum event, we want £ to be CPTP, of the form mentioned above).
We don’t expect that we will be able to fix all the errors but in the
Knill-LaFlamme model, they would like there to be a subspace of
the state space £ C H and if we have v € £ and pass vv* through the
channel we can still recover the original state. Such an L is called a
protected subspace.

To recover, we will need another “recovery” CPTP map R such that

R(E(vv™)) = vo’
for all v € L.

5.1. Knill-LaFlamme Protected Subspace.

We have the following key theorem.

Theorem 5.1 (Knill-LaFlamme). Let £ C C" be nonzero subspace and
let P : C" — L be the orthogonal projection onto L. Let £ : M,, — My
be a CPTP map given by

E(X) = f: EXE:
i=1

Then there exists a CPTP map R : My — M, such that for allv € L,
R(E(vv*)) = wv* if and only if PEIE;P = o;;P for some scalars
CY,L']‘ € C.

Remark 5.2. We remark that R(E(vv*)) = vv* for all v € L <
R(E(T)) =T for all T € span {vv* :v € L} «— (E(PXP))=PXP
for all X € M, . The first equivalence follows from linearity. For the
second equivalence, we first suppose that X > 0. Then since P = P*,
we have PXP > 0. We write PXP as a sum of rank-one operators
(using an orthonormal basis of eigenvectors). Since ran (PXP) C L,
we can write PX P as a sum of rank-one operators of the form vv* where
v € L. Hence, PXP € span {vv* : v € L}. If X € M, is arbitrary,
then it may be written as a linear combination of at most four positive-
semidefinite matrices, so that by linearity, PX P € span {vv*:v € L}
as well, as claimed.
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Proof. (=) Assume that a recovery map R exists. Then by Choi-
Kraus write R(Y') = ), AiY A with AfA; = 1. Then
Y(X) = PXP =R(£(PXP)) =Y AEPXPE;A;,
¢
while
(X):= PXP =Y (AEP)X(PE;A;).
0
These are two Choi-Kraus representations of ¢ : M,, — M,,. The rep-
resentation X + PX P must be minimal since (PE;; P)},_; € M, (M,)
cannot have zero rank. Therefore, ¢r(1)) = 1. By the theorem on mini-
mal Choi-Kraus representations, each A,E;P € span{P}. Hence, there
are 3y; € C such that AyE; P = [3;;P. Moreover, by the same theorem,
letting
U= (6117 5127 cey 617717 521,“-7 52m7 ) ﬁqh (ERE) 6qm)t7

we have U*U = I, = 1 = >, |Bil*. Now
(PE; A))(AE;P) = (BuP)* (8 P) = By P,
so that,

SCPEADAEP) = PE(Y ATA)EP
l !
— PE'E;P

= () Buby)P
l
Setting Q= Zlguﬁlj, we get PEijP = aijP-

(<) Assuming PEE;P = «;;P, we want to build the recovery
operator R. We have

(i P) = (ay)®@P
— (PE'E,P)
PE;

= ) (ElP EmP) > 0( since it is of the form X*X)
PLEY,
This implies («;;) > 0. Hence (oy;) is unitarily equivalent to a diagonal
matrix and therefore there exists U € M,, ., unitary such that

U*(Olij)U =D= dz’ag(dn, ...,dmm),
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where d;; are the eigenvalues of (o;;) and d;; > 0. Since, £ is CPTP,
we have Y " | E;Ef = I, we have

iaiiP = i PE’E;P = P?=P.

Hence trace((aj)) = > 0 o =1 =" dis.
Set F; = >, u;;Ej, where u;; is the (4, j)-th entry of U. Then we
have,

2’”: FXF = zm: (i Uz’jEj> X (i EzkEZ)
i=1 i=1 \j= k=1
m (i uwuzk> E;XE;

Ji.k=1 =
m

Z E;XE;.

<.
—

Therefore, £(X) = >, F; X F; as well. In particular, one has
PF;F;P = P(Y_uak)()  uuEy)P
j i

= Y uyu;PE}E,P

= (D myaguu)P
ik
= [(i,7) entry of U*(cv;)U]P.

Therefore, PFF;P = 0if ¢ # j and di; P if i # j. Thus PF}F;P =
d;;j P. Define V =0if d;; =0 and FP if dj; > 0. Then

1 1
VVi=—PF/F,P = —d;P = P.
’ dzz ' dzz

Thus V' is a partial isometry.
This implies that ran V; C ker V;* = ran -V}, so we have that ran V; L

ran V; if ¢ # j. Thus, V;V;* are mutually orthogonal projections. So
R =73%"",V;V;* is also a projection.
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Now we let ) = I — R and define R : M,, — M, as the following,
=Y VXV + QXQ.
i=1

Since Y ViVi* + Q% = I, we know that R is CPTP.
What left for us to check is that R(E(PXP)) = PXP. To this end,
we can compute that

7uapxpnzfimwgu?ma+QaPXRw

i=1
:§:wwpxpwv+§}%ﬁWPﬁQ
J
_E: pWFf>(P@Wﬁu+§)mQ%XWI% QV; =0

J

:§:%PXP
i=1
— PXP.
0

Theorem 5.3. Let L C C" be nonzero subspace and let P : C* — L
be the orthogonal projection onto L. Let Ey,...,E,, € Mg, and let £ :
M, — My be a map given by

ziéEAIK

Let R : My — M, be the operator obtained in the previous theo-
rem.Choose E; € span{Ex, ..., By} with ZZ 1 EE;r =1, and let

YR
i=1

Then R o E(vv*) = vv* for all v € L.

Proof. Since Fi, ..., F,, be the operators defined in the previous proof.
It was shown that the spans are equal; that is, span {F}, ..., F},,} =
span {Fy, ..., B, }. Hence, we may write

E; = Z BieFy.
—1
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We obtain

=1
= Z (Z ﬁuzFe*> (Z @ka)
i ¢ %
= BuBuF; Fy
ik

Therefore, if P is the orthogonal projection onto £, we obtain
P=PIP =Y B,BxPF;F,P
ik

= BubBidaP,

ik

where the dg’s are from the diagonal matrix in the previous proof.
Then we have ). ,, BiBida, = 1, so that

> 1Bl =1,
ik

since dg, = 0 if ¢ # k. Using the notation of the previous proof (recall

that V* = \/%PFJ), we have

RE(PXP) =S VIEPXPEV:+Q (Y E;PXPE;) Q

1 * o ~*

=> —(PFE;P)X (PE;F,P)
’Lj 7

=y @kﬁﬂ PF*Fg )XP(F}F,)P
i,5,k,L

— PXP.

Hence, R o E(vv*) = vv* whenever v € £ with ||v]| = 1.
U

The beautiful thing about Knill-LaFlamme is that it looks like cor-
recting one error but it actually corrects the whole family.
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5.2. Brief introduction to binary codes. We can motivate some of
this model by considering transmission. Let us first consider the case
of Binary communication.

In the binary case, we transmit bits (basic units), where each bit is in
{0,1} = Zs, the field of two elements. We define an n-bit to be an
n-tuple 0 = (01, ...,d,) € ZY in the vector space Z} of dimension n over

the field Z,.
Input Channel Output
6 ErrorOccurs (C/' (5)

The aim is to build codes such that when we transmit an n-bit through
a channel, we obtain the same n-bit. The usual model for errors in this
case is bit flips (a bit flipping 1 <> 0). We do not usually think of errors
as being permutations of the bits.

We define binary codes to be certain special subsets of Z. The linear
codes correspond to a linear subspace, say k-dimensional where k < n.
In this case, we have information in Z% and encode it in Z%, and we
transmit the encoded information (which will now come with errors)
into Z%, and decode back into Z. Pictorially,

Encode Transmit Decode
WA > 74 > 75

Z& (Information) (Get information).

Errors

One example of a binary code is the majority rule code, where each
bit is repeated an odd number of times. For example, if £ = 4 we could
encode (1,0,0,1) in Z3? by repeating each bit three times, to get

(111,000,000, 111).
As we transmit this, bit flips may happen; for example we may get
(110,010, 110,011).

To decode in this case, we “vote” (choose which number has more
repetition in a given block), and get

(1,0,1,1),

which is different from the input. If only one bit flip occurs in each
block, after decoding we still obtain what we sent. (Notice that there
has been two bit flips in the third block in this example and hence we
did not get the right information after decoding.) This rule (Coding
and Decoding) works for one bit-flip per block. If there are more than
one bit-flip, we don’t get what we sent.
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5.3. Shor’s code. In the quantum world, we transmit qubits (quan-
tum bits), where a qubit is a unit vector in C%. We write n-qubits as
a unit vector in
C®- - @C:=(C*)*".
n times
Let eg, €; be an orthonormal basis for C?; so that ¢y = |0) and e; = |1).
We obtain an orthonormal basis for (C?)®" formed by all elements of
the form
€ KR €i, — |i1i2 c Zk>7 ij S {0, 1}
By an early theorem, this set of vectors is perfectly distinguishable.

This is a nice application of Knill-LaFlamme. It is a quantum ana-
logue of the majority rule code.

Definition 5.4 (Pauli Matrices). The following are called Pauli ma-
trices:

R ES RS O ER RO

We note that the Pauli matrices form an orthogonal basis for Ms
and each Pauli matrix is a unitary.

Definition 5.5 (1-Pauli Matrices). The following are called 1-Pauli
matrices for (C%)®:

I=L® - -® I,
~———
n times
Xi=L® QL X QL &I
———— .\/-/ ————
i—1 times i-th place n—i times
Yi=L® QL Y QL &I
i—1 ti i-th place — ti

Zi=h® L 7 QL ---Ql
—_— ~~ —

i—1 times i-th place n—i times

There are 3n + 1 1-Pauli matrices.
For A € M,, the matrix

]2®...®]2®A®]2®...®]2

is in the span of the 1-Pauli matrices. If we could do Knill-Laflamme
contruction in a way that “fixed” the errors caused by the 1-Pauli ma-
trices, then we would “fix” all such L ® -+ R LR AR L ® -+ ® 5.
This is “like” a quantum bit flip; that is, errors happen on each qubit
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site but don’t do anything like permuting sites.

This is like having a subspace £ C C?" and P the orthogonal pro-
jection onto £, such that PU;U; P = «;; P whenever Uy, Uy are 1-Pauli
matrices. We can do this by considering the following subspace, from
which we get Schor’s code. Let £ C (C?)®° with £ = span {|0), 1)1}
where

10), = —(]000Y + [111Y) ® (J000) + [111)) ® (000} + [111)),

2v2

1
=57
Theorem 5.6. (Shor)
(1) We have |0), L |1).
(2) If Uy, ..., Uss are the 1-Pauli matrices on (C*)®?, then PUFU; P €
{0, P}, where P is the orthogonal projection onto L.

and

1) (|000) — |111)) ® (]000) — |111)) @ (]000) — |111)).

Hence, L is a protected subspace in the Knill-Laflamme sense. (So
errors can be recovered whenever £ : My — My is an error operator
with a Choi-Kraus representation consisting of matrices from the span
of the 1-Pauli’s.)

In this case, there is an operator R : My — Mye such that if v € £
with [[v|| = 1, then R o £(vv*) = vo*.

(If anything, this should tell us that doing Knill-Laflamme is hard.)

5.4. Another Coding Viewpoint. The idea is the following: sup-
pose we obtain a quantum channel with a family of errors £, : M,, —
M,, where A € A (A is some set). We have states in C? where d < n. We
want to “encode” these states in C? as states in C", pass them (or com-
municate them) through the given channel, and then “decode”. Since
states have to be unit vectors, we want the encoding map V : C¢ — C”
to be an isometry (so that states go to states).

If h € C?is a state encoded as Vh € C", then notice that the rank
one projections corresponding to h and V' h are related as follows:

Py = (VR)(VR)* = VRh*'V* = VP, V™.

So, the encoding map corresponds to (or can be identified with) a map
®y : My — M, defined by X +— V XV* which is clearly a CP map and
since Tr (VXV*) = Tr (XV*V) = Tr (X 1;) = Tr (X), this map is also
trace preserving. Now we run (Vh)(Vh)* through the given channel
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and obtain the output £,((Vh)(Vh)*). We can do “blind decoding” by
sending E\((Vh)(VRh)*) to VFEA(VR)(VR)*)V, so that if £, didn’t do
anything, then we would obtain the same output as what we put in.
That is,

hZ4% Vi o (VR)(VR)* ﬁ Ex(VRR* V™) 2228 g (VR V)V
Or, by using the identification of h by hh*,

(S5 (VRY(VRY —E E\(VRR'V) P Vg (VIR V)V
In general, we have

P25 VPV 2 GVPVY) 2 VG (VP

A measure of fidelity of this transmission can be given by
[hh" = VZEX((VR)(VR) )V |2,

which is just the square root of the sum of the squares of the entries of
the above d x d matrix.

Define
e(V,A) = sup ||hh* = V*EX((VR)(VR)) |2,

l|h][=1
and define
e(V) =sup{e(V,\) : A € A}.
A

The goal is when given a family of errors {€, : A € A}, find the isom-
etry Vo : C? — C™ such that e(Vp) := miny e(V), that is, the goal is
to solve miny e(V'). The solution Vj where this minimum is attained
would give the “best” encoding.

Theorem 5.7 (Bodmann-Kribs-Paulsen). For each A C {1,...,n}, let
Py be the orthogonal projection onto span {e; : 1 € A}. Let E4 : M, —
M, be given by
EA(X) = PaAXPy+ (I — Py)X(I — Py).

Let d <n and Vy : C¢ — C" be an isometry. Then e(Vy) = miny e(V)

1
if and only if Vo = | : | where rt € C? is such that

T'n

(1) Vg is an isometry.
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(2) [Irilla = [I7jll2 for all i, ;.
(3) max;£;{|[(ri|r;)|} is minimized over all possible isometries sat-
isfying (2).

Example 5.8. Let d = 2 (trying to think of a single qubit) and n = N.
Then V; as above must be an N x 2 matrix. In fact,

cos () sin (%)

VO — N . .

cos (%) sin (%)

These are optimal vectors in R?, but the answer is not known in C? for
general n.

These ideas are closely related to Zauner’s conjecture.

Conjecture 5.9 (Zauner). For every n € N, there is a set of n? unit
vectors {vy, ..., v2} € C" with |(v;, v;)| constant for all i # j.

If we have such a set as in Zauner’s conjecture, with P, = %viv;‘, then
{P; : 1 < i < n?} defines what is called a symmetric informationally
complete positive operator-valued measure (SIC POVM).

The constant |{v;,v;)|*> = —L5 for all i # j, is known as the Welch

n+1
constant for any set of n? unit vectors with constant inner product (of
vy
course for distinct vectors). If weset Vo=1 [ : | : C" — C"*, then
t
U,

this is an isometry and max;; |(v;, v;)| is as small as possible among all
such isometries. (This gives the optimal isometry in the B-K-P setting
above.)

Problem 5.10. In Shor’s proof, for L = span {|0),|1)r}, he proves
that the subspaces

L, XiL,... XoL, Y'L,...YoL, Z1 L

are pairwise orthogonal. This is (220) = 190 cases. Show that L, X1L,

YiL and Z, L are pairwise orthogonal. (This is (;1) =6 cases.)

Proof. Homework problem 7; due 4th February, Thursday. U
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Problem 5.11. Find {vy,...,va} C C? unit vectors with |{v;,v;)|* = 3
for all i # 7.

Proof. Homework problem 8; due 4th February, Thursday. U

6. ONE SHOT ZERO ERROR CAPACITY-CLASSICAL CASE

6.1. The Classical Case. Given a finite alphabet X = {z1,...,2,}
for Alice, suppose that Alice sends a message through a noisy channel
to Bob, who has a finite alphabet Y = {y1, ..., ym}.

Let p(y;|z;) denote the probability that Bob receives y; when Alice
sends z;. Defining a matrix N = (p (¥i%5))1<icn. 1<j<n = Pij)1cicm. 1<j<m €
M, . we have Y p(yi|z;) = 1. We call N = (p(yilz;)) = (pij) €
M., the noise matriz for this channel. Since p;; > 0 and the entries
in each column of N sum to 1. N is column stochastic.

aq
If a; is the probability that Alice sends z;, & = : , and 5 =
Oy,
b
Na = : , then the i"* entry of the vector 3, 3;, is the probabil-
Bin

ity that Bob receives ;.

Definition 6.1. The Zero error capacity is the maximum number of
different 2s that Alice can send through the channel N so that when
Bob receives something, he knows exactly which x; was sent.

To figure out how to compute the zero error capacity of a classical
channel, we will need some graph theory.

Definition 6.2. A graph G = (V, F) consists of a finite set V, called
the “vertex set”, and aset E C V x V, called the “edge set”, such that

(1) (v,v) ¢ E for all v € V| (no loop) and
(2) if (v,w) € E for some v # w € V, then (w,v) € E (undirected
edges).
The elements in V' are called “vertices” of the graph; the elements in
E are called “edges” of the graph, and if (v,w) € E, we say that v and
w are “adjacent” vertices. We write v ~ w if (v, w) € E.

A subset S C V is called independent if for all v,w € S, (v,w) ¢ E.
The independence number of the graph is the number

a (G) = max {card (S) : S is an independent set} .
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A subset S C V is called a clique if for all v,w € S, v # w implies
(v,w) € E. The clique number of the graph is the number

w (G) = max {card (S) : S is a clique} .

Definition 6.3. Given a graph G = (V, E) and a set {1,...,c} C N, a
c-coloring of G'isamap f: V — {1,...,c} such that whenever v ~ w,
f(v) # f(w). The chromatic or coloring number of G, denoted by
X(G), is the least ¢ for which there is a c-coloring for G.

Definition 6.4 (Shannon’s Confusability Graph). Given a noisy chan-
nel as above, the Shannon Confusability Graph is defined on the alpha-
bet {z1,...,2,} as the set of vertices V = {xy,...,z,} with ; ~ z;
if and only if there exists a y € Y such that p (y|x;) p (y|x;) # 0. This
graph is also known as the confusability graph of the channel.

If z; ~ z; in the confusability graph G, then when Bob receives a
y guaranteed by the definition of the edge set of G (i.e., a y such that
p (y|zi) p (y|lz;) # 0), he won’t be able to know whether z; or x; was
sent. But if Alice chooses S C X that is an independent set and sends
something from S, then when Bob receives a y, he knows exactly which
x € S was sent.

The next proposition states that in terms of graphs, the (one-shot)
zero error capacity of a noisy channel N is « (G) when G is the con-
fusability graph of N.

Proposition 6.5. Suppose we have a channel with noise matric N =
(p(yilz;)), and let G be the corresponding confusability graph, then the
one shot zero error capacity of this channel is o(G), the independence
number of G.

Proof. Suppose that 1, ..., x; are letters that Alice can send so that
Bob knows what letters were sent, such that k is the one-shot zero
error capacity. If there were y € Y with p(y|z;) - p(y|z;) # 0 for 1 <
t # j < k, then Bob is unable to know whether z; or z; was sent. By
definition of one-shot zero error capacity, this cannot happen. Hence,
p(ylx:) - p(y|z;) = 0 for all y € Y, so that x; ¢ x;. Thus, {z1,..., 2%}
is independent in G so that a(G) > k. Conversely, if z1,...,x, € G are
independent with ¢ = «(G), then p(y|z;) - p(y|z;) # 0 for all 1 < ¢ #
7 < {. By the same argument, x1,...,x, is a set of letters that Alice
can send such that Bob can still know which letters were sent through
the channel. Hence, ¢ is at most the one-shot zero error capacity. This
shows that the one-shot zero error capacity for the channel is exactly
a(G).

O
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A natural question arises—what can be said about capacity and mul-
tiple uses of N7

Suppose we want to use the noisy channel with the noise matrix
N = (p (yilx;)) to send two letters. Then we have

NxN
(21, 22) == (11, 92),

with p((y1,92)|(21,22)) being the probability that (yi,ys) is received
by Bob when Alice sent (x1,z5). If we assume that the noise acts
independently, then

p((yl, y2)|(71, 332)) = p(y1lz1) - p(y2|r2).

The induced confusability graph G = (V) E®) has vertex set
V@ = {(z1,20) : 2; € X} =V x V with (21,25) ~ (2},25) if and
only if (z1,z5) # (2}, 25) and N X N can send both to a common point
(yla y2)7 that iS,

(w1, 29) ~ (7, 25) 1, 92) 2 p((y1, v2) (21, 22)) - (01, 92) (27, 25)) # 0

=
<= 3(y1,%2) 2 p(yilw1) - p(y2lra) - p(y1|2}) - P(yalzy) # 0
<= 3y, y2) 3 plyalz) - p(yalah) - plye|z) - pyelay) # 0

TV TV
! ! ! !
#0 & x1~x) or x1=1] #0 & xo~xh or xa=x)

(21 ~ 2 and ) ~ x)
OR

(1 =2} and x}, ~ x5)
OR

| (z1 ~ @) and 5 = 1)

/

!

(21 ~ 2hor xy = 2))
AND
(29 ~ o or x5 = 1)
Such that
| (either zy # 2 or xo # x7)

!

Definition 6.6 (~). If x,2' € G, a graph, then x ~ 2/ means z ~ 2’
or x = 2’. It follows then that

(1, 29) =~ (2], 24) & (21 ~ 2 and xy ~ 2));
(21, 22) ~ (2, 24) & (21 ~ x| and x5 ~ @) and (21, 22) # (2], 25)).

This motivates a new definition, making immediate use of our new
notation.

Definition 6.7. If G = (Vi, Ey) and H = (V4, Ey) are graphs, we
define the strong product of the graphs, denoted G X H = (V, E), as
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the graph with vertex set V := V] x V5 and edge set
= {(21,29) ~ (27, 73) | 21 =6 77, @2 =g 2, (v1,72) # (27, 25)}.

Remark 6.8. Our intent is to use this notation and vocabulary to
describe confusability graphs. As such, it is important to note that our
definition of the strong product takes care of avoiding loops (no edge
from a vertex to itself) since (a,b) ~ (a,b) by definition.

Proposition 6.9. If we assume errors act independently and we use
the noisy channel N to send messages of length 2 (we call this channel
“product channel” N x N ), then N X N has confusability graph GRG
and hence the one-shot zero error capacity of N x N is o(GRG), where
G s the confusability graph of N.

In the same way, we can talk about the Shannon capacity of a Chan-
nel N. If we use an alphabet to make words of length n, then the one
shot zero error capacity of N x .-+ x N (n times) is

(GR---KG) = a(GH).
n times

6.2. Shannon Capacity. We would like this to behave like O™ for
some ©. That is, we would like

a(GH") ~ O™
We define (for a channel N) the Shannon capacity to be
1 Xn
O,(N) = lim M_
n—oo n
Similarly, we define
Oy(N) = lim {/a(G%n).

n—o0

These are related by the equation ©1(N) = log(©3(N)).

It is worth mentioning that only the confusability graph G matters.
In particular, we may also define
1 G&n
0.(G) = lim 2BET)
n—oo mn

and simiarly
05(G) = lim Y/ a(GHn).
n—oo
Shannon was able to compute these numbers for the 3-cycle graph,

the 4-cycle graph and the complete graph on 4 vertices. He couldn’t
get a bound for the Shannon capacity on the 5-cycle graph.
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We will examine some estimates given by Lovasz. If A = A* is a
self-adjoint matrix, then we define Ap.x(A) to be the largest eigenvalue
of A.

We summarize Lovasz’s results in [?] in this theorem.

Theorem 6.10 (Lovéasz). Let G be a graph on n vertices {1,...,n}
and define

0(G) == inf{\pax(A): A = [a;;] = A" € M, a;; = 1,Vi 4 j}.
Then the following holds:
(1) 0(G) = swp{|lI + H||: H = [hyj) = H* € My hy = 0,% ~
j and hy; =0, for alli,I + H > 0}.
(2) If H is another graph on m vertices, then (G X H) = 0(G) -
O(H).
(3) a(G) < 0(G).

Hence, a(G®") < 0(G¥") = 0(G)". Taking n-th root and letting
n — o0 it is easy to see that

6(G) = lim {/a(G*") < 0(G).

To illustrate an application of the chromatic number, let us address
another noise problem:
Suppose that Alice sends a letter z; through the noisy channel N, and
Bob receives the letter y;. Also suppose that Alice has another, “very
expensive” channel that is perfect (no errors). (For example, sending
every bit a thousand times would dramatically decrease the possibility
of being unable to determine what Alice sent.) We wish to find the
smallest integer k and a function f : {x1,...,x,} — {1,....,k} (where
Alice’s alphabet is {x1, ..., 2,,}) such that if Alice sends

(4, f(z5)) = (yi, f(2)),

(first coordinate through N and second coordinate through perfect
channel), then Bob is able to retrieve with certainty which z; was
sent. Obviously there is a trivial solution — choosef(z) = © — where
Alice can simply send = to Bob using her perfect channel. This needs
k = card(V) where V is the set of vertices of the cofusbility graph,
because each message in V' has a distinct label. But the question here
is: What is the smallest k so that the cost is minimized. (The smaller
k is, the less number of bits that you need to send through the perfect
channel.) We call this smallest number packing number of N and de-
note it by x*(N).
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Theorem 6.11. If N = (p(y;|z;)) is a noisy channel and G is its
confusability graph, then x*(N) = x(G), the chromatic number of the
graph G.

Proof. Let x(G) = ¢ and f : {xy,....,x,} — {1,...,c} be a colouring
such that if z; ~ z;, then f(z;) # f(x;). Suppose that Alice sends
(xj, f(z;)) and Bob receives (y;, f(z;)). Let S = {z : p(y;|x) # 0}; so
Bob knows that z; € S. By definition of the confusability graph, if
Zp, ¢ € S, then they can be confused by Bob when they are sent, so
that x, ~ z,. Hence, each element of S has a unique colour. Hence,
with k& = ¢, Bob knows which element of S was sent, since he has also
received the colour of the input. By definition of x*(/N), we must have
X'(N) <c

Conversely, suppose that f : {zy,...,z,} = {1, ..., k} is such that when-
ever the input/output is

(wj, f(5)) = (i, f(25)),
then we can find which x; was sent. We claim that f is a colouring
of G. Indeed, suppose that z, ~ z, in G. Then there is y, such that
x, = y, and x; — y,. Hence, with sending (z,, f(z,)) and (x4, f(x¢))
through, the only way that z, and x, can be distinguished is by their

images under f. Hence, f(z,) # f(z,) so that f is a colouring for G.
Thus, x*(V) > x(G), so that x*(N) = x(G).

O
Definition 6.12. The Witsenhausen rate of a noisy channel N is
R(N) = lim log(x"(N™)) — lim 22X X(G™) = R(G).
n—00 n n—00 n

We can define a similar quantity

r(N) = lim {/x*(N®™) = lim {/x(G®") :=r(G).

n—oo n—o0

How do we estimate these quantities? (In general these are very hard
to compute.)

Definition 6.13. Given G = (V, E), the complement of G, denoted
G = (V,E), is given by (v,w) € E < (w # v and (v,w) ¢ E).

Geometrically, the complement is what you might expect-if a graph
is missing a possible edge, that edge is in the complement, and every
edge in a graph is missing from the complement.

Example 6.14 (Complement of Cs). In doubled red lines, we see Cs
“complementing” C5 to make a complete graph.
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By renumbering the vertices of C5, we see that, interestingly enough,
C5 is a cycle, and thus Cj is self-complementary.

Theorem 6.15. (Lovasz Sandwich Theorem) Let G be a graph.

(1) a(G) < 0(G) < X(@).
(2) 0(GE) = 0(C)".

In particular, x(G®") > 0(GB) = §(G)", and r(G) = lim,_,c 3/ x(GE") >
0(G).

Our aim is to use these general ideas in the quantum world (with

modifications, since the quantum model is different from the classical
model).

7. ONE SHOT ZERO ERROR CAPACITY OF QUANTUM CHANNELS

The following material is based on two papers: [?] (by Duan-Severini-
Winter) and [?](by Jop Briet, Harry Buhrman, Monique Laurent, Teresa
Piovesan, and Giannicola Scarpa et al).

Now, we assume that A is a quantum channel; i.e. a CPTP map
N M, - M, with N(X) = >, E;XEf, where > . E;E; = 1. To
model a notion of one-shot zero error capacity, we want to find the
maximum number of perfectly distinguishable states vy,...,vs € C"
such that the outputs N (vvf) are perfectly distinguishable. Recall
that if {Wy,..., Wi} is a measurement system and P is the density
matrix of some ensemble, then p; = Tr(W; PW;) is the probability of
getting outcome 1.

Definition 7.1. We say that {Py,..., Py} C M, are perfectly distin-
guishable if there exists a measurement system {Wy, ..., W} with & > d
such that Tr(W;P;W}) = 6;; for all 1 <4,5 <d.

Lemma 7.2. If P € M,,, with P >0 and Tr(P) =0, then P = 0.
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Proof. If A1, ..., \,, are the eigenvalues of P, then since P > 0, each
Ai > 0. But 0 = Tr(P) = > ", A\; = 0 so each \; = 0. Since P is
diagonalizable with entries equal to the eigenvalues, we have P = 0. [J

Note that M, = Cm2, so it is a Hilbert space equipped with the
inner product
YV, X) = gigwiy =Tr(Y*X).
2
Lemma 7.3. Let P,QQ € M,, with P > 0 and Q > 0. The following
are equivalent.
(1) (P,Q) =0.
(2) PQ =0.
(3) ran (P) L ran (Q).
Proof. (3 = 2):
Note that ran (Q) C ran (P)* = ker(P*) = ker(P). Hence if x € C™,
we have PQx = 0, since Qx € ker(P). Therefore, PQ) = 0.
(2 = 1)
(P.Q) = Tr(P*Q) = Tr(PQ) = Tx(0) = 0.
(1 = 3):
Because P > 0, there is a unitary U such that U*PU = D := diag(dy, ...,
where each d; > 0. Then let Q = U*QU. Note that

(D, Q) = T(DQ)

Moreover, we have

0=(D,Q) =Tr(DQ) = Zd Gii
Hence, each ¢; = 0 for 1 < i < k. We can write
@ _ (Qn Qu) ’
Q21 Q2
where Qn € M. Since Q > 0, we also have QH > (). But Tr(QH)
SO QH = (. Since Q > 0, we can write

5_( 0 Qu
0= ((Qm)* Q22> '
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We now compute, for v € C* and h € C**,

()26 =0 (g )

= (v, @12h> + (h, (@12)*7) + @22h>

Pick v = —rélgh for some r > 0. The inner product then becomes

<(Z> 7© (Z)> = —7”||©12h‘|2 - T<h7 (ém)*@uh) + <h7 CN221h>.
Let » — oo. Since this inner product must always be positive, we must

have ||CAQ/12h||2 = 0 so that Q12 = 0. Hence, Q = (8 @0 ) Hence,
22

ran (D) C span {ey,...,ex} L span {ex,1,...,e,} 2 ran (Q). Thus,
ran (D) L ran (Q). Now, since U*PU = D and U*QU = @, we have

U'ran (P) =ran (UPU) L ran (U'QU) = U'ran (Q).

Since unitaries preserve inner products, we have ran (P) L ran (Q).
U

Proposition 7.4. Let {Py,..., Py} C M,, be density matrices. Then
{Py, ..., P} are perfectly distinguishable if and only if P,P; =0 for all
i,
Proof. («<=):
By the above lemma, P,P; = 0 = ran (P;) L ran (P;). Let
Do d
W; be the orthogonal projection onto ran (F;). Then > ., W;
is a projection, so Wy 1 = I — Zle W; is a projection. Then
ST W, = SSH W, = 1, s0 {Wh, ..., Waya )} is a measure-
ment system. Note that

0ifi#j

Tr(W:P;W) = Te(W; Py) = {Tr(P-) =1ifi=j
) = = .

(=):

Suppose that { Py, ..., P;} is perfectly distinguishable, with {W7, ..., W} }

a measurement system such that Tr(W; ;W) = 6;;. If i # j,
then Tr(W;P,W}) = 0 = Tr(P;W;W;). Hence, P,W;W; =0
by the lemma. We also have Tr(W,P,W) = 1 = Tr(P;) =
Tr(P;W;W;), since P; is a density matrix. Hence, 0 = Tr(F;(I—
WxW;)), but I — W W, > 0 and P, > 0. By the lemma,
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Pi(I —W;W;) =0, so that P, = P,W;W,. Hence, for i # j, we
can write
PP, = PW;W,P,) = P,-0 =0,

as desired.
O

Remark 7.5. If vy, ..., v, are states, then v; L v; for ¢ # j if and only

if (v;v5)(vivy) = 0. Indeed, we see that v;(viv)v = v;((vj|vi))v; =

(vj|vi)uof.

Corollary 7.6. Let N : M,, — M,, be a CPTP map. Then

a(N) = max{d : Juy,...,vg € C" orthonormal with N (viv; )N (vjv}) =0, Vi # j}.
The maximum number d of vectors such that n(v;v}) - n(v;v5) = 0

for all i # j is called the one-shot zero-error capacity of 7, and is

denoted by a(n).

Proposition 7.7. Let N : M,, — M,, be a CPTP map. Write N'(X) =

SE U EXE?, and let {vy, ...,va} € C* be orthonormal. Fori # j, we

have N (vvy) - N'(vjv3) = 0 if and only if Eyv; L Eg; for all k, L.

Proof. Since each N (v;v;) is positive, we note that N (vv; )N (v;v5) =0

if and only if Tr(N (viv; )N (v;v})) = 0. Substituting the expression for
gives

K K
0=Tr < (Z Emv;*E;> <Z Ekvjv;E;;> ) :
=1 k=1

Now, whenever P > 0 and ) > 0, one has Tr(PQ) > 0 (just diagonalize
P). The above expression forces Tr((Eyvv; B} )(Eyvv E)) = 0 for all
k,£. Hence, N(viv; )N (v;v5) = 0 if and only if
Tr(Epvi (v By Eyvj)vs Ey) = 0, VE, L.
We can write
Tr(Egvi(v;‘EZ‘Ekvj)v;E;‘) = Tr(Egvi(Egv,-)*(Ekvj)v;fE;g)
= (Evi| Eyvy) Tr(Epvv} EY)
= (Eovi| Eyvy) Tr(v; By Egv;)
= <E4Ui‘EkUj><EkUj|Eg’Ui>
= [(Bevi| Byvs) .

It follows that A (vv} )N (v;v;) = 0 if and only if Fyv; L Epv;.
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Next, we need to show that the one-shot zero-error capacity of N
is independent of any particular Choi-Kraus representation of N. In
order to do this we first need the notion of an operator system.

Definition 7.8 (Operator System). A subspace & C B(H) is called
an operator system provided that:

(1) IeS
(2) f X €S, then X* €S

Proposition 7.9. Let N : M, — M,, be a CPTP map defined by
NX)=K EXE =3 YiXY}. Then

span{E7E; : 1 <1i,j < K} = span{Y;'Y}, : 1 <,k <r} C M,
and this is an operator system.

Proof. From 7?7 we already know that span{FE; : 1 < i < K} =
span {Y; : 1 < ¢ < r}. Hence, we may write E; = >, a;Y,. It
follows that

ElE; =Y @YYy € span {Y;Vi i 1< 4k <r}.
k=1

Similarly, one can show that Y'Y, € span{E’E; : 1 <1i,j < k}.
Since N is trace-preserving, we must have [ = Zfil EYE; € span{E;E;}
Since the adjoint is conjugate-linear, we need only check that (EfE;)* €
span{E; E;}[_, for each choice of 7,j. But this is immediate since
(EfE;)* = E;E;. Hence, span{E;E;}},_, is an operator system. [
Definition 7.10. Given a CPTP map N : M, — M,, with N (X) =
Zf; E;XE}. Then the operator system of N is the space

Sy =span{E’E; : 1 <i,j < K}.

K
1,7=1"

Remark 7.11. Notice that because of 77, this operator system is in-
dependent of the particular Choi-Kraus representation of N

Definition 7.12. Given an operator system § C M,,, define
a(S) = max{d € N : Juy, ...,vq € C" orthonormal with v;v; L S, Vi # j}.

(Here, we mean that Tr(X*v;v7) = 0 for all X € §.) We call a(S) the
independence number or the one-shot capacity of S.

Proposition 7.13. Let N : M,, — M,, be CPTP, and write N'(X) =
SEUEXES. Let {vy,..,us} C C" be an orthonormal set. Then
N;U%U;‘)N(Ujv;) = 0 for all i # j if and only if v L Sy for all
i # .
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Proof. Leti,j € {1,...,d}. Onehasviv; 1 S, ifand only if v;vf L E}F,
for all k, £, which occurs if and only if Tr((v;v})* By Ey) = 0 for all &, £.
One may rewrite this as

Tr(v;v; By Ey) = Tr((Eyvi)" (Eevj)),

so that viv; L S, if and only if Eyv; L Eev; for all £, ¢, and this occurs
if and only if N (vsv; )N (v;v5) = 0, by the proposition.
O

Theorem 7.14 ([?]). Let n: M,, — M,, be a CPTP map, then
a(Sy) = a(N)

Corollary 7.15. Let N; : M,, — M,,, be CPTP maps fori=1,2. If
Sy, = Su,, then a(Nl) = a(/\/g).

Remark 7.16. The quantity a(S) really depends on the containment
S C M, and is not merely an instrinsic property of §. For example,
let S C M, be an operator system, and define

5 X 0
s {(X 1) xes)onoscm,

Clearly S is an operator system. The map x (x 2) markes § and

0

S the “same.” But if a(S) = d, then we can choose vy, ...,uy € C"
orthonormal such that v;v; L S for all ¢ # j. Consider the set

{e1 @1, ...,e1 @ Vg, €2 @ V1, ..., ea g} C C* @ C" =~ C*".
These are of the form
(v1,0), ..., (v4,0), (0,v1), ..., (0, vq).

One computes

(e1 ®@v)(er ®@v;)* = (

(e1 ®@v)(ea @vy)" = < )

(e2 @ vi) (2 ® ;)" = (0 8)
(0 i)

(e2 ®v;)(ea ®v;)* =
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It follows that «(S) > 2a(S), so that the independence number really
depends on the embedding of the operator system in the space of ma-
trices.

Remark 7.17. One can check that whenever §; C S, as operator sys-
tems with S;, Sy € M, then a(S;) > a(Ss).

Proposition 7.18. Let S C M,, be an operator system. Then there is
m €N and a CPTP map N : M,, — M,, such that S = Syr.

Proof. Let S = span{ X1, ..., Xi }. Let

0 X;
X7 0 Xo
H= X5 0 EMk+1(Mn):Mn(k+1)-
) X,
X; 0
Observe that H = H*. Pick r > 0 with r1 + H > 0. Then let
1
P=(P,)=———(rlI+H)>0.
( J) T(k}—l—l)(T + )—0

One can factor P = (P;;) = C*C where C = (C};) € M1(M,) =
My (341). Write

CI[/H\ Do /n\],
C1 P Cg1
where each Cy is of size n(k + 1) x n. Define ® : M,, = M, 41) by
k+1
= CXC;.
=1

One can see that ® is completely positive. To see that & is trace-
preserving, one notes that C;C, = P,  for all 1 < pqg < k+1

Then C,C, = P, for each p, while P, = r(k+1) (rl,) = w5 In. Since

ZkH P,, = I,, we see that ZkH Cy Cg = I, so ® is trace-preserving.
Smce <I> is CPTP, its corresponding operator system is

S = span{C,C, : 1 <p,q < k+ 1},
But one has C;C, = P, 4, so
Se =span{P;; : 1 <i,j < k+1} =span{l, Xy, ..., Xp, X7,.... X;} = S.
O
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7.1. Analogue of Shannon Capacity. We now develop a quantum
analogue of the Shannon capacity. Using the channel N : M, — M,,
k times corresponds to the k-fold tensor product
N QN : ME* — Mk,
—_—
k times
or N® : M.« — M,x. In this way, we may define
O3 (N) = lim sup v/ a(N®F).
k—o00
It is interesting to see what happens from the operator system view-
point. If N(X) = 32K E;XE}, then
K K K
nAN(XQY) = N(X)@N(Y) = (Z EZ-XE;*> ® (Z EjYE;> = (E®L)(XQY)(E®E;
i=1 Jj=1 i,j=1
Therefore, we see that
Syen = span{(E;QE;)" (Ex@Eo)}F; 1. 1 = span{ E; ExQET Eg} 5y ooy = Sy @S
We conclude that
Syer =Sy ® -+ @Sy C M.
N —
k times

Hence, it follows that a(N®F) = a(SF).

Definition 7.19. Given an operator system & C M,,. Then the the
Shannon Capacity of S is defined by

O2(S) = limsup v/ a(S®F).

k—o0

From the remarks above we have that ©(N) = ©5(Sy).

7.2. Operator Systems of Graphs. Let G = (V, E) be a graph on
n vertices and let V' = {1,...,n}. The operator system of G is the
subspace of M,, defined by

Si :=span({Eny, ..., By U{E;; : (4,)) € E}) C M,

Note that I = > | E;i and Sg is self-adjoint by the symmetry of the
set {E11, ..., Enn} U{E;; : (i,7) € E}, hence S¢ is indeed an operator
system.

Definition 7.20 (Hamming Distance). Let a = (ay,...,a,) € Zj and

b = (by,....,b,) € Zy be binary n-tuples. The Hamming distance be-
tween a and b is defined as

dy(a,b) == |{i : a; # b} = Z la; — by
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Problem 7.21. Let X = Z3 and Y = ZJ. Consider the encoding given
by
= (1,0,1) 5 (111,000, 111) —==
.I’ ( ’07 ) — ( ’000’ ) 0,1, or 2 bit flips y
(so the only events of non-zero probability are zero, one or two bit flips).

Formally, we define

p(yle(z)) = {O if du(y,e(x)) > 2

non-zero if dg(y,e(x)) < 2.

Find the confusability graph G. Show that x ~ x' (adjacent to or equal)
if and only if dy(x,2") < 1. Find a(N) = o(G) and x*(N) = x(G)
(just give a convincing argument).

Proof. Homework problem 9; due 11th February, Thursday. 0

Z 2) :a,bE(C} C M,. Prove that

Problem 7.22. Let § = {(
alS) =2.
Proof. Homework problem 10; due 11th February, Thursday. U

Example 7.23. Let G be the four-cycle graph:

Then we have,
S = Span{Ella Eoy, Es3, By, B3, By, By, By, Eag, Eisg, Fioy, E42},
that is,

ISl s Wil an)

b
Se = Z
0

S O @

But this depends on the labelling, because if we have it labelled as G':
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Then we have,

SIG = span{EH, Fog, B33, Eya, Eho, Eor, By, By, Eas, Eso, By, E43};

that is,
a b 0 c
; d e f 0]
Se = 0 g h k ca,...,neC

¢ 0 m n
1—1 1 000
. . 2—3 0010
However this is just a permutation: 390 U= 010 0
44 0 001

So that UScU* = S¢.

7.3. Including Classical in Quantum. Suppose that our alphabets
are X = {xy,...,x,} and Y = {y1, ..., Y }, with noisy channel N (given
by a matrix of probabilities as before) by which we send letters from X
and recieve letters from Y. We can think of z1, ..., x,, as pure states. In
this context, a mized state would be of the form (py, ..., p,,) where each
p; is the probability of being in state z;, p; > 0 and p; + - - - + p,, = 1.
This is the classical analogue of a density matrix.

The analogue of M, is C" ~ (*(X) = (5° (functions on n points),
with basis given by the elements

lifd' ==
d,.(2) =
(@) {Oifx’;éx.

(We can also think of 6, as e;.) Then N defines a linear map from
05° — 02 (by sending letters from X to letters in Y). Indeed, N :
0 — 0>° acts via matrix multiplication to give

n m

Since the p;’s add to 1 and each of the column sums is 1, it follows that
each ¢; > 0 and ¢; +--- + ¢, = 1. Hence, mixed states get sent to
mixed states.

We identify £5° as an algebra with pointwise multiplication. In this
way, we can identify £°° with D,, C M,,, the algebra of diagonal ma-
trices, by sending d,, — E;. We define, for each 1 < ¢ < m and
1 < j < m, the matrix Bj; = /p(y;|z:)E;i € M,,,. Define a map
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N : M, — M,, by
N(X)=> B;XB;.
0,J

Then
N(E;) = Zp(yj|x€)EjZEiiE€j = Zp(yj|xi)Ejj-
L,j J

If 7 # j, then none of the products of the matrix units in the expression
for N(E;;) will remain, so that N'(E;;) = 0. Now, by construction,
N is a CP map. To see that it is also TP, we need to check that
> BjiBji = 1. We compute

Z B;iBJ'i = Zp(yj|37i)EijEji
] i,j

= Z (Zp(yjlﬂfi)) Ei
=> Ei=1I,

Therefore, n is CPTP. The associated operator system with A is given
by
Sy = span{B;,Bj;}

= span{y/p(unJeo)p(y;l:) Eu B

= span{y/p(y [)p(y; ;) B}

= span({E; }; U {Ew : 37 with p(y;|ze)p(y;|z:) # 0}).
=span({E;} U{Epy : xp ~ x;}).

= S

Theorem 7.24. Let G be a graph on n vertices. Let S C M, be the
operator system of the graph. Then a(Sg) = a(G).

Proof. First we show that a(G) < o(Sg). If a(G) = k and {iy, ..., i} is
a set of independent vertices, then i, 7 i, for a # b. Then E;_ ;, &€ Sq,
so that Ej, ;, = e;,e;, L Sg. This is for all a # b in {iy, ..., 4}, so that
k < a(Sg).

To see the other inequality, we first note the following: for a given
v = (v1,...,0,)" € C", let supp(v) = {i : v; # 0}. If v,w € C™ are such
that vw* = (vw;) L Sg, then (v;w;) L Ej for all k, so that v,w, =0
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for all k. Hence, supp(v) Nsupp(w) = 0. Since (v;w;) L Ej, whenever
k ~ ¢, we also have v w, = 0.

Now, suppose that a(Sg) = d; we will show that «(G) > d. Let
v1,...,vg € C" be an orthonormal set such that v;v; L Sg. Then for
i # j, we have supp(v;) Nsupp(v;) = 0. Pick i € supp(vg). These are
distinct elements {7y, ...,i4} C {1,...,n}. Since vyv; L S¢ for k # £, we
have viv; as 0 in the (p,q) entry whenever p ~ ¢ in G. Now, v,v; is
non-zero in the (i, i,) entry, so that

<vkv;, Eik,iz> 7& 0.

This shows that E;, ;, & S¢. Equivalently, i # 4. Therefore, {i1,...,74}
is an independent set in G. Therefore, d = a(Sg) < a(G), and this
shows that a(Sg) = a(G). O

Corollary 7.25. If N : M,, — M,, is a CPTP map and Sy = Sg for
a graph G, then a(N) = a(G).

We now move towards the analogue of chromatic number for an
operator system. In the classical case, we had z; — y;, and wanted k
extra pieces of information sent through a perfect channel, to eliminate
any confusion over what was sent. That is, in the classical case, we want
f: X — {1, ..., k} such that knowing y; and f(z;) uniquely determines
what z; was sent. We saw that the smallest such k was x(G), the
chromatic number of the confusability graph G.

In the quantum setting, the perfect channel should be idy : My —
M., and the noisy channel is some CPTP map N : M,, — M,,. Since in
the classical case we were sending elements from the cartesian product
of X and f(X), here the combined channel becomes N ® idy : M, ®

We want an orthonormal basis vy, ...,v, € C" and a function f :
{1,..,n} — {1,...,k} such that {v; ® ey}, are perfectly distin-
guishable when they pass through N' ® id;. The least k for which we
can do this is denoted by x*(N).

To motivate the next definition, recall that {v; ® ey}, are per-
fectly distinguishable after passing through N ® id; if and only if
(N @ide) ((vi®eyu) (vi®eys)*) are mutually orthogonal in M, ® M), =
My (M,,). Partition vy, ..., v, into the sets S; = {v; : f(i) = j}, for
1<j<k UN(X)=> EXE;, then

W @id)(X@Y)=NX) oV =) (EeL)(X®Y)(E® ).
l



ENTANGLEMENT AND NON-LOCALITY 57

Since this is true for all simple tensors, we see that for all Z € M,, ® My,

N @idi(Z) = (B ® 1) Z(E, ® Ey)".
V4

The associated operator system for N’ ® idy, is
Snwid, = span{(Ee@1;)" (E,@1x) }or = span{ By B, @1y}, © Mp@M), = My (M,,).
Recall that the identificatoin M, ® My = My(M,) sends

E;E,
EjE,. ® I — . )
E;E,
where this is a block matrix of size k. Then we really have
A
Shwid, = € My(M,,): A€ Sy p =Sy,
A

So {v; ® ey : 1 < i < n} is perfectly distinguishable after applying
N ®idy, if and only if (v; ® efu))(v; @ ep))* L Sygia,, while (v; ®
es@) vy @ es(y))" = viv; © Eyyy g5). We want vivs © By g) L Sy7
so we consider two cases: either f(i) # f(j), in which case we have
viv; @ Eypaypi) L S,Sk) automatically by the above definition of S/(\I;),
or f(i) = f(j) = {, in which case v;v; ® Ep L SJ(\I;) if and only if
viv; L Sy

We conclude that x*(N) is the least k such that there is an orthonor-
mal basis vy, ...,v, of C" and a partition of the basis into k subsets
S1; ...y Sk such that when v;, v; € S, we have v;v; L Sy

Definition 7.26. Let S C M,, be an operator system. Then the chro-
matic number of S, denoted by x*(S), is the least k such that there is
an orthonormal basis vy, ..., v, for C" and a partition of {1,...,n} into
k subsets Si, ..., Sk, such that if 4, j € Sy, @ # j, then vv; LS.

Theorem 7.27. Let G be a graph on n vertices, and Sg C M,, be the
corresponding operator system. Then x*(Sg) = x(G).

Homework problem 11; due 25th February, Thursday. (Hint: this
is similar to the proof for a(G) above.)
Here’s our proof. First a lemma.

Lemma 7.28. Let vy, ...,v, € C" be a linearly independent set. Then
there is a re-ordering of these vectors such that after the re-ordering,
the i-th component of v; is non-zero for all 1 <1 <mn.
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Proof. Let A = (a;j) = [v1:---:v,] be the matrix whose columns are
the vectors vy, ...,v,, so that a;; = (ej,v;). Since these vectors are
linearly independent A is invertible, hence det(A) # 0. But

n

det(A) = (=1)*" [t

o 7=1

and so there must be at least one permutation for which H?Zl Ug(j),j 7
0.
Re-order the vectors so that ©; = v,(;) and the result follows. O

Proof. We now prove the theorem. Assume that y(G) = K, so that
there is a (disjoint) partition of the vertices into K subsets, S; U ---U
Sk = {1,...,n} corresponding to the coloring. If i,5 € S, then
(4,7) ¢ E(G) and hence, ejej L Sg. Thus, we have a partition of
the standard o.n.b. {ey, ..., e,} into K subsets satisfying the conditions
in the definition of x*(S¢) and, x*(S¢) < x(G).

Conversely, assume that y*(Sg) = K. Then we have an o.n.b.
{v1,...,v,} for C" and a partition S; U---U Sk = {1,...,n} such that
if 4,5 € S5 then vvj L Sg. After re-ordering we may assume that
(ei;vi) # 0 for all i. This means that the matrix v;v} is non-zero in
the (i,j)-entry. This implies that E;; ¢ Sg. Hence, (i,5) ¢ E(G).
Thus, if for all [, we color all the vertices in S; with color [, then when-
ever two vertices ahve the same color they are not adjacent. Thus,

X" (Sa) < x(G). n

Problem 7.29. Let S = span{l,, E;; : i # j} C M,, so that dim(S) =
n? —n+ 1. Prove that x*(S) = n.

Proof. Homework problem 12; due 25th February, Thursday. U

8. COMPOSITE SYSTEMS, ENTANGLEMENT AND JOINT
PROBABILITIES

Let Ha be the state space for Alice’s lab and {Xj}, >, X; Xy =
I3, be a measurement system on Hy and let Hp be the state space
for Bob’s lab and {Y;},, >, Y,*Y, = I, be a measurement system
on Hp. Suppose ¢ € Ha @ Hp such that ||¢| = 1. If pa(k) and
pp(¢) respectively denote the probability that Alice gets outcome k in
the combined lab and the probability that Bob gets outcome ¢ in the
combined lab, then

pa(k) = (Xi ® I)¢|* and ps(€) = (I ® Yo)¥|*.
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If Alice’s outcome is k, then the state becomes

ey
[( Xk @ DY

Similarly if Bob’s outcome is ¢, then the state becomes

(I @YY
(I @Yoy

The joint probability of getting outcome k for Alice and outcome ¢ for
Bob, denoted by pa g(k, (), is given by

pap(k, ) = [[(X: ® Yool

We can also use the notion of conditional probabilities in the quan-
tum setting. The conditional probability that Bob gets outcome ¢, given
that Alice got outcome k is given by

I@Y)(Xp @ Y|P _ p(B=1(A=k)
1(Xx @ I)o? p(A=k)

since if Alice has already got the outcome k, that is, A = k then the
state is %, so that the probability of getting outcome ¢ for Bob
given that A = k is computed as in the usual definition of conditional
probability.

Note: We use A = k to mean “A gets the outcome k.”

p(B = (4= k) = I

Definition 8.1. A state ¢y € Ha ® Hp is said to be separable if it is
of the form ¢ = v ® ¢ for some v € H4 and ¢ € Hp; that is to say, ¥
is an elementary tensor (without loss of generality, by scaling, each of
v and ¢ are norm 1). If ¢ is not of this form, we say that ¢ is entangled.

It is worth noticing how separable states behave in a combined lab.
Indeed, if 1) = v ® ¢ is separable with [|v]| = ||¢|| = 1, then one has

pak) = [(Xp @ (v @ 9)|I* = [|Xky @ oI = [ Xey[I*lllI* = | X ]1%,
while the joint probability becomes

p(B=(A=k)=|(Xi@Y)(y® )|’
= [ Xy ® Yegl* = | X [I*[1 Vel
= pa(k) - pp(l).

Recall that in probability, events Fy, Fy are independent if Prob(E; N
E,) = Prob(E,) - Prob(E3), so we infer that A = k and B = ¢ are
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independent then and only then

_ X @ Y)(y e 9)l?

Xk Dy o)

_ X P IYes P

Xl

= [[Yzo?

=p(B =10).

Thus in case of separable states, the quantum probabilities exactly
reflect independent classical probabilities.

p(B={A=F)

Definition 8.2. The state ¢ = \%(eo Reg+e1®er) € C2@C? is called
the Einstein-Poldosky-Rosen (EPR) state.

Example 8.3 (Quantum Teleportation). Let Eyy, E1; be the diagonal
matrix units in My. Then Ej,Eoo + Ef E11 = B3y + E? = I, where
Ha = C2, so this is a measurement system. Suppose Bob has the same
measurement system (in a different lab) so that H4 = Hp = C?. In
the combined lab, the probabilities are as follows:

pa(0) = pa(A =0) = ||(Egp @ 1)

= [|(Eoo @ I)( (e0 @ e + €1 ® €1)]?

~—

1
V2

1 2
= §H€0 ® eol|” =

N —

Similarly, one can check that p4(1) = 3, while pp(0) = pp(1) = 1.
If A observes the outcome 0, then the state changes to

(Eoo @ I)(5)(e0 ® €9 + €1 @ €1)
1(Eoo ® I)(5)(e0 ® eo + €1 @ 1)

= ey X eg.

Now suppose B performs a measurement. B has measurement oper-
ators I ® Eyo and I ® Ey;. We know that (I ® Ey1)(ep ® ep) = 0,
so B cannot possibly measure the outcome 1. Therefore, if A mea-
sures 0, then B must measure 0 with probability 1. The same analysis
works if A measures 1. This demonstrates that entangled systems, to
some degree, behave like dependent events. We confirm this with the
computations below.

1
p(B=0[A=0)=||(I® Ey)(eo®eo)||* = lleo @ eol|* =1 # pp(0) = 3

1
p(B=11A=0)= (I ® Eu)(eo o)l = 0 # pa(1) = 7.
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This shows that there is a large amount of dependence here. This is the
basis for “spooky action at a distance”, or “quantum teleportation”.

Example 8.4 (Super Dense Coding). The idea is the following: If Alice
has states in C?, we know that we can only make two states perfectly
distinguishable. Consider the EPR state ¢ = \%(eo ® ey + €1 ® er).
Consider the matrices that were used to form the 1-Pauli’s, given by

10 01 0 =« 1 0
r=(y ) x= (7 5) = (" 0) maz= (g5 %)

Then Alice, after applying these operations on the EPR state, has

1
]¢:E(60®60+61®61)
1
X¢=E(€1®60+60®61)
1
YYy=—(eg®e; —e1®e
(0 \/5(0 1 1 0)
1
Zzp:—(e()@eo—el@el)

N

four outcomes that are orthonormal and hence perfectly distinguish-
able!

Discussion: Suppose Alice and Bob start with the EPR state ¢ =
%(eo ® eg + €1 ® e1) and Alice performs one of the four above men-
tioned operations on the state of the photon in its lab and sends that
single photon to Bob via a quantum channel. Bob now has access to
both the photons (actually the access to two states, one EPR and one
which he received from Alice, since the above four states are perfectly
distinguishable and hence there exists a measurement system that tells
Bob which state he received.) This allows B to know precisely which
operation A performed. Moral: Alice only needed to send one photon
to communicate four pieces of information. Similarly, in C¢, with basis
€y, - - -, €41, consider the EPR state ¢ = \/La(eo Qe+ Feq1®eq1).
Then there exist d? unitaries, U;, in C? such that (U;®1)1 is orthogonal
to (U; ® Iy for any i # j. Again, if B keeps half of the photons, then
A can communicate d? pieces of information.This example shows the
existence of a way (entanglement) to boost the capacity of the quantum
channel in question.

Our next goal is to determine, given a noisy channel £ : M,, — M,
which is CPTP, if there is a way to use entanglement between sender
and receiver to boost capacity. It turns out we can and this is known
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as entanglement-enhanced capacity. Before exploring this in detail, we
discuss entanglement in more detail.

Definition 8.5. An ensemble of states {¢;,p;}, i € Ha®@ Hp, p; > 0
and ) . p; = 1 is called separable if each ¢; € Ha ® Hp is separable. A
density matrix P € L(Ha ® Hp) is called separable if it is the density
matrix of a separable ensemble.

Proposition 8.6. Let P € L(HA®Hg) be a density matriz. Then the
following are equivalent.

(1) P is separable.

(2) There exist density matrices R; € L(Ha) and Q; € L(Hp) and
pi >0 with Y, p; =1 such that P =), p;iR; ® Q;.

(3) There exist E; € L(Ha) and F; € L(Hp) that are rank one
projections, along with p; > 0 with Y, p; = 1, such that P =
>0l ® F.

Proof. Homework problem 13; due 25th February, Thursday. U

8.1. Partial Traces and Distinguishability. Suppose we are given
Q,P € L(Ha ® Hp) as density matrices. Alice can only do measure-
ments of the form X ® I in the mixed lab. When can she distinguish
Q from P?

Recall that it X € M,, and Y € M, then

o M, ® M, ~ M,(M,) >~ M,,,

e X ®Y = (.TZJY) S Mn®Mp2 an,

o Tr,,(X®Y) =anTr,(Y)+- - 4+2,,Trp (V) = Tr, (X)) Trp (V) =
(Tr, @ Tr) (X ®Y),

o L(Ha) ® L(Hp) ~ L(Ha®Hp) when dim (Ha) < oo and
dim(Hp) < oco. Soif Z € L(Ha® Hp), then we can write
Z=>,X,®Y, with X; € L(H4) and Y; € L(Hp) for all i.

We use the above calculations to motivate the notion of partial
traces. Given a linear map

f:L(Hp) — C,
we have a linear map
Iea) @ [+ L(Ha) @ L(Hp) — L(Ha) @ C = L(Ha)
given by
gy © )X @Y) = X - f(Y) € L(Ha).

When we let
f=Tr: L(Hp) — C,
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we get a linear map
Trp = Ippu) @ Tr: L(HA @ Hp) = L(Ha),
called the partial trace with respect to the space Hpg. Similarly,
Tra :=Tr @ ooy : LHA® Hp) = L(HB)
is the partial trace with respect to the space H 4.
More concretely, suppose that H4 = C" and Hp = CP. Then
L(Ha) =M, and L(Hp) = M,. So,
Trp(X®Y)=XTr(Y) and Try(X ® Y) = Tr(X)Y.

Writing this out using block matrices, we obtain

Tra(X ®Y) =Tra((z;Y <Z x“> = Z xi;Y).

If Z=(Z;) € M,,(M,) is in block form (where 1 <i,j <n), then
TI“A Z ZM € M

We also see that Trp((z;;Y)) = X - Te(Y) = (2;;Tr(Y)), so that
Trp((Zi)) = (Tr(Zi5)) € M,

Lemma 8.7. Let P € L(H4 ® Hp) be a density matriz. Let Pg :=
Tra(P) € L(Hp) and Py := Trg(P) € L(Ha) are density matrices.

Proof. We first show that Pg = Tru(P) is a density matrix. Write
P=3.X;®Y;, so that Pg =) . Tr(X;)Y;. Now, since P is a density
matrix, we have

1 ="Tr(P (ZX ®Y>:ZTr(XZ-®Yi):ZTr(X Te(Y,

and the latter quantity is equal to Tr (>, Tr(X;)Y;) by linearity. By
definition, this is none other than Tr(Pg) so that Tr(Pg) = 1. We
must show that Pg > 0. Let v € Hp, and let {e;} be an orthonormal
basis for Ha. Then Tr(X) = >, (ex|Xex) for any X € M,. Let
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wy =€, v € Ha® Hp. Then since P is positive, we obtain

0< > (e ®v|P(ex @v))

— Z <ek ® v Z(Xz ®Yi)er ® ”>
— Z Z(ek ® v|X;ep ® Yiv)
ik

— Z <Z er| Xien ) (v]Y;v)
= ZTr (v]Y;v)

= (v |PBU>.
Since v is arbitrary, it follows that Pg > 0. The proof is similar for P4,
so both are density matrices. O

Proposition 8.8. Let P € L(H 4 ® Hp) be a density matriz. Suppose
that Alice has a measurement system { My}, and Bob has a measure-

ment system {Wy},. Let Pa, Pg be the partial traces of P as above.
Then

p(A =k) = Tr(MyPsM;) and p(B = {) = Tr(W,PgW}).

Proof. As before, we need only prove the result for one of the above
probabilities. Write P = ). X; ® Y; as before. Then

p(A=k) = Tr((My, ® I4,) P(My, ® I3,)")
= Tr(MX;M; ®Y;)

= Z Tr(MkXiMi*) ’ TI"(YZ')

=Tr (Mk (Z XiTr(Yi)> M,j)

= Tr(M,PaM}), as desired.
Similarly for B. O
It is helpful to think of the above in the discrete case. Suppose

Alice has events {x,...,z,} and Bob has events {yi, ..., y,}. Consider
a matrix with (7, 7)-entry given by p;; = P(A = x;, B = y;). Then
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Zi, ;pij = 1, since this is the sum of all the possible joint probabilities.
In this setting, we have

p(A =) = ZP(A =u;, B=y;) = Zpija
J J

while
p(B=y;)=> p(A=u;,B=y;).

So in this case, a row sum gives a probability for Alice and a column
sum gives a probability for Bob. This is like in the quantum setting,
except you are “summing out” one of the state spaces (by taking the
partial trace).

8.2. Entanglement-Assisted One Shot Zero Error Capacity.
Suppose that Alice is sending a discrete number of messages (aka states)
through a noisy channel to Bob, which corresponds to a CPTP map
N : L(Ha) — L(Hp). The idea is the following: suppose that Al-
ice has experiments that she can conduct on a possibly different state
space, given by experiments &1, ...,En : L(Ha,) — L(Ha). She wants
Bob to know which experiment was conducted. We will need some sort
of resource space corresponding to a perfect channel, and we assume
that we have an entangled state w € ‘H 4, ® Hr, where Hp corresponds
to the resource space. So, initially we had the mappings

L(Ha) Z L0HA) 2 £L(Hp),
and we obtain
L(Ha, @ Hp) 29 £(Ha @ Hi) X29% £(Hy © Hi).

We denote p,, = (N ®idg) o (&, ® idg)(ww*) € L(Hp @ Hr). We
desire to have py, ..., py perfectly distinguishable (then Bob can use a
certain measurement system to determine what was sent).

Definition 8.9. Given a CPTP map N : L(Ha) — L(Hp), the
entanglement-assisted one-shot zero error capacity of N, denoted by
a(N), is the largest M for which the following is true:

e there exists a finite-dimensional Hilbert space Hg, an (entan-
gled) state w € Ha,@Hg, and CPTP maps &1, ...,En : L(Ha,) —
L(H 4) such that the set {p1, ..., pas } is perfectly distinguishable,
where p,,, = (n®idg)o (&, ®idg)(ww*) for every m € {1, ..., M }.

Definition 8.10. Given an operator system S C M,,, the entanglement-
assisted independence number of S, denoted by &(S), is the largest
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M for which there exists d € N, a state ¢ € C" ® C? and unitaries
Uy, ...,Uy € M,4 such that for each m # n,

Unpp Uy L My(S) = {(sij) € Ma(M,,) : s;; € S, V1 < 1,5 <n}.
The following remarks are essential for the next theorem.
Remark 8.11. If V : C* — C" is an isometry (so ¢ < nand V € M, ),
then there is W € M, ,,, such that U = (y : W) is unitary.

nxn
Indeed, since dim(V(C%)) = ¢, we have dim(V (C*)*t) = n — ¢, so we
may ceﬁne an isometry W : C"~* — V(C*)+ C C". One can check that
W works.

/\

Remark 8.12. If £ : M, — M, is a CPTP map, and £(X) =
S A X Af where A; € M, , with 327 A*A; = I,, then V = )
Ad

is such that V*V = [,, so that V' is an isometry. Now choose d' > d

A

such that ¢|nd’. Then let V = /éd be an nd’' x ¢ matrix. Now we can
0

find other block matrices such that U = <f/ W) € My(M,y) is

unitary.

Theorem 8.13. (DSW) Let N 2 L(Ha) = L(HE) be a CPTP map.
Write N(X) = >, E;XEf, so that Sy = span{E;E;}; ; C L(Ha) is
the corresponding opemtor system. Then a(N') = a(SN)

Proof. This proof is quite long, so we will only show that &(N) <
a(Sy). Suppose that @(N) = M and N (X) = >, ExXE; for X €
L(Ha). Write &, ..., En + L(Ha,) = L(Ha) to be CPTP maps as in
the definition of @(A). We may write £,(Y) = 320_| A, oY A, o (we
may choose d to be the same for all the &,,’s by adding enough zeros)
We may assume that Hg ~ C". As in the definition of @(N'), we choose
wn
w € Hay @CF say w= | : | where w; € Ha,. Then
wT

= WV ®id,) o (& @ idy) (ww"),
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and py, ..., pp, are perfectly distinguishable. This is equivalent to having
Pn - Pm = 0 for n # m.
We may write
=3 (Br ® L) (Apa ® L) (ww") (Ao ® I,) (By @ I)*
k.o

= (BrAma ® L) (ww*) (A, Er @ 1),
k,«

Each term in the sum is positive, so having p,-p,, = 0 for n # m implies
that each term in the product of their sums must be 0. Therefore,

(ErApo @) (ww*)(A, B QL) (EiAn @ 1L) (ww*) (A, By @ 1,) = 0.

Starting at the first occurrence of w* and ending at the last occurence
of w gives an inner product. Hence, the above is equivalent to having

(EiAna@ 1, 0] ((BiAna® )0l (EeAms@ L) [ (47, s EF @1,)] = 0.

This is equivalent (by taking trace) to having

<(EkAn,a ®Ir)w|(EgAm75®]r)w> . <(E5Am75®]T)w|(EkAn7a®L~)’w> == O,

which happens if and only if (ExA,» ® I,)w L (EiAn s ® I,)w for all
wy

k,a,, 3, and for all n # m. We recall that w = | : |, so the above

wT
condition can be written as

w1 w1
0= <<EkAn,oz ® [r) : ) (EeAm,e & Ir) : >

Wy Wy

= Z <EkAn7awt|E£Am,ﬁwt>

t=1
7
= Tr (EyAn pww; AL JE}) .
t=1
Let x = > _;_, wyw;. The above equation becomes

0 = Tr(ErAm XA, Er)
= Tr(E; Eo(Ampx AL )

This implies that A, sxA;,, L Sy for all a, 3 and for all m # n. We

may use the previous remark to build unitaries U, = <f/m : Wm>
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Am,l
¥ Amd : : i U
where V,,, = O’ is of size nd’ x ¢ for some d > d. More-
0
over, we may ensure that all of the U,,’s are of the same size. Then
X
0

Un _ Uy = (AmpXA; 4)1<p.a<a- Bach one of these block

0

N J/
-

X
entries is perpendicular to Sy, so we have Uy, XU, = (AnpsxA;,) L

My (Sy), for all 1 < m,n < M and m # n. Therefore, M < &(Syr), so
that &(N) < a(Sy). O

Corollary 8.14. If Sy, = Sy, then a(N7) = a(N3).

DSW|?] next introduces the concept of quantum Lovasz function,
a quantum analogue of the Lovasz function. Recall that if G is a
graph on n vertices, then 0(G) = sup{\nee(In + H) : H = H*, h;; =
0V(i,j) € E(G),hi; = OVi,I + H > 0}. Note that, in the above
definition, “h;; = 0V(i,j) € E(G) and each h;; = 0” happens if an d
only if H precisely has 0’s where the operator system of G, S¢ is having
something non-zero. Thus H must be orthogonal to Si. Consequently;,
having H as in the supremum above is equivalent to having H = H*,
I+ H>0and H L Sg, that is,

0(G) = sup{Amar(ly + H) : H=H* 1+ H >0, H 1 Sg}.

Recall that 0(G) > a(G), the one-shot zero error capacity of the clas-
sical channel with confusability graph G.

Definition 8.15. Given an operator system & C M, the Quantum
Lovasz function of § is defined by

0(S) =sup{\paz(ln+ H): H=H", I+ H >0, H LS}
We also define, for d > 1, the function
04(S) = sup{\paz(lna+ H) : H=H", I,y + H >0, H L MyS)},
and define 0(S) = supycy 0a(S).
Theorem 8.16 (DSW).
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(1) If G is a and Sg € M, (where G is a graph on n vertices) is
the associated operator system, then 0(G) = 0(Sa) = 0(Sc)-

(2) (S) > a(S) and 0(S) > &(S) whenever S is an operator sys-
tem.

(3) If G, H are graphs, then S¢ @ Sy = Sewn- o

(4) If S, T are operator systems, then (S ® T) = 0(S)6(T).

Corollary 8.17. Let N : L(H4) — L(Hp) be a CPTP map. Then

0(Sy) > sup R/a(NE™).

meN

Proof. By (2) of the previous theorem, 9:(8N®m) > a(N®™). But
Syem = (Sy)®™, so we have 0(Syem) = 0(Sy)™. Taking m-th roots
on both sides yields the required result. O

A few observations are in order. Using (1) and (2), we obtain
6(G) > a(G) which is Lovasz’s inequality. This is a classic inequal-
ity in graph theory which follows easily from their work. Moreover,
combining (1), (3) and (4), we have (G X H) = 0(G)0(H) which is
the multiplicativity result of Lovasz from before. So, these functions
are very good generalizations of what was done before.

Recall that 0(G) = max{A\pax({ + K) : K = K*, K L S¢, [ + K >
0}. Lovasz proves that

0(G) = min{Apax(A) 1 A= A", a;; = 1Vi = j}.
This is useful for:

Problem 8.18. Find 6(Cy) and 0(Cs) where Cy is the 4-cycle graph

and Cs is the 5-cycle graph. C

Proof. Homework problem 14; due 3rd March, Thursday. U
Problem 8.19. Let & = span{l,, Ei; : i # j}. Compute 6(S) and
0(S).

Proof. Homework problem 15; due 3rd March, Thursday. 0

9. DILATIONS: STATE PURIFICATION, POVM’s vs. PVM’s

The idea of dilation is to make things simpler by representing them
on a larger space.
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Example 9.1. Suppose we want to find a formula for cos(a+ 3). The
easiest way is to think of ¢’ = cos(a) +i cos 3 so that cos(f) = Re(e®).
(Here, we are in a sense dilating to a form of R? namely C.) Now the
problem is very easy, since

cos(a + ) = Re(e'@+9)
= Re(emeiﬁ)
= Re((cos a + isina)(cos B + isin f))
= cos v cos 3 — sin asin 3.

Example 9.2. Consider the Fibonacci numbers given by f; = fo =1
and fn,i2 = faor1 + fn. Then these numbers are really satisfying the

equation
1 fn+1 fn+2 .

Let R = 01 . Then R" N Z (I . Now, R = R* is diago-
11 1 Jnte
1+V5

nalizable with eigenvalues . Hence, for some unitary U, we have

2

1+v5 O
R=U~ 2 s | U- Tt follows that
0 2

1+v5 " 0
(1) () )o@

2

This gives a nice explicit formula!

Example 9.3. (Halmos Dilation) Let C' € L(H) with ||C] < 1. Con-

: . C VI—CC*
sider the operator matrix (m o € L(H®H). One

can check that this is a unitary, while C'is just a corner of the matrix.

9.1. State Purification. In the quantum setting, this idea of dilation
is essentially what Physicists refer to as state purification. To be more
precise, consider a measurement system {X;}7, with each X; : H4 —
K, so that > X X; = I4. Consider an ensemble {vy,py};_, where
v, € Ha with |Jog]] =1 and Y, pr = 1. Let p = >, _, prugv; be the
density matrix of the ensemble. Recall that the probability of getting
outcome ¢ is

> pell Xivgl|* = Tr(XipX7).
k=1
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Suppose we are only interested in the probabilities. Then we can re-
place p by a pure state on a larger space. We will see this in two
ways.

The first way to see the above is by letting

\/19_1U1
v = : € Ha ® C" where r = rank (p).

V/PrUy
One can see that v is a unit vector. Now replace X; by XZ T HARC" —
K ® C", with

X
X

Then it follows that
m.o IHA
Z i Xi = Iy, ® 1, =
=1 IH

A

Hence, {f(i}?;l is a measurement system on H4 ® C". Moreover, it is
readily checked that

;
IXooll* =D pill Xovsl
k=1

which is the same probability as before (for getting outcome 7). Hence,
if we only care about probabilities, then we may replace our ensemble
with a pure state.

The second way to obtain the above is more canonical. Let H,4 = C”
and L£(H,) = M, ~ C* which is a Hilbert space. Given X; € L(H,) =
M,,, we may obtain a “new map” X’i : M,, — M,,, defined by

where Y = (y, © ... ¢ y,) € My. Then
Xi Y1
Xi Yn
Given a density matrix p € M, the probability of obtaining outcome
118

Tr(X;pX;) = Te((Xip2)(p2 X)) = Te((p2 X;)(Xip?)) = (X

p?)| Xi(p

N
N[
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Since p% is a vector in M, we obtain
1 1,1 1w, 1
P23, = (p21p2)ar, = Te((p2)"(p2)) = Tr(p) = 1.

It follows that p% is a unit vector, hence a pure state in the Hilbert
space M,. (So, when physicists replace p by /p\/p, they actually
consider /p to be a pure state in space M,.)

9.2. POVM’s and PVM’s. With this in mind, we will now talk
about positive operator-valued measures (POVM’s). If we are only
interested in probabilities in the context of a measurement system
{X;}; and a state h, then the probability of obtaining outcome i is
| X:h||? = (X;h|X;h) = (h|X}X;h). The probability, then only really
depends on R; = X;/X; >0, while I => ", XX, => " R;.

Definition 9.4 (POVM). An m-outcome positive operator-valued mea-
sure (POVM) on a Hilbert space H, is a set {R;}™, C L(H,) with
R;>0and ) " R, = 1.

Definition 9.5 (PVM). An m-outcome projection-valued measure (PVM)
on a Hilbert space H, is a set of projections {P;}7, in L(H,) such
that > 7" Py = Iy,

Obviously, every PVM is a POVM. Note that each PVM corresponds
to decomposing the Hilbert space H into a direct sum of its subspaces.
Namely, H = H1+---+H,, where H; is a subspace of H and H; L H;,

for i # j.
Proposition 9.6. Let {R;}™, be a POVM on H. Then there is a

PVM AP}, on H®C™ and an isometry V : H — H @ C™ such that
R, =V*BPV forall1 <i<m.

Proof. As usual, we identify
HRIC"=HG---dH=H"
—_——

m times
Let P, = Iy ® Ej;, the m x m matrix over £(H) with I3 in the (i,4)-
position and 0 everywhere else. That is, each P; is the projection onto
the i-th copy of H in H ® C™ which means

0
hy :
P; : = |hi
hn :
L O .
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Then clearly P, = Pf = P? and Y." | P, = Iy ® I,,, = Iygcm. Hence,

{P}m, isa PVM. Define V : H — HRC™ by Vh = Y7 (R’ h)®e; =
T 1

(R} h, ..., R%h). This is linear, with

m m

IVAI[> =) (REZR|IRER) =) “(h|Rih) = (h,h) = ||h||*.
=1 =1

Therefore, V' is an isometry. Finally, we see that

(B|V*BVhR) = (VA|(0,....0, RZh ,0,...,0))
N

i-th slot
1 1 1 1
= ((R{h,....,R?h, ..., R%h)|(0,...,0, R?h,0,...,0))
1 1
= (R h|R}h)
= (h|Rih),
which implies that R; = V*F,V. ]

Regarding the previous proposition, a few notes are in order:
(1) If h € H, then

(h|Rih)3 = (h|V* BV h)3 = (Vh|Pi(Vh))yecm,
so with h = Vh, we have
1]l = |[p| and prob(i) = (k|R:k) = (h|Ph).

So, to summarize, when we are given a POVM {R;}, on H
and a state h € H, we may regard the pair as the PVM { P},
on a larger Hilbert space H ® C" together with the state h =
Vh € H® C™ with the same probabilities of outcomes.

(2) Note that R;, R;, R? can be anything and there is no reason to
have R;R; = R;R;. But, for a PVM, the fact that the projec-
tions add to the identity implies that their ranges are pairwise
orthogonal, so that P,P; = 0 for ¢ # j. Hence, the computa-
tions with a PVM are much better than the computations with

a POVM.

Remark 9.7. This proposition actually is a special case of the Stine-
spring’s dilation theorem. Let (° = C'({1,...,n}) be the abelian C*-
algebra generated by the functions §; given by 6;(j) = d;;. Thus a
complex-valued function f on C" can be regarded as (A1, ..., A,), where
Xi = f(i), and we identify f = >" | N\;0;. Hence each §; corresponds
to the basis vector e; for [2°.

We can then define a completely positive map ®: [°° — L(H) by
®(0;) = Ri, so D((A1,...,\n)) = >  MiR;. There is also a map
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T = L(HQC") by 7(;) = By, (M, ..., An)) = D iy APy Since
the P;’s are orthgonal projections,

T A o)) = 3 AP = (AP )
=7m(( A,y X)) (- -y )

Readers can check that 7 preserves the unit and adjoints. Hence 7 is
indeed a unital x-homomorphism. Moreover,

Vi (A M)V = V*(Z NPV = Z NVIRV
i=1 Y

= Zn:)‘iRi = (M1, .., ).

9.3. POVM’s and PVM’s in multiexperiment settings. Now
what if we have more than one measurement system? Suppose that
Alice’s state space is H 4. Suppose that she has a whole family of ex-
periments from which she could choose. Each one is represented by a
POVM {R;;}™, where t € T and T is the set of experiments.

(Note that in complicated situation each experiment in the family
may have different number of outcomes. However, we can get rid of
that by adding extra outcomes when necessary with 0 probabilities
and assuming that all experiments have same number of outcomes; the
number being that of the highest-outcome experiment.)

The next theorem tells us that we can again dilate this family of
POVM’s into a family of PVM’s simultaneously; that is, using only
one isometry V' that works for all v € V.

Theorem 9.8. Let {R;;}", be a family of POVM’s on H, indexed
byt € T with |T| = n (we only consider the case where |T| is finite).
Then there is a Hilbert space K and a family of PVM’s {P,;}™, on K
fort €T, and an isometry V : H — K such that V*P,;V = Ry, for all
i,t. Moreover, if dim(H,) < oo, then dim(K) < oo.

Proof. We just proved the case for n = 1, so we proceed by induction.
Assume that we can do this for |T| = n. Now suppose we have n + 1
experiments. We know that there exists a Hilbert space Ky, an isometry
Vit H — Ky and PVM’s {P,;}*, for 1 <t < n such that V*P,;V; =
R, ; for all ¢ and for all 1 <t < n. Let Rn_i_l’i = ViR, 41V} € L(Ky).
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Then R, 1; > 0 and

Z Rnﬂ,i =W (Z Rn+l,z’> Vi =W,
i=1 i=1

which is a projection. Adjust Rn_i_]_,]_ by setting Rn—i—l,l =ViR, 1.V +
(I — ViV;), so that {R, 1}, are a POVM on K;.
On K, we have PVM’s {P,;}, for 1 < n and a POVM {R,.1,}7,.
Let £ = K; ® C™, and define V5 : K; — K by
Vak = (Rus1,0) ks ooy (Rusm) ).
Then V5 is an isometry. Set P,i1; = Ix, ® By, for 1 < i < m.
Then {P,;1;}7, is a PVM and V3P, y1,Vs = Roy1,. Now set Q. =
VoP, Vo € LK) for 2 < j <m, and set Qy1 = VaP, V5 + (I — VLQV5),
forall 1 <t < n. It is easy to see that V;Q;;Vo = P,;. We need
to see that {Q;;}7, for 1 <t < mn are PVM’s and not just POVM’s.

Note that {P,11,}7, is a PVM. For the other ones, we will see that
Q7 = Q:; and hence they must be PVM’s (for i > 2). Note that

Qij = (%Pt,j‘/z*)(‘épt,jv;) = V2Pt2,jv2 = VQPt,jvz = Qt,j-
Finally,
Q?,l = [VaPi i Vo + (I = VoV |[VaPa V' + (I — VaVy))
= VoP Ve + (I = VoVy) = Q1.
0

To motivate the concept of quantum probabilities, we will talk about
finite input-output games in the next subsection.

9.4. Finite Input-Output Games. Consider a two-person game in
which there are two players Alice and Bob and a referee R. Let 14, Iz be
finite input sets and O4, Op be finite output sets. Every game has got
some rules. The “rules” for this game can be described by a function

A:ilgx1Ip x Oy x O —{0,1} where,

Ma,b,x,y) = {

Alice, Bob and the referee are all aware of the “rules” (and hence
the function \) of this game. Now, Alice and Bob are going to play
the game together, against the referee, but they are not allowed to
communicate during the game. They are allowed to collaborate to
decide any kind of strategy before the game begins. However, once the
game begins, they are not allowed to communicate with each other.

0 means that the move is disallowed

1 means that the move is allowed.



76 S. J. HARRIS AND S. K. PANDEY

One Round The game begins when the referee R gives Alice an
element a € I, and Bob an element b € Ig (Alice does not know
what Bob has been given, and Bob does not know what Alice has been
given) and each of the players ( Alice and Bob ) then “independently”
produces an output, say © € O4 and y € Op. They “win” the game if
Aa,b,x,y) =1 and loose if A(a,b, z,y) = 0.

Multiple Round The referee R selects a € 4 and b € Ig and gives
these to Alice and Bob respectively and they independently produce
outputs x € O4 and y € Op respectively. Alice and Bob “win” the
game if in every round A(a, b, z,y) = 1 and loose otherwise.

Recall that Alice and Bob are allowed to communicate before the
beginning of the game and can come up with some sort of strategy to
win the game. A strategy can be deterministic (so that they always
win the game) or probabilistic (so that they win the game with certain
probability).

Definition 9.9. A deterministic strategy is a pair of functions f : I4 —
O4 and g : I — Opg such that for all « € I, and b € Ig, we have
Aa, b, f(a),g(b)) =1 ( so they can always win).

Of course, not all games have a deterministic strategy. So, more
generally, suppose we have a probability density 7 : [y x Ig — [0,1]
(that is, m(a,b) > 0 and »_,, m(a,b) = 1). For a pair of functions
filpa—0Oysandg:Ip— Op and the probability density 7, the value
of (f,g) is given by the expression ) , m(a,b)A(a,b, f(a), g(b)). It is
easy to see that, 7

the value of (f,g) with respect to m = Zﬂ(a, b)A\(a,b, f(a),g(b)) < 1.
a,b
Note that;
(1) The equality holds (that is, the value of (f, g) with respect to 7
is 1) <= for all a,b we have A(a,b, f(a),g(b)) = 1 whenever
7(a,b) > 0.
(2) Suppose m(a,b) > 0 for all a,b. Then the equality holds <=

Aa, b, f(a),g(b)) =1 for all a,b. This is equivalent to say that
(f,9) is a deterministic strategy.

Remark 9.10. A game G can be determined by G := (14, g, O, Op, \).
Mostly we will be dealing with games where [, = Iz and O4 = Op.

Example 9.11 (Graph Colouring Game). Given a graph G = (V, E),
we define I, = Ig =V and O4 = Op to be a set of colours. In graph
colouring game, two players, Alice and Bob, try to convince a referee
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R that they have a colouring of the graph . So, the rule of the game
can be defined as follows:

1if

Av,w,a,b) = Ta#b , i v~ w;
Oifa=>b
lifa=

Av,v,a,b) = ?a b , and
Oifa#b

AMv,w,a,b) =1if v o0 w and v # w.

Notice that the last equation asserts that if the vertices are neither
identical nor adjacent, then Alice and Bob can respond with any colours
and hence in such case any move is allowed. For this game, if |O4| >
X(G), then before the game, Alice and Bob can find a colouring of the
graph. This gives a function f =¢:V — O4 = Op such that for each
v,w € V = 04, we have A(v,w, f(v),g(w)) = 1. Hence, we have a
deterministic strategy.

Definition 9.12 (Probabilistic Strategy). Given a finite input-output
game as above, a probabilistic strategy is a conditional probability den-
sity p(x, y|a, b), the probability that Alice and Bob produce outcome x
and y respectively, given that Alice receives a and Bob receives b.
Clearly then p(x,y|a,b) > 0 and for all a € I4 and b € I, we have

Z p(z,yla,b) = 1.
€0 4,ye0p
Definition 9.13 (Perfect/Winning Strategy). We call p(z,yla,b) a
perfect or winning strategy provided that whenever \(a,b,z,y) = 0,
we have p(x,yla,b) = 0. Given a strategy p(z,yl|a,b) and a density on
inputs 7 : [, x Ig — [0, 1], the value of the strategy is

> w(a.b)Ma, b, z,y)p(z, yla,b).
z,y,a,b
Note that >, ., 7(a,b)p(z,yla,b) = >, , 7(a,b) =1, so the value
of the strategy is always at most 1. If m(a,b) > 0 for all a,b, then the
value of the strategy is 1 if and only if p(z, y|a, b) is perfect.
There are two natural questions we can ask. Given some conditions
on the allowable p(x,yl|a,b),

(1) Decide whether there exists a perfect strategy.
(2) If not, find the maximal value, or the supremum of the values
of strategies over all allowed probabilities p(z, y|a, b).

We have the following goals:
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(1) What are some “natural” families of probability densities?

(2) Show that “classical” densities are not as good as “quantum
densities”.

(3) Consider different mathematical models for what are “quantum
probability densities”.

9.5. Classical Densities. We suppose that Alice and Bob share some
probability space (€2, ) and that for each input a € I, Alice has a
function f, : @ — O4 such that p({w : fo(w) = x}) is the probability
that Alice produces output z, given that she received input a. Similarly,
we suppose that for each b € Iy Bob has a function g, : 2 — Op such
that p({w : go(w) =y} is the probability that Bob produces output v,
given that he received input b. In this case, we have

p(x,yla,b) = p({w : fa(w) =z, g(w) = y}).

The set of all such p(x,y|a,b) is called the set of all local densities.
When I4 = Ig,O4 = Op,|I4] = n and |Op| = k, then these are n?k>-
tuples of real numbers. We denote this set by LOC(n, k) = Cioe(n, k).

9.6. Quantum Densities. The idea is that for each input, Alice has
a different experiment with |O4| outcomes. There is a state space
Ha(dimHy < 00), and for each a € 14, there is a POVM, {E, ;}.c0,
(so Eyp > 0and ) E,, = I), such that if we are in state ¢ € Ha,
then (Y|E,.v¥) = pa(x|a). Similarly, for each input b € Iz, Bob
also has a quantum experiment with |Op| outcomes. These corre-
spond to POVM’s {F,,}yco, (where Fy, > 0 and > Fp, = I) on
Hp(dimHp < 00).

The strategy is the following: Pick a state ¥ € H4 ® Hp (often this
will be entangled) such that p(z,yla,b) = (Y|E,. ® F,,(1)). The set
of all such tuples when 14 = I, |l4] = n,04 = Op, and |Op| = k is
denoted by Q(n, k) = Cy(n, k).

We show that

(1) Cloe(n, k) € Cy(n, k) (both are contained in R™**).
(2) Many games that do not have perfect loc strategies do have
perfect quantum strategies.

Other Versions of Quantum Densities There is more than one
definition of a quantum density. Other versions include (but may not
be limited to):

(1) The same as above except drop the requirement of H4 and Hp
being finite-dimensional, that is, drop the condition dim(H 4), dim(Hg) <
oo. The resulting set is denoted by Cys(nk).
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(2) Another axiomatic description is that there is a universal state
space ‘H and all of the E, ,, I}, act on this space and commute
with each other, for all choices of a,z,b,y. (This reflects the
fact that the labs are different. Indeed, in the case of different
labs, the operators would look like E,, ® I and I ® F;, and
these always commute.) In this case, there is a state ¢ € H such
that p(x,yla,b) = (Y|Ee.Fpy1). The set of all such quantum
densities will be denoted by Cy.(n, k).

It is clear that
Choc(n, k) € Cy(n, k) C Cys(n, k) C Cyoln, k) C R™F.

Strong Tsirelson Conjecture The Strong (Bivariate) Tsirelson
Congecture is that

Cy(n, k) = Cye(n, k), for all n, k.

This problem is still open.
Since it is not known whether C,(n, k) is closed or not, let us define

Coa(n, k) == Cy(n, k).

Next, suppose we had the commuting model with all the F, ,’s and
Fy,’s being projections, and ¢ € H with |[¢)| = 1, then the vectors
Vgo = o satisty

Vaz L Vau for x # 2’ while Z Voz = (Z Ea,:p) Y =1

Similarly, with wy,,, = Fy, ,% we have
Wh,y L Wy, for y # y', while Z Wpy = 1.
y

Moreover, since E, ;’s and Fy,’s commute, we have,

(Va|wny) = (Eaa|Foy0) = (Y| EanFhy) = p(, yla, b) > 0.

Definition 9.14. The set Cieet(n, k) is the set of all probability den-
sities p(x,yla,b) of the form p(x,yla,b) = (vyz|ws,) for some set of
vectors {v,q, Wy, } satisfying

ZU‘W = Zwb,y =1, Va,b
x y
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where

e 1) is some vector in H with ||¢| =1,
® Uy L Vg for x # 1,
o wy, L wy, fory#y, and

g <Ua,a:7wb,y> Z 0.

Definition 9.15. We define NSB(n, k) = Cphs(n, k) as the set of all
n?k*-tuples p(z,yla,b) such that
(1) p(x,yla,b) >0 for all z,y, a,b.
(2) X py (2, yla,b) = 1.
(3) 22, p(w,yla,b) = >, p(x,yla, '), for all b,1'. (We denote this
common value by P4(z|a).)
(4) >, p(x,yla,b) = >, p(z,yla’,b) for all a,a’. (We denote this

common value by Pg(y|b).

Probability densities with these properties are called non-signalling
bozres. Axiom 3 and 4 are non-signalling conditions. Indeed, suppose
we had > p(z,yla,b) # >, p(x,yla, V') for some x,b,V'. This means
that if Alice runs experiment a and computed the probability of getting
the outcome z, then she would get different probabilities depending on
whether Bob runs experiment b or &’. This means that Bob could “sig-
nal” which experiment he ran, to Alice. (In most models, the axioms
don’t allow this to happen)

Theorem 9.16. For each k,n € N, we have the sequence of inclusions

Cloc(n, k) € Cy(n, k) C Cys(n, k) C Cua(n, k)
g Oqc(n, k) g Cvect(na k) g Cnsb(na k) g Rn2k2~

Next suppose we are given a finite input-output game G = (14, I, O, Op, \)
where |I4]| = |Ig| = n, |Oa| = |0Op| =k, A : I xIpxOsxOp — {0,1}
and t € {loc,q,qs,qa,qc,vect,nsb}, we say that G has a perfect t-
strategy if there exists p € Cy(n, k) such that A(a,b,z,y) = 0 =
p(z,yla,b) = 0.

Given a probability density 7 : 4 x Ig — [0,1] and ¢ as above, the
t-value of G is defined as

w(G,m) = sup{ Z m(a,b)p(x,yla,b)\(a,b,xz,y) : p € Ct(n,k)} :

x7y7a7b

The idea is that we could distinguish among the sets C;(n, k) by either
finding games with perfect strategies for one ¢ but not another ¢, or we
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could show that the value of the game depends (non-trivially) on the
choice of ¢.

Theorem 9.17 (Ozawa). Connes Embedding Conjecture (from opera-
tor algebras) is true if and only if Cyo(n, k) = Cye(n, k) for all k,n € N.

Remark 9.18. It is not known if Cy(n, k) = Cyu(n, k) (that is, we are
not sure if Cy(n, k) is closed). It is known that Cy.(n, k) # Cyect(n, k).

We now will move towards showing that Ci,.(2,2) # Cy(2,2) (so
these sets are different even in the small cases). We first need the
Clauser-Horne-Shimony-Holt inequality.

Let Iy = {a,d'} and Ip = {b,0'}. Let O4 = Op = {+, -}, and let
p € Coe(2,2) C R2*2* = R, say p(£, £|r, s) for r = a,a’ and s = b, V.
Set Ua,b(p) = p(+7 —|—|(I, b) + p<_> —|CL, b) - p(+a _|a’ b) - p(_7 —HCL, b)
Given fo, for, 9o, g+ Q@ — {—1,41} (where (2, ) is a probability
Space) such that p(+,+|a,b) = p({t : fu(t) = 1, g(t) = —1}) and

= —la,b) = p({t: fu(t) = =1, g(t) = —1}), then

/fa gp(t) du(t) = p(+, +l|a,b) + p(—, —la, b) — p(+, —|a,b) — p(—, +|a,b)

= 045(D)-
Theorem 9.19 (CHSH-inequality). Let p € Ci,e(2,2). Then
-2 S Ua,b(p) + Oa,b/ (p) + O-a’,b(p) — 0oV (p) S 2.

Proof. By the above work, letting M = 0,4(p) + 0ap (p) + 0w p(p) —
Ua’,b’ (p)7 we have

M = /Q (fa(®)[g6(t) + go ()] + far (8)[96(t) — g (1)]) dpa(2).

Note that g,(t) + gw () € {—2,2} if and only if g,(t) — g (t) = 0 (both
take values in {—1,1}), while gy (t) — g (t) € {—2,2} if and only if
gv(t) + gi (t) = 0. Looking the integrand and noting that f,(t), fu(t) €
{—1,1}, it follows that

—2 < fa(®)[96(t) + g ()] + far (£)[96(t) — g (£)] < 2, VL.
Since pu is a probability measure, integrating gives —2 < M < 2, as
desired.
O

Now let us look at some special elements of C;(2,2). Let ¢ = \%(60(8

eo+e;®ep) € C2@C? Given an angle 6, let vy = (cosf,sin ). Then
define
cos?(f)  cosfsin 9)

Fo = vgvp = (COSQSinH sin?(0)
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< 2 .
_ ool sin”(0) — cos(#) sin(0)
It follows that I — Py = FP; = <_ cos(8) sin(6) cos?(6) .
Given Ga,ﬁb,ea/,ﬁb/, define Ea,Jr = Pga, Ea’, = PGJ;, Ea/7+ = Pga,,

Ea’,— = PGJ‘/, Fb7+ = Pgb, Fb7_ = PHJ;, Fb/7+ = Pgb,, Fb’,— = PQJ;/. Then
the probability arising from this for +, +, a, b is

p<+7 —|—|CL, b) = <¢|<Ea,+ ® Fb,+w>

1
— §<60 ® e + €1 ® e1|(cos? O,e0 + cos b, sinO,e,) ® (cos? Oyeq + cos Oy sin Oyey )
+ (cos 0, sin B,e¢ + sin®(6,)e1) @ (cos Oy sin Gyep + sin? e, ))

1

=3 [cos? B, cos® B, + 2 cos B, sin B, cos By sin B, + sin? 0, sin® 6]
1

=3 (cos 0, cos O, + sin 0, sin 9b)2

1
=3 cos? (0, — 0y).

Through a similar calculation we have p(—, —|a,b) = % cos?(6, — 6y),
while

P, —la,b) = (=, +la,b) = 5 sin?(6, — by).
It follows that
Tab(p) = cos? (0 — Oy) — sin’(0a — 6) = cos(2(0a — 6y))-
Hence, we have

0ab(D) + Oapr (D) + 0w p(p) + 0w p — Oy (D) = cos(26, — 26,) + cos(26, — 26y)
+ cos(20, — 20y) — cos(20, — 26,).

Set Oy = §, 0y = 0 and 0, = 6, = 5. Then the above expression
becomes
cos(0) + cos (%) + cos (%) — cos (g) —14+V2>2

This violates the CHSH inequality, so that p & Cioc(2,2). It follows
that Ci,c(2,2) € Cy(2,2).

Problem 9.20. Find and justify
max{cos(f,—0)+cos(0,—0y )+cos(0,—0)—cos(0,—0y ) : 04, 6y, 00, 0 }.
Proof. Homework problem 16; due 15th March, Tuesday. 0
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Next recall that p(z,yla,b) € Cpg if and only if }_ p(z,yla,b) =
>, P(@,yla, V) == pa(zla) and > p(z,yla,b) = > p(z,yla',b) =
pB(y|b)-

Let p € Cpsp(2,2) with outcomes +, — be given by the probabilities
below:

_ b " _
+ - + -
+ 1/2 0 1/2 0
a :
— 0 12 & 0 1/2
+o1)2 0 i 0 1/2
a : :
I — 1/2 1 1/2 0o |

This is an element of C,,4(2,2). One can see that
Ua,b = p(+7 +|CL, b) + p(_7 —|CL, b) - p<+7 —’CL, b) - p<+7 _|a’7 b) = 17

while 0, =1, 0y = 1 and oy = —1. Examining the quantity in
the CHSH inequality, we have

Oab + Oa b/ + Oa'b — Og/ by = 4.
Problem 9.21. Prove that if p € Cleet(2,2), then
Oab + Oa,b/ + Oo'b — Oa i < 47

and conclude that Cyg(2,2) # Cyeet(2,2). (Hint: Prove by the method
of contradiction, i.e., assume that one of them has quantity 4 above
and arrive at a contradiction.)

Proof. Homework problem 17; due 15th March, Tuesday. U
Problem 9.22. Prove that Cyeei(n, k) C Crgp(n, k) for every n, k.
Proof. Homework problem 18; due 15th March, Tuesday. 0

We stated in Theorem ?7? that for each k,n € N, we have the se-
quence of inclusions

Cloc(n, k) C Cy(n, k) C Cys(n, k) C Cya(n, k)
C Cue(n, k) C Cyect(n, k) C Cpgp(n, k) C Rk
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We will try and prove some of these inclusions. But before that let’s
recall and state the key conjectures as problems:

(1) (strong) Tsirelson’s Problem: Is C,(n, k) = C,.(n, k) for all
n, k?

(2) Connes Problem: Is Cy(n, k) = Cye(n, k) for all n, k?

(3) Closure Problem: Is Cy(n, k) = Cy(n, k) for all n, k?

(4) In an unpublished preprint, Werner-Scholze claimed that for all
n,k; Cus(n, k) = Cypa(n, k) . However, the proof is not estab-
lished to be correct. So, we have:

Werner-Scholze Problem: Is Cy(n, k) = Cuu(n, k) for all
n, k?

Proposition 9.23. For any n,k € N, Cje(n, k) C Cye(n, k).

Proof. Let fo,gp : Q@ — {1,..,k} for 1 < a,b < m be such that

p(z,yla,b) = p({t € Q : fu(t) = z, go(t) = y}) for all z,y. Let us
define

Qui ={t: fu(t) =i}
and

ng,j = {t : Qb(t) = j}‘
We observe that

k k
Uwi=J%, =2
i=1 j=1
We further define
1ifteQ,;
a,i t) = . ’
Xeil?) {olftgfzw-.

Similarly, we define

1ifte ).
Xi5(t) = {o itt ¢ a’
b,j*

Note that

p(ijla,b) = (N Y ;) = /

Q4,0

ldp = / Xa,iXb,j Aft-
Q

We then define H = L*(2, p). For this Hilbert space let E,; = M, ,,
which denotes multiplication by x,; on L*(Q, u). Then Zle E,; is
multiplication by Zle Xai = 1, so that Zle E,; = K g =

i=1"a,i
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My = 1. Similarly, if Fy; = M, , then Z?Zl F,; = I. Whenever
h € H, we have

(WEwit) = [ Bty = [ 0P au=0,
Q )

a,i

so that I, ; > 0. It is easy to see that Egl =M, =M,,, = Eq;so

Xa,i
each E,; is a projection (similarly, the F}, ;’s are projections). All of
these operators (E,;’s, I} ;’s), being multiplication operators, commute
with each other (and hence each E, ; commutes with each £}, ;). Finally,
we set 1) = 1 € H. Then |[¢||* = [,1du = p(Q) = 1s0 ¢ is a state.

We observe that for each a, b, i, j, we have

(V1EusFige) = [ My, My, - dp
Q

= / ldu
Qa,imﬂg,’j

= M(Qa,i N Q?},j) = p<i7j|a7 b)
It follows that Ciye(n, k) C Cye(n, k). O

9.7. Disambiguation Theorems. In literature, some authors define
the sets Cy(n, k), Cye(n, k) using POVM’s; others define using PVM’s.
In this subsection, we aim to show that no matter what is used in
defining these, we end up getting the same sets both ways.

For the sake of proof, let us write C,(n, k) and Cy.(n, k) to be the sets
when we use POVM’s in the definition, and let Cy(n, k) and Cy(n, k)
be the sets when we use PVM’s in the definition. Since every PVM is
also a POVM, we have C,(n, k) C Cy(n, k) and Cy(n, k) C Cye(n, k).

Proposition 9.24. C,(n, k) = Cy(n, k).

Proof. Let p(z,yla,b) € Cy(n, k). Then there exist E, , > 0 on H 4 with
dim(H4) < oo and ) E,, = I, and F;, > 0 on Hp with Zy Fy, =
I (and dim(Hp) < oo) and ¢ € Hy ® Hp such that p(z,yla,b) =
(Y|(Eyq ® Fyp)1) for each z,y,a,b.

By the dilation theorem, there is a Hilbert space H4 that is finite-
dimensional and projections P, , on H 4 such that Y wPos =1 and
an isometry V4 : Hy — 7:[,,4 such that E,, = ViP,,Va for all z,a.
One can do the same for Bob and obtain a Hilbert space Hp of finite
dimension, along with projections @), such that Zy @by = I and an
isometry Vg : Hp — 7:[3 such that V3Qp,Vs = F}, for all b,y. Now
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define ¢ = (V4@ V3) () € Ha®@Hp. Then (p, P ®@Qpy0) € Cyln, k),
while

(@, Poe @ Quyp) = (Va @ V), (Paz ® Qpy)(Va ® Vi))
<1/}’<VAPa xVA) (Vng,yVB)w>
p(,yla,b).

Therefore, Cy(n, k) C Cy(n, k). O
Proposition 9.25. C.(n, k) = Cy(n, k).

Proof. The proof is the same as above, except that we may not have
H 4 and Hp finite-dimensional. We hence assume that H 4 and Hp are
not necessarily finite dimensional and mimick the proof. Interestingly,
the spaces H4 and Hp will still exist, and the rest of the proof will be
the same. O

Theorem 9.26 (Paulsen-Todorov). Cye(n, k) = Cye(n, k)

Proof. We don’t prove this theorem as it uses Boca’s theorem (about
completely positive maps on free products of C*-algebras), along with
stuff about group C*-algebras of free products. 0

This leads us to,
Corollary 9.27. Cy.(n, k) C Cyeer(n, k).

Proof. Let p(x,yla,b) € Cy(n,k). Then Theorem ?? guarantees the
existence of projections P, , and @, on a Hilbert space H with Zw P, =
Zy Qvy = I such that P,,Qp, = QvyPLs. on H for all a,b,z,y.
Moreover, there is ¢ € H with ||[¢| = 1 such that p(z,yl|a,b) =
<w’Pa,be,yw>- Set ha,x = a,zw and kb,y = Qb,yw' Then Zm ha,m = ¢
for all a and Zy ky, = 1 for all b. Since P, P, ,» = 0 (because they
are orthogonal to each other as projections), we have h,, L h,, for
x # o, and similarly ky, L ky, for y # v/

Finally, (hes|kpy) € Crect(n, k) but (hgolksy) = (Paus|Quyt), but
this is equal to (Y|P Qpy¢) = p(z,yla,b). Therefore, Cy.(n, k) C
Cvect (n, k) |:|

Notice that in the proof above, the product P, ,F, . had no reason
to vanish if we have had merely positive operators. This is where we
made use of the fact that these are actually orthogonal projections.

We end this subsection by proving an important theorem for finite
input-output games.
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Theorem 9.28. Let G = (14,15,04,0p, \) where X is the rule func-
tion as before. Then G has a perfect loc-strateqy if and only if G has a
perfect deterministic strategy.

Proof. If G has a perfect deterministic strategy, then this means that
there are functions f : [4 — O4 and g : Ip — Opg such that A(a, b, f(a), g(b))
never violates the rule, which implies that A(a, b, f(a), g(b)) =1 for all
a,b. (The reason we are not able to see the probability space is be-
cause it has got only one point!) Let Q@ = {to} and f, : @ — O4 and
gy : 2 — Op be given by f.(to) = f(a) and gy(to) = g(b). Suppose that
Ma,b,z,y) = 0. We must show that u({t: f.(t) =z, g(t) = y}) = 0.
Note that for ¢y we have A(a, b, fo(to), gs(to)) = A(a,b, f(a),g(b)) =1
so that {t : f.(t) =z, g»(t) = y} = 0, and has measure zero. It follows
that G has a perfect loc-strategy.

Conversely, suppose that G has a perfect loc-strategy. Then there
is a probability space (€, ) and functions f, : Q@ — O4 and g :
2 — Op such that whenever A(a,b,x,y) = 0, we have u({t : f.(t) =
z, gp(t) =y}) = 0. Set Qu. = {t: fu(t) = x}. These sets are pairwise
disjoint with union equal to Q. Similarly, if &, = {t : g(t) = y},
then the sets {(,  } are pairwise disjoint with union equal to Q2. Then
1(Qaz N EY,,) = 0. Define

N= J Qu.n9,),

a,b,x,y
A(a,b’:["y)

which is a finite union of sets of measure zero, so that u(N) = 0.
Therefore, N' # Q. Pick tg € Q\ N. Define f : Iy — O4 and
g:Ig — Op by f(a) = fa(ty) and g(b) = gs(to). By definition, since
to ¢ N, we must have tg & Q,, N O, for all a,z,b,y. Therefore, if
we had A(a,b, f(a),g(b)) = 0 for some a,b, then with = = f,(to) and
y = gy(to), we would have A(a, b, z,y) = 0. Hence, ty € 2, .M, , which
is a contradiction. Hence, A(a,b, f(a),g(b)) = 1 for all a,b. Therefore,
G has a perfect deterministic strategy. 0

9.8. The Graph Colouring Game. Let G = (V, E) be a graph with
|V| = n. Recall that a c-colouring is a function f : V' — {1,...,c} such
that whenever v ~ w, we have f(v) # f(w). We saw that

X(G) = min{c € N: there exists a c-colouring of G}.

The graph colouring game, as a finite input-output game, is given by
input sets Iy = Ig = V, output sets Oy = O = {1,...,¢}, and the
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rule function A\ defined as follows:

Lifi—

for each vertex v, we have \(v,v,14,j) = 1 Z ‘7 ;
0if i # j
Lifi £
for every (v,w) € E,we have A\(v,w,1,j) = 1 Z 7&‘7
Oifi =y

Definition 9.29. For ¢ € {loc, q, ¢s, qa, qc, vect, nsb}, we set
X¢(G) =min{c € N: 3p € Cy(n, ¢) that is a perfect strategy}.

Now, in the case of the graph colouring game as described above,
if p € Cy(n,c) is a perfect strategy, then using the rule function for
this game, we must have p(i, jlv,v) = 0 for all ¢ # j, while for each
(v,w) € E, we must have p(i,i|v,w) = 0. Note that since

Cloc(n,¢) € Cy(n,c) C ... C Crg(n, k),
we must have, in the light of the above definition,

Xloc(G> > Xq(G) > 2 anb(G)'

Observe that if the Tsirelson Conjecture is true, then we must have
Xq(G) = X4e(G) for every graph G. Similarly, if the Connes Embedding
Conjecture is true, then x,.(G) = x4 (G) for all graphs G. If the
Closure Conjecture is true, then x,(G) = x4 (G) for every graph. And
finally, if the Werner-Scholze statement is true, then x,s(G) = X4 (G)
for all graphs G.

The goal, then, is to find methods to calculate these parameters for
different graphs.

Definition 9.30 (Hadamard Graph). Let N € N. The Hadamard
graph, Qny = (V, E) is the graph where V' is the set of all N-tuples
with entries 41 (so Qy has 2V vertices), with (v,w) € E(Qy) if and
only if (v,w) = 0.

Remark 9.31. Notice that for any N € N, there exists a Hadamard
graph . Also, note that if N is odd then v - w # 0 for every v, w,
and hence Qy is the empty graph on 2V vertices. So we focus on the
case when N is even.

Proposition 9.32. Let G = (V, E) be a graph on |V| = n vertices.
Then x(G)a(G) > n.

Proof. Let x(G) = c. Then there exists a c-colouring f : V — {1,...,c}
for G. This allows us to partition the set V' of vertices of G into ¢
mutually disjoint sets as following: define V; = {v e V: f(v) =i};1 <
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i1 <csothat V = U§=1 V; and this union is a disjoint union. If v,w € V;
then v, w are not adjacent which implies that V; is an independent set.
Hence, |Vi| < a(G). It follows that

n=|V|= Z Vil < ¢- (@) = x(G)a(G).

U
Theorem 9.33 (Frankl, 1986). [?, Theorem 5.1] If N = 4p**1 where

N
p is an odd prime, then (f—g) < x(2n).
N N
4 2

Theorem 9.34. (Frankl-Rodl, 1987) There is g > 0 such that for
large enough N with N even, we have a(Qy) < (2 — &)V, Using the
N

o . . 27
Proof. From Proposition 7?7, we obtain (1—6)

proposition above gives x(Qn) > (2350>

Theorem 9.35 (DeKlerk-Pasechnik, 2005). x(€46) > 29 and o($6) =
2304.

The above theorem is another example of x(Qy) > N

It follows from results of Broussard-Cleve-Tapp, 1999, that x,(Qy) <
N whenever N = 2% k € N.

The first big result that got people interested in the quantities x;(G)
is the following (stated here without proof).

Theorem 9.36 (Avis-Hagasawa-Kikuchi-Sasaki, 2006). If Qy is the
Hadamard graph and N is even, then x,(2y) < N.

From the above theorem, it is clear that we need far fewer colours
than the classical colouring number to fool a referee into believing that
we have a colouring for our graph.

Proposition 9.37. For every graph G, Xi..(G) = x(G).

Proof. We saw that there is p € Cioc(n, ¢) that is a perfect strategy for
a game if and only if the game has a deterministic perfect strategy.
In this case, there will be functions f,g : V. — {1,...,c} such that
Mo, w, f(v),g(w)) = 1 for all v,w € V. In particular, we must have
Av,v, f(v),g(v)) = 1. Using the first rule for the graph colouring
game, we must have f(v) = g(v), so that f = g. Now in the case
when v ~ w, we have A(v,w, f(v), f(w)) = 1 which forces f(v) # f(w)
by the second rule of the game. Therefore, f is a colouring of G by ¢
colours, so Xioc(G) < x(G). The other inequality is similar. O
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Corollary 9.38 (Corollary to AHKS). For large N, Cje(2V,N) #
C,(2N,N).

Like the situation where loc strategies don’t fool the referee in any
way (since the colouring number stays the same), if we allow any non-
signalling box strategy, then the situation becomes much less interest-
ing.

Proposition 9.39 (Paulsen-Todorov). Let G be a graph on n > 2
vertices. Then xns(G) = 2.

Proof. For 1 <1i,7 <2, we set

sifi=
. _ )3
p(i, jlv,v) {Oi“#j

For v # w, set
o _Joifi=3j
pliitv ) =7 iy
We claim that p € C,4(n,2) and p is a perfect nsb-strategy. Indeed, if
i # j then p(i, jlv,v) = 0 so the first rule is satisfied. For the second

rule, whenever v ~ w and i = j we have p(i, j|v,w) = 0 so the second
rule is satisfied. Therefore, p is a perfect strategy. It is easy to check

that .
,J
2 1
Zp(i,j]v,w) =3 for all w, and
j=1
szﬂvw —forallv
Hence, p € Cp(n, 2). ThlS completes the proof. O

The next theorem implies the above result of [AHKS].

Theorem 9.40 (P-Todorov). Let V' C CN with |V| = n, where each
v €V is such that v = (v(0),...,v(N — 1)) € CN with |v(j)| = 1 for all
j. Define E = {(v,w) : v,w € V,v L w} and let G = (V,E). Then
xXq(G) <N (and hence xq,(2y) < N ).

Proof. Let w = e~ . For each v € V, let D, = diag(v(0), ..., v(N 1))
which is unitary. For each 0 <k < N —1, let Ry, = %( (- ])k)gj S
My. Set h = \/LN Zé\gl w*ey, so that Ry = hyh} > 0. Recall that
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fCV:_Ol(wK)’“ =0forall 1 <¢< N —1 (it is equal to N when £ =0, N).

Hence,

1

S -t (z‘(w)k> _r

k=0 0

Let P,x = D}RyD,, so that P, > 0 and Ziv:_ol P, = 1. These are
Alice’s POVM’s. Define Qy,x = D, R Dy . Since the transpose map is

positive, Q. > 0 and >, Q. = I. These @, ;’s are Bob’s POVM’s.

Now let & = \/LN 25;01 e, @ e, € CVN @ CN. Then we define

p(kv m|v,w) = <§7 Pv,k ® Qw,m§> € Cq(nv N)

We need to show that
(1) p(k,m|v,v) =0 for k # m, and
(2) v Lw = p(k,klv,w) =0.

To see (1), notice that

N-1
<€a Pv,k’ ® Qv,m5> = % Z <eq X 6qa (Pv,k: ® Qv,m)ep & €p>

p,g=1

1
- N Z<eqa Dj; R Dyey)(eq, Dy Ry, Diyey)

=~ > v(@)v(@)w? u(p)u(q)w' ™
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Now suppose that v L w. Then we consider

N-1
<€7 (Pv,k & Qw,kz)£> = % Z <eq> Pv,k€p> <€q7 Qw,kep>

p,g=0

= % Z (@) (p)w® V¥ (p)w(q)w TP

- ;qjmw(q»(v(p)W)

1
= m(v,w) (w,v) =0.
Hence, (2) is proved and it follows that p is a perfect g-strategy. This
yields x,(G) < N. O

Definition 9.41 (Synchronous). For ¢ € {loc, ¢, gs, qa, qc, vect, nsb}, a
correlattion (or, a conditional probability) p(i, j|a,b) € C(n, k) is said
to be synchronous if p(i, jla,a) = 0 for all i # j and for all a € I,
where [ is the common input set.

Proposition 9.42. Suppose p(i, jla,b) € Cyect(n, k) and that {va;}ai
and {wy;}p; are vectors from some Hilbert space H satisfying the def-
inition of p € Cyect(n, k). If p is synchronous, then vy ; = wy ;.

Proof. Note that

k

k
1= Z p(imjla? CL) = zp(zv 7:|6L, a)
ij—1 i1
k Vq,1 Wq,1
- Z<U‘1:i|wa,i> = < ) > .
i=1

Va,k Wa,k

Since there is some ¢ € H with Y v, =¥ =Y 1 Wa,, Vai L Vg
and w,; L w,; for i # j, we have

k k
L= 017 =D lloaal® = Y llwal®
i=1 i=1

Using Cauchy-Schwarz on the inner product before forces h,; = kq;

for each 1. ]

Definition 9.43. For a graph G on n vertices, we define ¢'(G) as:
0'(G) =

Sup{)\max([n—l—K) : In+K Z O, k“ = 0, kij = OV(Z,j) c E(G), kij 2 0}
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Remark 9.44. It is easy to see that ¢'(G) < 0(G).
Proposition 9.45. Let P, X € B(H).

1) 11 (P X) >0, then | X]| < ||P].

P
(2) We have < [ X

- ]) > 0 if and only if | X|| < 1.

Proof. Let h € H, ||h|| =1 and ¢t € R. Then
P X\ (—Xh
X* P th
—PXh+tXh
"\—-X*Xh—+tPh

(Xh,PXh) — (Xh,tXh) — t(h, X*Xh) + t*(h, Ph)
< HP||IIXh|I2 — 2t Xn|* + 2 Pl.

Since the above quadratic expression is positive for every h € H, it
follows then that its discriminant must be non-positive which implies
that 4[| Xh||* — 4|/ P?||||Xh|/?> < 0. Therefore, || Xh||*> < ||P||*>. Taking
the supremum over all such h, we have || X||*> < ||P||?>. This proves (1).
For (2), the forward implication follows from (1). For the backward
implication, suppose that || X|| < 1. Let h,k € H. We see that

<<Z) ’ ()g );) (Z>> = (h h+ Xk) + (k, X*h + k)

= [|AlI* + (h, Xk) + (k, X"h) + [|k]]?
> ||Al* = 2| R[]+ (5]
> ||Rl* = 2[Rl I&] + (&)
= ([Inll = k)* > 0
This completes the proof. O

Proposition 9.46. Let ® : B(H) — B(K) be a completely positive
map. Then || @] = [|S(1)]].

0

IN

Proof. Let X € B(H) with || X| < 1. Then (; X

) > 0, so that

O(I) P(X)
<(I>(X)* @(I)) > 0 so that [|[®(X)|| < [[®(])||. (Note that any

positive map preserves adjoint.) Since this is true for any X with
norm at most 1 we infer that |®| < ||®(])||. Since ||I]| = 1, we have
|®(1)|| < [|®|| which implies that ||®| = ||®(I)] . O
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Definition 9.47. Given a set of vectors h, € H, the matrix Gr =

((h., hs)) is called the Grammian.
Proposition 9.48. ((h;, h;))N,_, > 0.

Proof. For any Ay, ..., \y € C, we compute

)\1 >\1 N
< : 7(<hi>hj>) > - in<hi7hj>/\j

AN AN ,j=1

N N
<Z Aihi, Y Ajhj>
i=1 j=1
N 2
> Aih
=1

> 0.

4

Proposition 7?7 and Proposition 7?7 can be used to prove the following
theorem

Theorem 9.49 (Paulsen-Todorov). Let G be a graph on N wvertices.

Then
n

0(G)

Proof. Let Xyeet(G) = c¢. This means we have vectors {h,;}{_, for
1 < v < nsuch that p(i, jlv,w) = (hy;, hyj) gives a perfect strategy.
Moreover, h,; L h,; for i # j, while there is some ¢ € H with
iy he; = ¢ for all v. If (v,w) € E(G), then by the rules of the
colouring game, p(i,i|v, w) = (hy;, hy,) = 0 so that hy; L by, ;.

Now, let Qij = ((hv,is Puwj))pwe1 € Mp. Then let Q = (Qi;) € Mye.
We can see that () is a Grammian of the set {h,;} (for some ordering
of the set). Hence, @ > 0. By Choi’s theorem, the map ¢ : M. — M,
given by ®(E;;) = Q;; is completely positive. Evaluating at the identity
gives

Xvect(G) Z

O(L) =Y O(Ei) = Y ((Puis hui))-
i=1 i=1
The (v,v)-entry of ®(1.) is D5, [|hwil®* = |ll|* = 1 since hy; L hy
for i # jand Y i hy; = . If (v,w) € E(G), then h,; L hy,; so
that the (v,w) entry of ®(/.) is 0. If v # w and (v,w) € E(G),
the (v,w) entry is a sum of non-negative inner products and is non-
negative. It follows that ®(/.) = I, + K > 0, where k,, = 0 if
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(v,w) € E(G), ky = 0 and k,, > 0. Hence, \pax (I, + K) < 0'(G).
But Apax(In+K) = || I, + K[| = ||®(1.)], so we obtain || ®(I.)|| < 0'(G).

Let Jj be the k x k matrix of all 1’s, so that J, = J;/ and J,f =kJ.
Hence, A € o(Jy) implies A = k) so that A € {0,k}. Since e; +- - +ey
is an eigenvector for J;, with eigenvalue k, we have || Ji|| = Amax(Jx) = k.
Now,

(L) =Y P(Ey) =) Qi
ij=1 ij=1
The (v, w)-entry of ®(J.) is

c

Z <hv,i7 hw,j) = <Z hv,i7 Z hw,j> - <§0a <P> =L
i=1 j=1

ij=1
Hence, ®(J,) = Jy, so that n = || J,|| = [|@(J)|| < [ @[l J]| = cf'(G).
It follows that ¢ > %. Since ¢ = Xyect(G), we have
n
Xvect(G> Z 0’(G)
O

As an immediate corollary, we have

Corollary 9.50.

gx(nG—) < xt(G) for all t € {loc, q, qa, qs, qc, vect}.

Definition 9.51 (Induced Subgraph). Given a graph G = (V, E') and
a subset V' C V| we define Gy = (V', E'), where

E' ={(v,w) e V! xV": (v,w) € E(G)}.
Example 9.52. Induced subgraph example (insert)

Proposition 9.53. Let V! C V. Then fort € {loc,q, qs, qa, qc, vect},
we have x:(Gv') < x¢(Gv).

Proof. The proof is trivial. (Given a solution for ¢ = x;(Gy), just
restrict it to V).
U

This leads us to the following two corollaries:

Corollary 9.54 (CMNSW). w(G) < Xyect(G).
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Proof. Suppose that w(G) = m, and restrict to those m vertices V'
so that Gy = K,,, the complete graph on m vertices. We know that
Xveet (FKm) < Xveet (G). We claim that yyeet(K,n) = m (which gives the
result). We know that xyect(Km) < x(K,) = m. We now compute
¢ (K,,). If H € M, is such that I + H > 0, h;; = 0 for all (¢,j) €
E(K,,) and h; =0, h;; > 0, then H = 0. Hence, §'(K,,) = 1. By the

corollary, m = T < Xveet(G) 80 that Xyeet(Km) = m. O

Corollary 9.55. x;(K,,) = m for all t € {loc,q, qa, qs, qc, vect}.

We end this section by collecting some results from a paper due to
Cubitt, Mancinska, Roberson, Severini, Stahlke and Winter. First, it
is known that

O(G) =min{\: 32 >0, z;; = A — 1, z;; = —1Vi ¢ j}.
One may define the quantity
67 (G) =min{\: 372 >0, z;; = \—1, z;; = —1 for i ¢ j, and z; > —1}.
It is known that 67 (G) > 6(G). Now, recall that Lovasz’s theorem

states that 0(G) < x(G).

Theorem 9.56 (CMRSSW). (1) Xoet(G) = [6F(G)].
(2) Xveet(Cs * K3) =7 while x,(Cs * K3) = 8.

In particular, the previous result implies that C;(15,7) C Clect (15, 7).

Remark 9.57. Tsirelson actually thought that C,(n, k) = Ciect(n, k)
for all n, k € N. Indeed, his idea for proving that C,(n, k) = Cye(n, k)
was to prove that Cy(n, k) = Cyect(n, k) (which is false).

Remark 9.58. The above work shows that 0(G) < Yyeet(G). So while
Lovasz thought that his function gave a good lower bound on the chro-
matic number, it actually gives a lower bound for Xye.t(G), which could
be much smaller.

Remark 9.59. For G, H graphs, we define G x H as follows: we define
V(GxH)=V(G) x V(H), and for (vy,w1), (v2, ws) € V(G) x V(H),

we say that (vy,w;) ~ (vg, wy) if and only if v; ~g v9 or Wy ~g ws.

10. SYNCHRONOUS CORRELATIONS AND TRACES

Recall that C7(n, k) is defined as the set of all p € Cy(n, k) such that
p(i,jla,a) = 0 for i # j. We saw that if we had p € C%(n, k) given
by p(i, jla,b) = (hailks;), then hy; = k,; for all a, .

Definition 10.1 (Concrete C*-algebra). A (concrete) C*-algebra is a
set A C B(H) for some Hilbert space H satisfying the following:
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elf X YeAdand A € Cthen X+Y € A, A X € Aand XY € A.

o If X € Athen X* € A.

o If (X,)0°, € Aand X € B(H) are such that lim,,_, || X, —
X|| =0, then X € A.

We call a C*-algebra unital if I € A. We set At ={X € A: X > 0}.

Definition 10.2 (Positive Linear Functional). Given a concrete unital
C*-algebra, a map f : A — C is called a positive linear functional if it
is a linear functional and if f(X) > 0 whenever X € A*. A positive
linear functional f is a state if f(I) = 1.

Example 10.3. Let A= M, and ¢ € C*. Then f(X) = (¢|X¢) is a
positive linear functional. Notice that f is a state whenever [|¢|| = 1
(i.e. when ¢ is a state vector).

Example 10.4. If P > 0 in M, then the map f : M,, — C given by
f(X) =Tr(PX) is a positive linear functional, which is a state when
Tr(P) = 1. (This example is abstracting the idea of mixed states)

Definition 10.5 (Tracial State). Let .4 be a unital C*-algebra. We
say that f: A — Cis a tracial state if it is a state such that f(XY) =
f(YX) for all X,Y € A.

Proposition 10.6. Let f : M,, — C be a linear map such that f(XY') =
fYX) forall XY € M,. Let a = f(F11). Then f(X)=aTr(X).
Proof. Since E;;E;; = E;;, we always have
[(Eij) = [(EBaEy) = [(Ei;Eq),

and this is 0 whenever ¢ # j. Similarly, since Fy; = Fy;FE;;, we have

a = f(En) = f(EliEz'l) = f(EilEli) = f(Ezz)
Hence whenever X € M, say X = Z” z;;Eij, we have f(X)
> azy; = aTr(X).

ol

Proposition 10.7. There exists a unique tracial state on M, given by
1
Tr(X) = = Tr(X).
n

Proof. If X > 0, then Tr(X) > 0, while 2Tr(I) = 1, so Tr, is a
tracial state. Conversely, if f : M,, — C is a tracial state, then by the
proposition above, f(X) = aTr(X) for all X € M,,. Since f(I) =1, we
have a = % 0

Xy 0
0 X,
which is a unital C*-algebra. Suppose that f : A — C is a tracial state.

Example 10.8. Let A = X1 €M, Xy € Mm} C My, in,,
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Then ¢ : M,,, — C with ¢;(X;) = f )él 8) satisfies g1 (X 1Y7) =

g(Y1.Xy) for all X;,Y; € M,,. Hence, ¢;(X;) = aTr(X;) for some a € C.

Similarly, g2 : M,,, — C given by ¢2(X3) = f < 8 ;3)) must sat-
2

isfy g(Xs) = bTr(Xs,) for some b € C. But 1 = f ((181 [O )) =
na

aTr(l,,) + bTr(1,,) = nia + ngb. Let p; = nja and py = nob. Then
0 < g1(1,,) = p1, and similarly, po > 0. We also must have p; +py = 1.
Hence for any element of A we have

f (()él ;é)) = aTr(Xy) + 0Tr(Xy) = pi T, (X1) 4 po Ty, (Xo).

Conversely, any such map gives a tracial state on A, so we have a
one-parameter family of tracial states on A.

Problem 10.9. Let
X1
A= : X, € M,
Xk
Prove that f : A — C is a tracial state if and only if there are p; > 0
such that py +---+pr, =1 and
X1
f = p1 Trny (X1) + -+ pi Tr (X).
Xk
Proof. Homework problem 19; due 29th March, Tuesday. U

Definition 10.10 (Unital x-Representation). Let 4 be a unital C*-
algebra and H be a Hilbert space. A wunital x-representation of A on
M is a map 7 : A — B(H) such that

(1) (1) = I (unital)

(2) = is linear

(3) m(XY) =m(X)m(Y).

(4) m(X*) =m(X)*.
With all of these properties together, 7 is a *-homomorphism.

What follows next is a celebrated theorem from the theory of C*-
algebras. This is essential for moving further.

Theorem 10.11 (Gelfand-Naimark-Segal Construction). Let A be a
unital C*-algebra and s : A — C be a state. Then there is a Hilbert
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space Hs, a vector ¢ € Hg of norm 1 and a unital x-representation
ms A — B(Hs) such that

(1) 5(X) = (p|ms(X)p).

(2) {7(X)p: X € A} is dense in Hs.
This is called the GNS representation of s.

We are now ready to prove the following theorem.

Theorem 10.12 (PSSTW). Let p(i, jlv,w) € C;.(n, k) be represented
by p(i, jlv, w) = (p|EyiFyujp) where By, F,; are projections with ) . E,; =
I and Zj Fy; =1 for all 1,3, with E,;F,; = F;Ey, for all i,7,v,w.
Let A C B(H) be the C*-algebra generated by the set {E,; : 1 < v <
n,1 < i < k}. Let f: A — C be defined by f(X) = (p|X¢p).
Then f is a tracial state on A. Conversely, if A C B(H) is a C*-
algebm generated by projections {Em 1 <wv<mn1<1i<k} where
Zz 1Em I for all v, and if T : A — C is a tracial state, then
p(i, jlv,w) == 7(EyE.;) € Ce.(n, k).

Proof. Since C§,(n,k) C Cjoy
F,;¢, we have
p(i, jlv, w) = (@, ByiFujp) = (Evip, Fuje) = (Puiy kuj)-

Moreover, > . h, = (>, Evi) p = ¢. Since, by assumption, we have
E,E,; =0 for i # j, we have h,; L h,; for ¢ # j. Similarly, k,; L
k., for all 7 # j. Using Cauchy-Schwarz, we can deduce that, since
1 = > .(hui, kvi), we must have h,; = k,; for all v,i. In particular,
Em‘SO = FM'QO, 50 that p(i;jh}; 'UJ) = <§07 Ev'LijSO> = <907 Eszw]90>

Now we prove that f: A — C with f(X) = (¢, X¢) is a tracial state.

First, note that it is a state since [|¢|| = 1. To see that it is tracial, let
W=E,;, FE Then

Umtm *

fWEy) =

(n,k), letting h,, = E,¢ and k,; =

(0, WEyip)
= (¢, WEy)
= (¢, FoiW)
= (Fuip, Wo)
= (Evip, W)
= (p, EiWep) = f(EW).
Now if X = > AW, where the W,’s are words with letters coming

from Alice’s projections, then

XEM Z >\€f WZ m Z )‘Zf(E’UzWZ) = f(EmX)
¢
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But such X form a dense set in A, so that f(XE,;) = f(E,X) for all
X € A. Similarly, we see that
f(ij(EviX)) = f((EviX)ij) = f(XijEvi)>

for all X € A. One can see (using induction) that whenever W is a
word with letters from Alice’s projections and X € A, then f(XW) =
f(WX). Taking linear combinations and using completeness of A, we
have f(XY) = f(YX) for all X,Y € A. So f is a tracial state.

Conversely, suppose that A C B(H) is a C*-algebra generated by
projections {E,; : 1 < v <n, 1 <i <k} where ), E,; = 1 for all v,
and suppose that 7 : A — C is a tracial state. We still need to construct
the operators for Bob, and these may not be on the original Hilbert
space. We use the GNS representation of 7, which gives a Hilbert space
H.,, a unit vector ¢ € H, and a x-representation 7, : A — B(H,). Now
set T, (Ey) = E,;. Then

Z By = ZWT(EU,-) =7 (1) = 1.

Using the fact that 7, is a *-homomorphism, we obtain B2 =, (E%) =
7 (Ey) = Ey;. Similarly, £, = E,; so {E,;} are projections on H..

From these projections above, we define F,,; on the dense subset
{m:(X)p: X € A} CH, by Fy;(m:(X)p) = 7, (X E, ). To see that
this is well-defined, suppose that 7.(X)p = 0; we need to show that
7. (XE, )¢ = 0. Note that

0 = (m-(X)plm-(X)p) = (plm-(X" X)) = 7(X"X).
We also have
0 < I (X Euy )l

= (1 (X By j)o|mr (X By j)¢)

= (plmr (Ep; X" X Ewj)e)

= 7((Ey ;X" ) (X Ey;))

= 7(X By, Bl X*) = (X B, ; X*).

Since E,, ; is a projection, £, ; < I so that X F,, ; X* < X X*. Hence,
|70+ (X Ewj)pl|? < 7(XX*) = 7(X*X) = 0. Therefore, 7,(XE, )¢ =0
so that F), ; is well-defined.

The same calculation as above shows that || Fy, ;7 (X)¢| < ||7-(X)¢]|,
so each F, ; is a contraction on the dense subset {7 (X)p : X € A}.
Hence F, ; extends to all of H, and is still a contraction. We also have

Fi),jﬂ-’r(X)go = Fw,j(ﬂ-’r(XEw,j)gp) - 7TT<XE3),j>90 - Fw,jﬂ'T(X%O‘
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Hence by continuity;, FEJ = F, ;. Now since F,; is an idempotent
and a contraction, it must be an orthogonal projection. To see that
>_; Fuj = I, we again compute on the dense subset {m-(X)p : X € A}:

(Z Fw,i) WT(X)SO = ZTFT(XEw’i)QO = WT(X)QD

Hence, ). F\,; = I for all w
We claim that ijEvz E Py j. With E; = m.(E),;), we have

(FugBoi) (mn(X)g) = Fopymr(EpiX)p
= WT(Ev,iXEw,j)SO-
Similarly,

(ByiFow )7 (X)p = Eyimtr (X By )
= WT(Ev,iXEw,j)SO-

It follows that Fw,jﬁv’i = EU’Z»FH,J-. Therefore, if we define p(i, jlv, w) =
(p|EyiFy ), then p € Cye(n, k). Moreover,

Fyjo = Fym(I)p =1 (Ey;)p = Eyjp.

Hence,

(i, jlv,w) = (| EviBu i) = Q7 (EyiBu;) @) = T(EviEw ).
To see that this probability density is synchronous, note that if ¢ # 7,
then E,,F,; = 0 so that p(i, jlv,v) = 7(E,;E,;) = 0. Thus, p €
Ce.(n, k). O

Theorem 10.13. Let G = (1,0, \) be a synchronous game. Then
G has a perfect qc-strategy if and only if there is a unital C*-algebra
generated by projections {E,; - v € I, 1 € O}, and a tracial state T on
this C*-algebra such that

(1) >, Evi =1 for all v.
(2) If Nv,w,i,5) =0 then E,;E, ; = 0.

Proof. For this proof we assume that || = n and |O| = k. Sup-
pose we have a unital C*-algebra and tracial state with the properties
above. Then if 7 is our tracial state, by the previous theorem we
may set p(i, jlv,w) = 7(E, By ;) € Co.(n, k). If AM(v,w,i,j) = 0 then
p(i, jlv,w) = 7(E,;E, ;) = 7(0) = 0 by assumption. Hence, G has a
perfect qc-strategy.

Conversely, suppose that p(i, jlv,w) € Ci.(n, k) is a perfect gc-
strategy for G. We saw that if we took the representation p(i, j|v, w) =
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(V| EyiFyw ) of p(i,jlv,w) and let A be the C*-algebra generated

by {Eyi}vi, then p(i,jlv,w) = 7(E,;E, ) gives rise to a trace on

A, If Mv,w,i,5) = 0 then 7(E,;E, ;) = 0, and we want to show

that E,;F,; = 0. Take any X € A; then X*X < ||X|]*I. Hence,
BB (X*X)E, By < || X|PE; B By B, ;. Taking traces we ob-

tain

0<7(E, B X*XE,;Ey;) < |X|*1(E} jEviBw;) = | X|*T(EyiEw;) = 0.

Therefore, 7(E} .EX . X*XE, ;E,;) = 0. Switching some variables

w,j v,
around shows that

T(XEU,le,‘]EZ;JE’:,zX*> - 0.

For convenience, let A = X E, ;E,, j, so that AA* = XE, ;E,, ;B B} X"
Then by the GNS construction, on some Hilbert space (and for some
unit vector ¢), we have

0=7(AA") = (p|m(AA")p)

= || (A")e|
= HWT(E:U,jE:,z‘X*)@H

= HEw,jEv,iWT(X*)SOH

But using GNS, {7-(X*) : X € A} is dense in the new Hilbert space,
so that £, ;E,; = 0. Hence, I, ;F,, ; = 0 as desired. O

Note that in the above proof, Ew-’s are not Alice’s original projec-
tions.

Corollary 10.14. Let G be a graph. Then x..(G) < k if and only if
there is a unital C*-algebra A with trace and projections { E,; }1<i<k, 1<v<n
in A with Zle E,; = I for all v such that v ~ w implies that
E,iE,; =0 foralll <i<k.

It is worthwhile noticing that E,;’s, in above corollary, can’t be
any projections in any C*-algebra. They have to be projections a C*-
algebra which has got a trace.

We next discuss the characterization of a synchronous game with
a perfect ¢-strategy. We need the following theorem about finite-
dimensional C*-algebra before proceeding into this discussion.

Theorem 10.15. Let A be a finite-dimensional C*-algebra. Then there
areny, ...,n; € N and a unital *-isomorphism 7 : A — M, ®---®M,, .
That is to say, A~ M, & - & M,,.
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Theorem 10.16. Let G = (1,0, \) be a synchronous game. Then
G has a perfect q-strategqy if and only if there is m and projections
{E..} € M, such that Zle E,; = 1 for all v € I and whenever
Awv,w,1,7) =0 then E,,;E, ; = 0.

Proof. The backward direction is trivial. For the forward direction,
suppose that G has a perfect g-strategy p(i, j|v, w) € C;(n, k). We may
write p(i, j|v, w) = (p|Ey; ® Fy jp), where E,; and F,, ; are acting on
a finite-dimensional Hilbert space. As before, we look at the algebra A
generated by {E,;}; then A is finite-dimensional. Hence, A ~ M, &
<o @® M,,. Nowon A, 7(X) = (p|(X & I)p) is a trace. But recall
that any trace on M, & --- @ M, corresponds to ¢i,...,t;, > 0 with
ti+---+t, =1suchthat if X = X;®---® X, € A (where X; € M,,),
then 7(X) = ¢, Tr,, (X1)+- - -+t Tr,, (X1). For simplicity, assume that
t1 #0. Write E,; = B} ;@ --- & EL; where each block E; is in M,,.

Then each block Efz is still a projection. Now, if A(v, w,i,7) = 0 then
T(EyiBuy) = 0 = Y0 teTea, (B EY) so that Tr,, (B EL) = o.

)% 3J w,j

Both these matrices are positive, so qull)Efulz = 0. Hence, we pick

m = n; and the set {Eﬁ)} gives us the desired result. O

Corollary 10.17. Let G be a graph. Then x,(G) < k if and only if
there exists an m, projections {E,; : v € V,1 < i < k} C M,, such
that Y. E,; = I, and whenever v ~ w, we have E,;E,,; =0 for all .

11. TSIRELSON’S CORRELATION MATRICES

Tsirelson’s idea was to work with self-adjoint unitaries (popularly
known as reflections) on the set set {41, —1} under the multiplication
operation instead of working with projections on the set {0, 1} under
the addition operation. Recall that the spectrum of projections consists
of 0 and 1, and the spectrum of self-adjoint unitaries consists of 1 and
—1.

Definition 11.1 (Quantum Correlation Matrix). An n x n matrix
(Cs,t)5 =1 of real numbers is called a quantum correlation matriz if there
exists A; = A7 € M, with —1 < A, < I and there exists B; = B} € M,
with —I < B; < I, along with the existence of ¢ € CP ® C? such that
|¥]| =1 and ¢, = (¢|(As ® By)). Let Cory(n) C M,(R) be the set
of all such matrices. Similarly, let Cor,.(n) C M, (R) be the set of all
matrices of the form (cy,;) € M, where ¢;; = (|(As ® By)1) for some
As = A%, By = B € B(H) with —1 < A; < T and —1 < B; <[ and
Y € ‘H with ||¢]| = 1, such that A;B, = B, A, for all s,t.
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Proposition 11.2 (Disambiguation). A matriz (¢, )3, is in Cory(n)
if and only if there are matrices A; = AZ € M, and B, = B} € M,
with A2 =T and B? = I, along with ¢ € C? ® C? with ||| = 1, such
that csy = (Y| As @ Bu).

Remark 11.3. The above proposition tells us that no matter whether
we choose projections or self-adjoint unitaries, the sets we get is the
same.

Proof. We use the Halmos trick. For H = H* and —1 < H < I, we

may set
U — H VI — H?
- \WI - H? —-H

so that U = U* and U? = I. We now set
A2 Y
U, — A, NJi As and V, — B, v/ I — B ‘
JI— A A, JI-B  -B

Then U2 = ] and V2 = I. Let ¢) = <1g> so that (1|A, @ Bu) =

(1|(Us ® V;)1b). The other inclusion of sets is obvious, so we are done.
U

We will see that in the context of working with reflections, we actu-
ally have Cor,(n) = Cory(n). First, we need a bit of background on
Clifford unitaries.

Definition 11.4 (Clifford Unitaries). A family of n x n self-adjoint
unitary matrices that anti-commute is described as Clifford unitaries.

So, a set of matrices {X7,..., X;,} is Clifford unitaries if we have
X, = X}, X? = I for every i and X;X; =—X,X, for all i # j. For the
sake of completeness, here is a construction of such a set of unitaries.

Let
01 1 0
(i 0)2=( 4)

X7 = <(1) _01) and ZX = -XZ.

This set consists of m = 2 self-adjoint unitaries that anti-commute and
hence is a set of Clifford unitaries. Suppose m > 2 and we want to
construct a set of Clifford unitaries that has cardinality m. Then we
let,

so that

—_—

m—1 times
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Co=XRZR~LQ QL.
Similarly, for any ¢ we let
Ci=X® - QXRQA~ZIR3LQ Q1.
o —
Then each C; = Cf and C? = [. If i < j, then
CCi=X® X’ ZXQ®X® - 2XeI.
and
CiCi=X"® X’ 0XZ0X®..0 X®I..
so that C;C; = —C;C;. (Note that all the C;’s are real matrices and
hence C; = C} for every i.)
Lemma 11.5. If A,B € My and ¢ = \/ig(el ®ep+ - +eg®ey), then
(V|(A® B)Y) = tr(AB"). (Note: “tr” denotes normalized trace.)

Proof. Let A = (a;j) and B = (b;;). Then

WA® B = Y (e @ al(Ae B o)

ij=1

_ ;l > (e des) (el Bey)

i,j=1

d
1 1
= ;Z A E aijbij = aTI‘(ABt)

i,7=1
Hence, (¢|(A ® B)y) = tr(AB"). O

Theorem 11.6 (Tsirelson, 1987). Let C' = (cs4)7 =1 be a real n x n
matriz. The following are equivalent.
(1) C € Cory(n).
(2) There is m and vectors xg,ys € R™ with ||z4]| <1 and ||y <1
such that C' = ((xs,y:)). Moreover, m can always be taken to
be m = 4n.

Consequently, Cory(n) = Corge(n) = {({xs,y1)) : x5,y € R, ||z4]] <
L gl < 13}

Proof. Let us show that (i) implies (ii). Write ¢, = (¢|(As ® By)y) =
(As @ DY|(I @ By)). Let 2, = (As @ )y and y; = (I ® B;). Then
2|l <1 and [[y;]] < 1, while ¢,; = (2, y;). Now, span{z{,y;}%s,_; is
m-dimensional where m < 2n. Identify this subspace of C*" with C™,
and write 2, = (2(1), ..., 2. (m)) and y; = (y;(1), ..., y;(m)). Then write

s ceey s

2l (k) = as(k)+ibs(k) where as, by € R. Similarly, write y;(k) = o (k) +

s
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iB:(k). Then define z, = (as(1), —bs(1), ..., as(m), —=bs(m)) € R*™ and
define y, = (eu(1), By(1), ..., cu(m), Bi(m)) € R*™. Then |[lzy]| = [|l}]|
and ||y]| = ||ly;l|- Finally, since (z%,y;) € R we still have (z,y)) =
(xs,y:). Note that 2m < 4n, but by adding 0’s we can always make
these vectors into (4n)-tuples, as desired.

Now we show that (ii) implies (i). Let x,y; € R" for s,t = 1,...,n be
such that ||zs|| <1, ||ly]] <1 and ¢sp = (x5, ;). Now we have to build
self-adjoint operators and unit vectors. Write x5, = (z4(1),...,x5(m))
and y; = (y(1), ..., y:(m)). Take m Clifford unitaries C1, ..., C,, on C¢,
and set Ay = > 7" 24(i)C;. Let By = > " y:(4)Cy, so that Ay = A*
and B, = B}. Note that

m

i,7=1 1<J

Hence, o(A;) € [—1,1] so that —1 < A; < [. Similarly, —1 < B; < [.
Denote by DT the transpose of a matrix D. Then

ASBtT:in:xS() C’C’T sz i)y (1) C;CF —I—Za:s 1)y (7
i,j=1 i#]

Thus, A;B] = 37" x4(i)y:(¢)] + stuff. Taking the normalized trace
gives > 7" x4(i)y: (i) + stuff. Now note that if ¢ # j, then Tr(C;C;) =
Tr(C;C;) and Tr(C;C;) = Tr(—C,;C;) = —Tr(C;C;) so that Tr(C; C i) =
0. Hence Tr(As BT) =>yrz ()yt() = (xs,y:). By the lemma, if

Y= (61 ®ep+---+eg®eq) then (xg, yp) = (V[|(As ® By)v), and this
gives the desired result. U

Now, let us go back to the other situation and see how things differ.
Let us consider the sets Cy(n,2) and Cy.(n,2). In this case Alice has
PVM’s {Es,OaEs,l}lgsgm with ESO -+ Esl = I, and Bob has PVM’s
{F;g70, Ft,l}lgtgn with FtO —+ Ftl = J. If we had AS = A: with Az =
and B} = B; with B? = I, then o(A,),0(B;) C {£1}. In this case we

_ I+A; _ I-A; _ I+B __ I-B
let Eso— 3 7E81_T7FSO_Tt7F81_ 2t,sothat

b _ I+ (-1YB

We obtain p(i, j|s,t) € Cy(n,2) given by

A=Y a(@DnG)CC; = Y n 0PI (wliadi) =), ()G

p(i,jls,t) = (Y[(Ea@Fy)¢) = %1W!([+(—1)"As®f+(—1)jf®3t+(—1)”jAS®Bt)¢>-
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If we use the Clifford construction from earlier, then
1 , . -
(i gls ) = JTR(I + (<1 A, + (~1Y BT + (-1 4,B])

1 L 1 L
= 70+ 0+0+ (=) (@ y) = 7 + 7 (=1 (@s m0),
since A, and B, are linear combination of Clifford unitaries and we
know that the Clifford unitaries constructed earlier are of trace zero
thereby rendering the trace of A, and trace of B; zero.

The above discussion can be summarized into the following theorem.

A,

Theorem 11.7. Let xg,y; be vectors in R™ for 1 < s,t < n with
llzsl] < 1 and ||ye]] <1, such that (zs,y:) € R for all s,t. Then there
exists p(i, j|s,t) € Cy(n,2) such that p(i, jls,t) = $[1+ (=1) (z,, ys)].

Note that if p is as in the theorem, then p(0,0ls,t) = p(1,1|s, t) and
p(0,1]s,t) = p(1,0]|s, t) for all s,¢.

Theorem 11.8. Let p(i, j|s,t) € Chect(n,2) be such that p(0,0]s,t) =
p(1,1]s,t) and p(0,1|s,t) = p(1,0]s,t) for all s,t. Then

(1) There exist vectors xs,y; for 1 < s,t < n such that |zs]s [|yell <
1 and p(i,j|s,t) = 1[1 + (=1)"(z,, y,)].
(2) p(l7.]|87t) E Oq(n7 2)

Proof. The second claim follows from the first by the previous theo-
rem. To show (1), note that since p € Cleet(n,2), there exist vectors
Vg0, Us1, Wi, W1 such that vy L ve and wyg L wy for all s, ¢, and there
exists a vector ¢ of norm 1 such that vy + vs = wy + wyy = ¢ for
all s, ¢, while p(i, j|s,t) = (vsi, wy;) > 0. (The idea behind this is: if
we have two orthogonal projections applied to a state vector, then the
image will consist of two vectors which will add up to the state vector.)
Note that

L= 30 bl gls.t) = 20600, 005, 1) + p(1,0]5,)

i,j€{0,1}
= 2[{vs0, i) + (Vs1, Wio)]
= 2[(¥), wi)]
= 2(wyp, Wyo)-
Hence, |lwyol|? = 3. Similarly, ||wu]]? = |Jusol]* = [[val|* = 5. Now set
T, = Vg0 — Vg1 and set y; = wy —wy. Then [|z,]|? = ||vsol|®+ ||var]|? = 1,

and similarly, ||y||*> = 1. To see that p is of the desired form, we can



108 S. J. HARRIS AND S. K. PANDEY

compute
1 1
Z[l + <x87 yt>] - 1[1 + <Uso — Us1, Wy — wt1>]
1
= 1[1 + (vs0, Wo) + (Vs1, W1 ) — (Vs1, Wro) — (Vs0, We1)]
1
= Z[l + 2p(0,0|s,t) — (1 —2p(0,0]s, t))]
= p(0,0]s,t) = p(1, 1]s, ).
Therefore,

p(0,015,0) = p(1, 1 1) = 51+ (=1 (.0,

when (i, j) = (0,0) or (i,7) = (1,
Now suppose that (i,7) = (1,
one can check that
1 1
_[1 - <x57yt>] = Z[l + 2p<]—a 0|Sat) - (1 - 2p(1a0|8at))]

4
=p(1,0]s,t) = p(0, 1|s, )

1
0) or (i,j) = (0,1). Then similarly,

Therefore, (1) holds. O

Theorem 11.9. Let G be an n-input, 2-output game, with rule function
i, 7ls, t) € {0,1}. Assume that the rules satisfy \(i,j|s,t) = A(i +
1,7+ 1|s,t). The following are equivalent.

(1) G has a perfect q-strategy.
(2) G has a perfect vect-strategy.
(3) There are vectors xs,y; with ||z, ||lye]| < 1 such that (zs,y;) €
R and such that whenever (i, j|s,t) = 0, then (x,, y;) = (—1)"+1

Proof. Clearly (1) implies (2). Assume that (2) holds, and let p(i, j|s, ) €
Clect(n,2) be perfect; i.e. whenever (i, j|s,t) = 0 then p(i, j|s,t) = 0.
Let

. | . .
p@ﬂ&®=§@wﬂ&ﬂ+p@+Ly+H&m.

Since p(i, j|s,t),p(i + 1,7 + 1|s,t) € Cyet(n,2), and Cyeet(n, 2) is con-
vex, we have p(i, j|s,t) € Cyect(n,2). If A(7, j|s,t) = 0 then A(i 41,5 +
1]s,t) = 0. Therefore, p(i, j|s,t) = 0 so that p is a perfect vect-strategy.
Moreover, p(0,0|s,t) = p(1,1]s,t) and p(1,0|s,t) = p(0, 1|s,). Thus,
there are @,y with ||z]], ||| < 1 such that p(s,j|s,t) = 1[1 +
(=1) (@, ye)]. If A(3,4]s,t) = 0, then $[1 + (=1)"(zy,u)] = 0.
Thus, (zs,y;) = (—1)"*1. This gives (3).
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If (3) holds, then given such vectors xg, y;, we may set p(i, j|s,t) =
114 (=1)"9(z,, y;)] € Cy(n,2). One can check that this gives a perfect

g-strategy by the same calculation as above. Hence, (1) holds. O
Remark 11.10. Since [|lz,]], [|y:|| < 1 asabove and (z, y,) = (1),
we must have ||z | = [Jys]| = 1 and hence y;, = (—1)"7 !z, by the

Cauchy-Schwarz inequality.
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